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Abstract—In special relativity, a particle can experience
constant acceleration, but at the same time, its motion is
constrained by the velocity limit imposed by the speed of
light c. Inspired by this principle, we propose a method for
enforcing velocity bounds in control systems by replacing c
with the maximum attainable speed of the system. We refer
to as the “Minkowski wrap,” the operation of deforming the
phase portrait of a system so as to enforce desired speed
limits. We apply this idea to shape the input generated by a
state-feedback stabilizing controller and time-optimal controller
considering controlling a double integrator system. By applying
Pontryagin’s Maximum Principle, we show that the time-
optimal control of a wrapped double-integrator system is bang-
bang. The proposed method transforms the classical double-
integrator dynamics into a ‘“wrapped” system that respects
velocity bounds without the need for clipping, offering an
explicit nonlinear feedback control strategy conducive to safety
applications.

I. INTRODUCTION

Simulations that depict how the world would appear if the
speed of light ¢ were much smaller than it actually is have
proven useful, particularly in science outreach, to visualize
concepts from special and general relativity. Can this be more
than just an outreach exercise? The second postulate of the
theory of special relativity states that the speed of light in a
vacuum is the same for all inertial observers. This leads to
the fact that the set of possible speeds is bounded by ¢, i.e.
the set of relativistic velocities is a ball of radius c.

Consider a control system with unbounded speed, to
which we introduce the constraint of a bounded speed v ax,
analogous to a mechanical governor or speed limiter (see
e.g., [1, Ch. 1]). The idea is to use constructs inspired by
special relativity to introduce velocity bounds, replacing the
speed of light ¢ with an arbitrary maximum speed vp,x, in
such a way that the phase portrait of the bounded system
is “warped” through relativistic constructs instead of being
clipped at vy ax.

The mathematical frameworks underlying physical theo-
ries were developed in parallel with, and in some cases even
independently of, their applications. Viewed in this way, they
may be suitable for types of applications different from those
for which they were originally conceived. In this sense, ¢ can
be seen as merely a parameter of the relativistic model.
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This type of approach has been adopted, for instance, in
the context of modeling human visual perception, such as
color [2] or speed perception [3]. In those cases, the speed
of light corresponds, respectively, to the maximum color
saturation or to the maximum perceivable speed, which is
clearly lower than the physical speed of light. For those only
special relativity was needed.

A recent line of research explored theoretical analogies be-
tween robot control theory and general relativity. Li et al. [4],
[5] showed that the classic metaphor of curved spacetime,
often illustrated as a sphere deforming an elastic membrane,
shares some formal similarities with the description of the
dynamics of robots moving on non-flat, deformable sur-
faces. In this framework, a wheeled robot naturally follows
geodesic paths, with the membrane’s curvature depending
on the robot’s velocity and the surface’s elasticity. Robots
moving in a dynamic, non-flat environment with which they
can interact and deform turn out to behave like “test particles
in a fictitious spacetime”. Reinhardt et al. [6] also propose
the concept of “artificial spacetimes,” as the adaptation of
techniques from general relativity to the control of multiple
resource-limited robots. In this framework, reactive robots
moving within control fields exhibit trajectories whose dy-
namics correspond to those of light rays in general relativity.

Imposing constraints on the trajectories of a control system
is relevant for a broad range of practical applications with
safety concerns, for example, control of energy systems [7],
robot motion control [8], and autonomous driving [9]. A
large percentage of the methods in the literature addressing
constraints is based on Model Predictive Control [10], in
which a finite-dimensional constrained optimization problem
is solved in a receding horizon manner. In this case, the
control law is implicitly state-feedback. Considering explicit
feedback, a more recent line of work is focused on aug-
menting Control Lyapunov Functions (CLFs) with Control
Barrier Functions (CBFs) ([11], [12]) to guarantee constraint
satisfaction. In this case, the joint design of CLF-CBF is
posed as an optimization problem. Finally, building upon
an existing stabilizing controller, reference governors (see
[13] for a review) shape the reference to the controller to
guarantee that the constraints are satisfied.

