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Abstract. This paper bridges some of the gap between optimal plan-
ning and reinforcement learning (RL), both of which share roots in dy-
namic programming applied to sequential decision making or optimal
control. Whereas planning typically favors deterministic models, goal
termination, and cost minimization, RL tends to favor stochastic mod-
els, infinite-horizon discounting, and reward maximization in addition
to learning-related parameters such as the learning rate and greediness
factor. A derandomized version of RL is developed, analyzed, and im-
plemented to yield performance comparisons with value iteration and
Dijkstra’s algorithm using simple planning models. Next, mathematical
analysis shows: 1) conditions under which cost minimization and reward
maximization are equivalent, 2) conditions for equivalence of single-shot
goal termination and infinite-horizon episodic learning, and 3) conditions
under which discounting causes goal achievement to fail. The paper then
advocates for defining and optimizing truecost, rather than inserting arbi-
trary parameters to guide operations. Performance studies are extended
to the stochastic case, using planning-oriented criteria and comparing
value iteration to RL with learning rates and greediness factors.

Keywords: planning algorithms, motion planning, discrete planning,
reinforcement learning, Q-learning, value iteration, dynamic program-
ming

1 Introduction

Bellman introduced the principle of dynamic programming in the 1950s as a
way to efficiently compute solutions to sequential decision-making problems [3].
The core idea is the principle of optimality, a simple observation that optimal
solutions must be composed of optimal parts, thereby leading to a powerful
recurrence relation or differential equation that underlies the Hamilton-Jacobi-
Bellman (HJB) equation in continuous-time optimal control, value and policy
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iteration methods for discrete-time problems, and is useful for algorithm design
and complexity analysis well beyond sequential decision making. In the context
of motion planning, Dijkstra’s algorithm, A*-search, D* [1324], and many others
compute optimal plans over grids or more general graphs. Dijkstra-like planning
algorithms, built upon value iteration, compute approximately optimal feedback
plans over continuous spaces using sampling and interpolation of value functions
[29]. All of these methods extend gracefully to settings with either nondetermin-
istic (possibilistic) or stochastic (probabilistic) prediction uncertainty [14].

In the 1990s, Barto and Sutton introduced a powerful paradigm that cleverly
interleaves the discovery of the effect of actions with the calculations of optimal
values and plans [25]. In preceding works, experimental data was first used to
learn or estimate a model of the form 2/ = f(z,u) for states z,2’ and action
u (or p(a’ | z,u) in a stochastic setting), and then the model was used as a
module in dynamic programming methods. The new paradigm, called reinforce-
ment learning (RL), retains all of the structure of Bellman’s original dynamic
programming equations, while inserting learning or discovery directly into the
algorithms for computing optimal plans (or policies). Thus, RL is a fusion of
optimal sequential decision-making (control, planning) with machine learning
(system estimation, identification).

In recent years, RL has become ubiquitous as an approach to problems in
robotics and embodied AI [I2J26]. As it is applied to motion planning, it has
been clearly useful as a way to generate motion/control primitives to comple-
ment planners (e.g., [7]); however, the relationships across the Bellman-inspired
family of methods have become increasingly opaque. In non-RL works, a clear
cost model is formulated in terms of engineering resources, such as time or en-
ergy expended, and plans are selected to globally optimize cumulative cost. In
standard RL, a reward model is defined that is biologically inspired and is often
shaped or tuned to yield desired outcomes [19]. Furthermore, RL tends to be
formulated as an infinite-horizon problem in which the most preferred way to
make cumulative rewards finite is via an arbitrary discount factor that has little
meaning in an engineering context (notable exceptions exist [I8]). In non-RL
approaches to planning, the episode usually ends when goals are achieved; even
though the number of steps may be unbounded, it is finite and can be efficiently
handled by termination actions [14] or terminal states [6120], thereby preserving
the true cost model. Finally, RL is formulated exclusively in a stochastic setting,
whereas for non-RL methods there is a simple and clear relationship between
corresponding algorithms in deterministic and stochastic settings. Probabilistic
modeling is not the ‘only’ or ‘most general’ way to handle uncertainties (see, for
example, [I1]).