In the present work, we consider a second order system
with a desired bounded velocity and show how tool from
special relativity suffice to impose this bound, or “wrap”
the system with a safeguard. In particular, Section II in-
troduces the relativistic version of the double integrator
and its solutions, which follow directly from the relativistic
second law of dynamics, also known as Minkowski law.
The classic double integrator model, § = wu, becomes



problematic under relativistic constraints, since a particle
subject to constant acceleration would eventually exceed the
speed limit c. However, a particle can maintain constant
proper acceleration, that is, the acceleration experienced by
the particle itself, while its motion, as described in an inertial
reference frame, remains within the velocity bound. Section
IIT demonstrates how Pontryagin’s Maximum Principle ap-
plies to the relativistic double integrator and shows that a
bang-bang time-optimal control can be obtained. Section IV
is dedicated to showing how this relativity-inspired way of
bounding the velocity can be used as a sort of feedback
nonlinearization technique for safety purposes, meaning that
the control input is reshaped in a way that intentionally
introduces nonlinear behavior in the dynamics to enforce
the velocity bound. Finally, possible generalizations of this
relativistic speed-wrapping methodology to more complex
systems are proposed.

II. THE RELATIVISTIC DOUBLE INTEGRATOR

In this section, we introduce some key notions from
special relativity, with particular emphasis on the dynamics
of a particle undergoing constant proper acceleration under
relativistic constraints, and on the comparison of its behavior
with that of the standard double integrator under constant
controls.

As anticipated in the introduction, in special relativity,
the trajectory of a particle described in an inertial reference
frame cannot have constant coordinate acceleration §, since
this would eventually violate the speed limit imposed by the
theory. However, it is possible for a particle to experience a
constant proper acceleration «, that is, the acceleration that
would be indicated by an accelerometer co-moving with the
particle.

The classical second law of dynamics, mq = F', where F
and m denote force and mass, respectively, no longer holds as
|g| — c. In special relativity, the corresponding formulation,
known as the Minkowski equation or law, is
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where the Lorentz factor v that corrects the velocity is
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Notice that for |¢| < ¢, Eq. (1) becomes the classical
Newton’s law, as v — 1. Expanding the derivative in Eq. (1)
yields, for the case of one-dimensional motion, the equivalent
expression

)
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For further details, see [14], [15], [16].

A consequence of the relativistic form of the second law of
dynamics is that, for a particle undergoing one-dimensional
motion, the coordinate acceleration and the proper accelera-
tion are related by the following expression

i =a )
with ~ as defined in Eq. (2).

In the following, we denote the constant proper accelera-
tion by u, which will serve as the control parameter, while
retaining ¢ for the speed of light, although our intent is to
eventually replace it with the control system’s speed bound
Umax- EQ. (4) can then be reformulated as the following
differential equation
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a=u (1 ) , (5)
q(to), q(to) = do, qo

where tg > 0 and © € U = [Umin, Umax] 18 a real interval
containing the origin.

In the rest of this paper, we will refer to the system whose
dynamics is described by the previous differential equation
as the relativistic double integrator, since it represents the
closest analogue to the classical double integrator, ¢ = u,
while fulfilling the relativistic constraints. In a sense, the
particle “experiences” a form of double-integrator dynamics,
undergoing uniform proper acceleration.

Solving Eq. (5), the velocity and position of the particle
are given, respectively, by the following equations:

(1) = Goyo + u(t —to)

; (6)
pi(u,t)
2
q(t) = g0+ — (u(u,t) =), 7
where the terms -y and u(u,t) are given by
1 ] +u(t —tg))?
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Eq. (7) is referred to as hyperbolic motion and is attributed
to Minkowski [17], [18].

Remark 1. In Eq. (6), notice that, for any u € U, |¢(t)| — ¢,
as t — 400, meaning that, under constant proper accel-
eration, it takes infinite time to reach the speed of light.
The same holds as well for the case of non-constant proper
acceleration u : [tg,t7] — U.

It is possible to express ¢ as a function of ¢ obtaining

q(q)=q0+‘;<<1—‘612> —70>- ©)

Fig. 1 (second column) shows the phase portrait of the
system when uy.x = —umin; the green curves are obtained
by fixing u = umax, and the red curves by fixing u = -
The phase portrait of the classic double integrator is

q(q) = qo + %)((1 —qo) + 2iu(q — do)>. (10)
It is well known that for a fixed, constant u, the phase
portrait of the double integrator consists of parabolas (see
the first column in Fig. 1), directed toward the positive ¢
axis when u is positive, and toward the negative axis when
u 1S negative.
If we take the same constant controls for both the standard

and relativistic double integrators, and compare their phase



portraits, as depicted in Fig. 1, we can see that when |u| < ¢,
the classical and relativistic double integrators look alike,
see the case |u| = 0.5¢. As |u|/c increases, the parabolas of
the standard double integrator increasingly violate the speed
bound, while the trajectories of the relativistic one become
more and more compressed toward the velocity limit (see
the second column in Fig. 1).

/

Fig. 1: Comparison of the phase portraits of the standard
and relativistic double integrators (first and second column,
respectively). The red curves correspond to u = —kc, and
the green curves to u = kc, with £k = 0.5, 5 (first and
second row, respectively). Note that for the relativistic double
integrator the trajectories are confined to the region |¢| < c.

III. TIME-OPTIMAL CONTROL FOR THE RELATIVISTIC
DOUBLE INTEGRATOR

In this section, we apply Pontryagin’s Maximum Principle
(PMP) (see [19], Ch. 4) to characterize the time-optimal,
piecewise-constant (bang-bang) control for the relativistic
double integrator.

For simplicity, we have so far treated u as a constant
parameter. We now consider v as a time-dependent control
function w : [to,ts] — U, where the admissible control set U
is the interval U = [tUmin, Umax] C R With tmin < 0 < Umax-

Let 1 = q and 22 = @1 = ¢. Then, the Hamiltonian of
the double integrator is given by

H(xauapapo):po + p172 + pau, (11)

where py < 0 is a real constant, p = (p1,p2) with p :
[to,tf] — R? being the costates.

It is well known, from the bang-bang principle for linear
systems and as a direct consequence of the PMP, that, for
a fixed-endpoint control problem, the time-optimal control
of the double integrator is of bang-bang type; that is, it is
piecewise constant (taking values only at the extrema of the
control interval) with at most one switch.

In accordance with the PMP, if an optimal control u* :
[to,tf] — U exists, it maximizes the Hamiltonian pointwise
in time. This means that for each t € [to, ], the function

u — H(z*(t),u,p*(t),p§) attains its global maximum at
u = u*(t). Thus, for all w € U, and for all ¢ € [to, ts],

H(xz™(t),u*(t), p*(t),po) = H(z"(t),u,p" (), p5),

with z* [to,ty] — R? being the optimal trajectory
associated with the control «*. From the PMP, recall that
the costates p* = (p},p5) : [to, ] — R? exist and satisfy
p*=— w|* Hence, the solutions of the costate equations
for the double integrator are

p3(t) = ca — c1(t — to),

where pi(tp) = c1 and p3(tg) = co. Since the Hamilto-
nian (11) is linear in the control u, Eq. (12) reduces to

pa(t) u” = pa(t) u,

which must hold for all ¢ € [to,t;] and for all u €
[tmin, Umax)- From Eq. (13), p3(t) is linear (affine) and thus
changes sign at most once. The optimal control is therefore
bang-bang, taking the value umayx When p3(t) > 0 and upmin
when p3(t) < 0, with at most one switching time.

In the following, we carry out an analogous reasoning con-
cerning what we have called the relativistic double integrator
given by Eq. (5). Starting from its Hamiltonian, which is
given by

12)

pI<t):cl7 (13)

(14)
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H(z,u,p,po) = po + p12 + pau (1 — (z2/c)*)™ ", (15)

we observe that the Hamiltonian of the relativistic double
integrator corresponds to that of the standard double inte-
grator (11), with an additional term that becomes negligible
when |¢| < c¢. Recalling that p* = — H,|,, the costate
dynamics are given by

B = = Hal, = —pi +3pieitny/1- % - (9
pi(to) =c1, p3(to) =c2

Solving the costate equations, we obtain

i) =ci,  ps(t) = p %), A7
where the factor ( is defined as
C2 C1 .
= — — — * — 1
() = 5 — L) — o), ()

and p and x5 as in Eq. (8) and (6), respectively.