To address these concerns, this paper investigates a series of methods along
the spectrum from deterministic planning to stochastic RL (Q-learning). Re-
lationships are established through both theoretical analysis and experimental
studies. Section[2]starts with optimal deterministic planning and develops a com-
parable derandomized analog of RL that clarifies the issues of whether a model is
given and whether one can jump at will between arbitrary states. Computation
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and convergence rates are compared over several examples. Section [3] bridges the
gap between typical planning and RL formulations through rigorous mathemati-
cal analysis of their relationship, with an emphasis on using physically motivated
costs in models, as opposed to arbitrary discounts and rewards. Section {4 ex-
tends the studies to stochastic state-transition models, which are prevalent for
RL. Section [5| summarizes the main conclusions and remaining challenges.

2 Optimal Planning and Deterministic RL

2.1 Optimal planning concepts

Consider a standard optimal planning problem expressed as a six-tuple P =
(X,U, f,x1,Xg, %), in which X is a finite state space, U is a finite action space,
f: X xU — X is the state transition function, x; € X is the initial state,
X C X is the goal set, and £ : X x U — [0,00) is the cost function. Actually,
f is allowed to be a partial function, in which U(z) C U denotes the actions
available from each x € X. A feedback plan, or policy is a mapping 7 : X — U,
and we use the shorthand f;(z) := f(x,n(z)) to indicate the next state obtained
by applying policy m at state x. A policy 7 is evaluated from any z1 € X using
the stage-additive cost functional

L(m,z1) = Zl(mk,ﬂ(xk)), (1)
k=1

in which k € N indexes over stages, and xp+1 = fr(vx) = f(xg, 7(xr)). To take
X into account, a special termination action ur € U(xg) exists from every
x4 € X@, and when applied at stage k, then ;11 = x; = x4 for all all 7 > k and
l(zg,ur) = 0. This ensures that is finite if the goal is reachable from x7, in
spite of having an infinite horizon, that is, infinite number of stages. A plan or
policy 7* is optimal if for all other 7 and all z; € X, L(7n*,21) < L(mw, z1). Let
Gr : X — [0,00) be the cost-to-go function for a plan 7, in which each G, (x) is
the total cost obtained in by applying 7(z) from state x; = z. Let G* = G+
be the optimal cost to go. Determining G* and 7* are closely related because:

7 (x) € arg mi{l ){E(x, u) + G*(2")}, (2)

uelU(x

in which ' = f(z,u) (see [14], Ch. 2). In the case of classical planning, the
model is known; thus, 7* and G* can be computed using value iteration or
by Dijkstra’s algorithm, in which the latter can be seen an efficient version
of value iteration. Whereas Dijsktra’s algorithm is typically faster than value
iteration, value iteration generalizes more easily to stochastic planning and RL.
Value iteration proceeds by successively computing cost-to-go functions for each
stage, proceeding backwards through time, until the values stabilize (they do
not change). For each z; € X, the value is calculated as

Gi(er) = min {ianu) + G (@ren) §. 3)

up €U (zy)
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in which zx11 = f(ag,ur). Most RL algorithms essentially create an asyn-
chronous, step-by-step version of , in which each step processes a state-action
pair (xg, ug).

2.2 Handling imperfect models by derandomizing RL

Whereas most RL algorithms are designed considering imperfect models, plan-
ning algorithms typically assume a complete model. Therefore, our first task is to
carefully relate and compare these. Two critical options emerge: 1) Is the model
given to the algorithm? Suppose that in the model-based case, P is completely
given to the algorithm. In the model-free case, P is known ‘to the gods’ but not
the algorithm. The robot can only try actions and then sense the next state and
incurred cost. 2) Can the robot freely ‘jump’ between states for planning pur-
poses? Virtual jumping occurs in planning by using the model: The algorithm
deduces what would happen if action u were applied from state z. By default,
we focus on physical jumping, in which the robot is moved to a new state.

There are three cases based on the critical options: 1) Model-based. If the
model is available, then, virtual jumping can be used, allowing algorithms such as
Dijkstra or value iteration to solve the optimal planning problem before the robot
is ever moved. 2) Model-free with jumping. If jumping is free and X were
known, then the model can be completely discovered by trying every u € U(x)
from every z € X. Suppose that even X is unknown. In this case, we assume
sensing is sufficient so that states can be uniquely labeled as they are discovered,
and returns to previous states are correctly determined. Even in this extreme
scenario, Dijkstra or value iteration could be applied to derive the optimal plan.
The difference compared to the first case is that here, jumping must be physical.
(If a cost is assigned for physical jumping, then an intriguing new optimization
problem emerges.) 3) Model-free without jumping. This case most closely
matches common RL formulations. The robot must move along one long path
to discover the optimal plan. (The directed transition graph underlying P is
required to have every state reachable from every other.)