Following the PMP, if an optimal control u* exists, it
maximizes the Hamiltonian pointwise; hence, by writing
Eq. (12) explicitly, the analog of Eq. (19) becomes

x;Z 3/2 1,;2 3/2
e (1-2) zpeu(1-2) L a9

c

which should hold for all v € U and for all ¢ € [ty,ty]. Note
that a straightforward computation shows that

(1= (@3/0))™" = plu,t) %,
forall t € [to,ty] and for all u € U. Hence, Eq. (19) becomes
C(tu™ > ¢(t) u. (21)

(20)



Therefore, the possible bang—bang control depends on the
sign of ((¢) as follows

maxs ‘f t

wit)=14" it () >0 (22)
Umin if C(t) <0

The derivative of ¢ is given by ((t) = —%, and, since

p(u,t) > 0 for all w € U and for all ¢t € [tg, ], it can be
concluded that ¢ is monotonic. Therefore, it intersects the
time axis at most one time (depending on c1, cz2), leading to
a time-optimal control of bang-bang type with at most one
switching time as in the classical double integrator.

IV. LIMITING THE VELOCITY USING SPECIAL
RELATIVITY

This section presents an application of the relativistic
double integrator introduced in Section II. Specifically, we
propose to limit the speed of a system governed by double
integrator dynamics, that is, ensure that |G(t)| < wvmax for
an arbitrary vp.x > 0 for all ¢ > ¢g, using the explicit
relationship given by Eq. (5). To this end, we substitute ¢
with vy,.x. We refer to this procedure of modifying the input
as the Minkowski wrap, and we call the resulting system
the wrapped system. In this section, we introduce the idea
of Minkowski wrap and show its application to wrapping a
double integrator with inputs generated by proportional and
time-optimal control laws.

A. Minkowski Wrap

To simplify the notation, we first write the double integra-
tor system in state-space form

&= [i1 @) = Az+ Bu, (23)
. . AT 0 1 0
anhIChJj.—[q q] VA= 0 O,andBf 1

Suppose it is desired that the trajectories of the double
integrator system given above satisfy that |22] < vmax. Using
the previously introduced relativistic notions, we introduce a
mapping o : U x X — U defined by

2\ 3/2
)
O’(U,.’x)u( 1}2> .

Substituting the input « with ) = o(u, x) in double integra-
tor system yields the relativistic double integrator

(24)

j?lzl’g
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max

(25)

with the exception that in the place of speed of light ¢ we
use an arbitrary speed limit vn,x. Therefore, the trajectories
inherently satisfy the limit on zs, that is, they satisfy that
|x2] < vmax for all t > tg (see Remark 1).

Modifying the input to satisfy Eq. (5) requires feedback
and induces a non-linearity into the system dynamics with
respect to the input. Therefore, in manner analogous to
feedback linearization (see [20, Ch. 13]), this procedure can

Wrapped system

E Minkowski wrap

Controller P =u (l - I%/vmn'r):}/j - - i ‘ﬂ: :

N

Fig. 2: Diagram illustrating the Minkowski wrap.

be seen as a form of feedback non-linearization. Fig. 2 shows
a diagram illustrating this idea.

The intuitive idea is that, in the Minkowski law (1),
or equivalently in the relativistic double integrator (5), the
Lorentz factor « in Eq. (2) contributes to slowing down
a particle that, under constant acceleration, approaches the
speed limit. Clearly, this is not the only way to slow down
a system approaching a velocity bound; it is simply the
direct adaptation of the approach from special relativity.
Namely, one could consider a simpler factor, such as 7' =
1—|q|/vmax, but this would not be differentiable everywhere.
In this sense, the Lorentz factor can be seen as the simplest
smooth option to slow down a particle.

B. Linear state-feedback control

Given the double integrator system (23), let u(t) =
—Ka(t) with K = [k; k2] be a state-feedback control law
that stabilizes the system about the origin [0, 0]7. Whereas
the control law ensures stability, it does not (necessarily)
satisfy any bounds on the resulting state trajectories.

The wrapped system in the state space form is expressed
by the following equations

i’l = X2
by = (—hay — ko) (1 (22/ver)?)

To show that the origin of the double integrator system is still
stable, we rely on Lyapunov stability analysis. Specifically,
we show that there exists a Lyapunov function V'(x), for the
wrapped system given in (26). We show this by construction.
Let a Lyapunov function candidate be

3/2 (26)

V(z) = Vi(x1) + Va(22). (27)

Similar to an energy function, we select V;(z1) = %klx%
and select V2(x2) so that it satisfies

dVs
2(w2) = 2 73 (28)
Aoz (1 - a3 /o)
Integrating (28) results in
02
Vo(zg) = —&— + C, (29)
2( 2) Vl_m%/v?nax
in which C' is a constant. Imposing V2(0) = 0 yields
Va(29) = 02 ;—1 (30)
T\ V- a3, '



Substituting V; and V5 into (27) with their respective expres-
1

sions, we obtain
_—— 1. 31
V 1- x%/”l%ax )

Noting that k1, k2 > 0 for the control law to be stabilizing,
V() is positive definite in domain D := {z € R? | |2o| <
c¢}. The derivative of V' (z) along trajectories of the system
is given by

1
V(.Z') = 5]@’133% + Uglax <

T2

= kll‘llEQ +
(1 — 23 /vfw)

(—kll’l — k‘2$2) (1 - xg/vr?mx)

= —kzmg.
(32)
It follows that V(x) < 0 for all z € D,z # 0 since ky >
0. From which we conclude that the origin of the wrapped
closed-loop system in (26) is locally asymptotically stable.
Note that the result naturally extends stabilizing around any
value for x; through a change of variables.

Fig. 3 presents a simple illustrative example. In the ex-
ample problem, it is desired to steer the state to a reference
given by z° = [20, 0]7 while satisfying that |z2(¢)| < 2 for
all t > 0. With a change of variables z = = — z°, a new
double integrator system is obtained as Z = (A — BK)z, in
which A and B are from Eq. (23) and K = [k, k2] = [1, 6]
which renders the closed-loop system stable about the origin.
Consecutively, the wrapped system is determined through
Eq. (26). Comparing the state trajectories with and without
Minkowski wrap, in both cases the system stabilizes at
z°. However, without Minkowski wrap, the limit on x5 is
violated.

Although we did not consider any bounds on the control,
adding saturation to the control inputs would not change the
results. Stability under control saturation has been addressed
for state-feedback control of linear systems, under general
linear feedback laws [21], or for linear quadratic regulator
type of problems [22]. Therefore, as long as the control law
is stabilizing, the speed limits can be imposed using the
Minkowski wrap. Compared to approaches based on the joint
design of CLF-CBF (e.g., [9]), our method is based on an ex-
isting stabilizing controller and imposes velocity constraints
without the need to solve an optimization problem.

C. Time-optimal control

In Fig. 4 (Left), we give an illustrative example of the
time-optimal solution characterized in Section III, with one
single switch. We consider a system with dynamics described
by Eq. (5), and initial and final configurations (go,qo) and
(q7.4f) € R2 An immediate comment regarding Fig. 4
(Left) is that the control, although time-optimal for the
relativistic double integrator, appears slow, for example,
when compared to the parabolic trajectories of the standard
double integrator (first column in Fig. 1) that are clipped
once the maximum speed is reached, see Fig. 5. In fact, the
clipped bang-bang solution is time-optimal for the double
integrator, and thus remains time-optimal when a velocity

20 25 30
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Fig. 3: Comparing state-feedback control for stabilizing a
double integrator system at z° = [20, 0]7 with and without
Minkowski wrap. Orange lines refer to state trajectories for
double integrator without Minkowski wrap and blue are
with Minkowski wrap. Up: The dashed line indicates the

reference. Down: Red dashed line indicates the limit on 5.