Note that since the system is deterministic, every state-action pair needs
to be considered only once to completely discover f; however, revisits may be
needed to fully compute G*. Furthermore, f can be represented as a directed
multigraph with vertices X and labeled edges U(z) for all 2 € X. This leads to a
simple two-phase algorithm: 1) First, ‘physically’ explore enough to discover the
entire graph (jumping not allowed!); several efficient algorithms exist [18]. 2)
Then, run Dijksta’s algorithm to calculate G* and 7*. This, however, does not
follow the spirit of most RL, which interleaves learning and optimal planning
during the entire execution. To move closer to this approach, we introduce a
derandomized version of Q-learning, which serves as a gateway between typical
planning and RL scenarios.

Let Qr : X XU — R be the Q-value function, obtained from by applying
uy at 1, and then applying actions u; = m(x;) for all ¢ > 1. Let Q* = Q= be
the optimal Q-value function. Note that G* and v = 7*(z) can be computed
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from Q* by
G*(z) = min {Q*(m,u)}. (4)

ueU(x)
Q-learning estimates Q* through the process of stochastic iteration [25J21]. Us-
ing a stochastic state transition model p(T41|xk, ug) (addressed in Section ,

estimates of Q*, denoted by Q*, are determined iteratively as (see [I4], Sec.
10.4):

@) (1= @ @0+ o (1) + mn (@0}, 6)
u' €U (x’)
in which #’ is obtained by applying « from x in a single step, p € (0,1) is the
learning rate, and < denotes an assignment (not a fixed point equation). Note
that jumping is not required: The minimization over all v/ € U(a’) involves
looking up internally stored Q-values. The parameter p is chosen to be smaller if
the amount of uncertainty or instability is higher. If every reachable state-action
pair is visited infinitely often, then Q* converges to @* in probability [BI2g].
In the limiting case of a deterministic system, there is no uncertainty, which
would suggest setting p = 1 to obtain our proposed derandomized Q-learning:

Q*(z,u) < l(z,u) + min {Q*(x’,u’)}. (6)
u' €U (x’)

Q-learning is considered off-policy in the sense that no particular plan of move-
ment for exploration is assumed, as long as every state-action pair is visited
infinitely often. In practice, however, a movement plan is needed. To ensure all
state-action pairs are visited infinitely often, two pure exploration plans are con-
sidered: 1) apply random actions, leading to probabilistic convergence, and 2)
apply a universal plan from [27] to obtain deterministic convergence.

Proposition 1. If every state-action pair (z,w) is visited infinitely often for all
z € X andu GAU(x), and @ is applied in every step, then after a finite number
of iterations, Q* = Q*.

Proof. Let Z = X xU be an augmented state space. Let fz : X xUxU — X xU
be the state transition function in this new domain defined as fz(z,u,u’) =
(f(x,u),u’), in which f is the state transition function for the original problem.
Then, @ can be written in this new augmented space as

A% . Nk (]

Q)+, min Q7). 7)
in which 2z’ = fz(z,u’). Notice that this is one step of value iteration over the new
state space Z, the cost £(z) is outside of minimization since the minimization is
over u’. Because in Q-learning the values are updated when z is visited and u is
applied, can be seen as a step in an asynchronous value iteration with single
state updates in contrast with value iteration which does a complete sweep of
all the states. Then, the finite time convergence to the optimal values follows
from the finite time convergence of asynchronous value iteration for deterministic
shortest-path problems [4]. O
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As is common in RL, we balance exploration vs. exploitation in the form of
an e-greedy plan/policy. For some fixed value € € [0,1], the policy applies the
next action in the pure exploration plan with probability ¢; otherwise, it applies
the minimizing «’ in @ Thus, it is ‘greedy’ (exploitation) 1 — € of the time on
average.