Vmax
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0 0+

0 q
Fig. 4: Left: A bang-bang trajectory of the relativistic double
integrator in the upper half-plane with a single switch.
Right: A bang-bang trajectory for the same initial and
final conditions, where trajectories of the relativistic double
integrator are used when approaching the velocity bound, and
standard double-integrator trajectories are used when moving
away from it, both double integrators have the same control
interval U = [—Umax, Umax]-

bound is added. However, notice that clipping the bang-
bang solutions in the phase portrait of the double integrator
introduces an additional singularity, unlike what happens for
the relativistic double integrator.

A partial solution is to propose a hybrid between rela-
tivistic and non-relativistic double integrators. The idea is
that a Minkowski wrap is needed only when the system is
dangerously directed toward the speed bound, for instance
when following a green trajectory in the upper half-plane
or a red trajectory in the lower half-plane (Fig. 1, second
column). Whereas, when a system moves away from the
speed limit, towards rest (red trajectories in the upper-half
plane and green in the lower half), one could use a standard
double integrator to save time, as depicted in Fig. 4. We must
stress that, given initial and final conditions as in Fig. 4, the
time at which the switch occurs is unique, in both Fig. 4
(Left) and Fig. 4 (Right). In fact, since there exists a unique
green curve passing through (qo, ¢o) and a unique red curve
passing through (gs,qy), the switching time is determined
by their unique intersection point in the upper half-plane.
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0 q

Fig. 5: Comparison between a bang-bang trajectory of the
standard double integrator (in blue), clipped when the max-
imum speed is reached, and a bang-bang trajectory of the
relativistic double integrator (in green and red), both having
the same control interval, initial and final conditions.

V. DISCUSSION

In this work, we have analyzed a relativistic version of the
double integrator system, which arises as a consequence of
the Minkowski law, or relativistic form of Newton’s law. A
key result is that the time-optimal control for a relativistic
double integrator is bang-bang and, by application of the
PMP, is shown to have at most one switch. The speed
of light ¢ appearing in the relativistic double integrator
dynamics can be replaced by an arbitrary velocity bound,
effectively limiting the attainable velocity along the sys-
tem’s trajectories. Taking advantage of this observation, we
introduced the notion of Minkowski wrap which reshapes
the input to a double integrator system resulting in a non-
linear system with relativistic double integrator dynamics,
intrinsically satisfying the velocity bounds without clipping.
This notion is particularly relevant for safety critical systems.
It can be seen as a user pressing the accelerator, which
gradually becomes increasingly ineffective for his/her own
safety, as opposed to abruptly setting acceleration to zero
once the speed limit is reached.

Future work will focus on extending this approach to
higher-order systems and to cases with general proper
accelerations expressed in inertial coordinates, potentially
enabling the derivation of analytical solutions (as for the
double integrator), the computation of numerical solutions,
and further investigations of time-optimal controls. Higher-
dimensional systems composed of a vector of double integra-
tors were considered in prior work [23] and it was shown that
a class of time-optimal solutions for boundary conditions that
are not rest-to-rest require time-stretching, that is, maximum
of the minimum times does not work. Extending this result to
the case of relativistic double integrator is also an interesting
future direction.

The results on characterizing the time-optimal controls
naturally extend to linear systems that can be transformed
into a double integrator by change of coordinates, if the
constraints are meaningful in the new coordinates. We expect
that the ideas can potentially be extended to a more general
class of nonlinear stabilizable second-order systems of the
form § = f(q,q,u), in which f is global Lipschitz contin-
uous in all its arguments. In this case, one can describe the
system as a double integrator § = v, in which ¢ € ¥(q, q)
is the acceleration and ¥(g, ) is a state-dependent set of
admissible accelerations (see [23] for an example). Suppose
there exists a set W satisfying that ¥ D W(q, ¢) for all ¢, g.

Then, the system G = f(q, ¢, u) is “dominated” by the double
integrator § = v, in which ¢y € W. Therefore, the Minkowski
wrap of the dominating double integrator can be applied to
“wrap” the trajectories of the system. Exploring this direction
is left as a future work.
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