We follow another common RL practice, which is to allow periodic jumping
back to the initial state. Thus, the execution is divided into episodes, in which
each one corresponds to applying an action sequence from the initial state until
either X or a maximum iteration limit is reached (to escape greediness-induced
traps). This issue does not arise in value iteration because the state becomes
frozen once X is reached and wr is applied. The relationship between these
two settings is analyzed in Section [3.3

2.3 Computational comparisons

We compared the methods over several planning problems encoded as grids with
standard 4-neighbors. Higher dimensions and continuous problems are avoided
here because our aim is to improve understanding and we believe the key issues
identified in our studies extend to higher dimensional lattices [I5] and continuous
problems involving dynamic programming with interpolation [16].

The experiments were conducted using Python?| They were run on a desktop
computer with a Ryzen 7 3700X CPU (3.6GHz)"| Figure |1| shows a representa-
tive sample of the problems we investigated; many more results appear in the
appendix.

Fig. 1. Ten representative problems (enumerated from top-left to bottom-right as 0,
1, 3, 4, 8,9, 10, 11, 12, 16). The green dot is the initial state. The red dot is the goal
state. The white segments connect the states and can be viewed as the actions allowed
by the robot. All actions have the same step cost. The gray areas are obstacles.

3 The codebase can be found |here!
4 A computer with an i5-12400F CPU (2.50GHz) was used for some of the stochastic
experiments (y < 0.9).
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Run times are shown, which closely correlate with number of actions taken
(these appear in the appendix). We ran each algorithm 100 times and report the
mean and standard deviation. Unless otherwise stated, the number of episodes
used for Q-learning is set to 1000, and the number of steps per episode is set to
3000 to be sufficiently longer than any optimal path. These were chosen through
trial and error to optimize Q-learning performance. Each run was terminated
either after convergence or an iteration limit was reached. We considered three
questions:

1. Was a path from the initial to the goal found?

2. Was the path found optimal (is the cost-to-go value from the initial state
optimal)?

3. Is the cost-to-go value for each state in the state space optimal?

The first question typically corresponds to a pure planning solution: An action
sequence that leads to the goal. Figure [2 shows how varying e affects the time
in which the goal state is first discovered. When we initialize all state-action
pairs (except the goal) to the same value, then a greedy action would be chosen
arbitrarily (depending on which action is first in its enumeration) because all
neighboring values are equal. Later, as the cost of any action that has been
chosen in previous iterations increases relative to the other available actions
the algorithm would prefer unexplored actions. This happens until the goal is
discovered and better values are propagated backwards, causing progress-making
actions to be preferred. In problems in which there are less states and more
obstacles (e.g., Problem 12), the goal is discovered more quickly with a greedier
policy. For Problem 0, since the whole state space is available and the goal is
relatively far away, a purely greedy approach (e = 0) takes more time to reach
it. However, a random policy (e = 1) is quicker because the robot is not hindered
by any obstacles.

Effect of Epsilon on Goal Discovery Time Effect of Epsilon on Goal Discovery Time

| Problem
— 3
9
10
— 12

2| Problem

-

Normalized Avg Time Goal Discovered
Normalized Avg Time Goal Discovered

Fig. 2. The effect of decreasing greediness in a policy when applied on different prob-
lems.

To address questions (2) and (3) above, we define convergence for Q-learning
as convergence to the Q-values consistent with the optimal cost-to-go function.
Note that @Q* can be obtained from G* using for this comparison.
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Table [T] shows the performance of the model-free dynamic programming al-
gorithms and that of Q-learning with varying e. We also include a deterministic
version of Q-learning, labeled as ‘(7)’, that uses digits of 7 base four, to select
actions [27]. We show the average run time of the algorithm, how often the val-
ues for the whole state space converge, and the time it takes for the value of the
initial state to converge.

Table 1. Performance of Q-learning and model-free approaches on a deterministic
problem (Problem 10). Value iteration shortened to VI.

Optimal Initial
Convergence Cost-to-Go Time
(mean =+ std)

Run time

Algorithm (Problem 10) (mean + std)

Q-learning (¢ = 0) 0.33383 £ 0.0025 0.0 % 0.1720 £ 0.0016
Q-learning (e = 0.25) 0.44088 £ 0.0030 0.0 % 0.2043 £ 0.0041
Q-learning (e = 0.5) 0.64394 £ 0.0045 0.0 % 0.2517 £ 0.0066
Q-learning (e = 0.75) 1.08726 + 0.2099 76.0 % 0.3502 £ 0.0129
Q-learning (e = 0.9) 0.61889 £ 0.0559 100.0 % 0.4858 £ 0.0239
Q-learning (e = 1) 1.88356 + 0.6740 100.0 % 1.2836 £ 0.3801
Q-learning (7) (e = 1) 2.02001 £+ 0.4996  100.0 % 1.3425 + 0.2770
Model-free Dijkstra 0.00248 + 0.0006 N/A N/A

Model-free Asynchronous VI 0.04920 £ 0.0004 N/A N/A

Model-free VI 0.05585 £ 0.0007 N/A N/A

Unsurprisingly, the model-free Dijkstra algorithm has the fastest run time,
followed by model-free asynchronous and then synchronous value iteration. The
fastest version of Q-learning is purely greedy (¢ = 0). As a result, we can see
that the more randomness we introduce in the form of increasing e, the slower
the algorithm runs. However, there is a reverse relationship on the convergence
rate: lower e decreases the frequency of convergence. This aligns with intuition
because less exploration will prevent states from being visited sufficiently often
with high probability. However, as € increases, both the convergence frequency
and run time increase.

Interestingly, note that a lower e value causes the optimal cost-to-go from
the initial state to converge faster. If our goal is to purely find the optimal path
between the initial and the goal and the system is deterministic, picking e = 0
is often the best choice.

The model-free version of Dijkstra’s algorithm is 134.65 times faster and uses
22.88 times fewer actions than Q-learning with e = 0. The relationship pattern
observed between the different Q-learning under different parameters, and the
model-free approaches holds, for all problems we studied, although the difference
in overall performance varies.

To properly compare Q-learning to our model-free version of Dijkstra, we
use € = 0.9 for which we get consistent convergence of cost-to-go values to
their optima over the whole state-space. It is furthermore the fastest parameter
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configuration to do so. However, since it is slower than ¢ = 0, the performance
difference is increased with model-free Dijkstra which now performs 249.62 times
faster and using 46.50 times fewer actions.

3 Analysis of Cost/Reward Models

This section brings the planning-oriented model of Section [2| closer to the mod-
els typically used in RL, which involve rewards, discounting, and episodes. We
mathematically analyze and experimentally study the effect of each, while re-
maining in a deterministic setting to improve clarity; Section [d will then consider
the case of stochastic systems.

3.1 Cost and reward models are equivalent, almost

Engineers have tended to minimize cost whereas Al researchers, especially in
RL, have preferred to maximize reward. The former usually involves physical
quantities, such as time, energy, distance, or perhaps money in a business setting.
The latter takes inspiration from biology by imagining the robot or agent as
being conditioned by Pavlovian rewards. As shown below, these formulations
are equivalent at a general level; however, the problem with biologically inspired
reward is that it tends to lead to the heuristic invention of reward functions to
‘motivate’ the robot to act in preconceived ways [19]. We therefore introduce the
idea of truecost, in which the aim is to formulate costs that directly map to the
physics of a given system (or perhaps money in a business setting). Ideally, costs
or rewards should not be tweaked until the algorithm does what is was supposed
to do. Of course, we can imagine truereward, but we emphasize that it should be
more concrete, such as profit (revenue minus cost) in a business setting, rather
than a vague bio-inspired motivator.

It is generally known that replacing the costs in a problem formulation by
the corresponding rewards (multiplying the costs by —1) and switching from
minimization to maximization results in an equivalent problem formulation in
terms of the optimal policies. We show that this is generally true for any cost
functional that is linear in terms of the sequence of stepwise costs. Note that
this criterion covers all the standard cost formulations, including total cost,
discounted cost, asymptotic average cost and the expected values of these in the
stochastic formulations.

Proposition 2. Let P = (X, U, f,L) be a planning problem with a cost func-
tional L, : UN x X — R. Assume that the cost-functional can be written as
Le(, 1) = L(f(@, 1)) in which f: UY x X — RY maps a path onto the cor-
responding sequence of stepwise (immediate) costs and L : RN — R is a linear
operator. Then a policy 7 attains a minimum for L. if and only if it attains a
mazximum for the operator L, defined by L,.(t,x1) = E( — f(ﬂ,a:l)).

Proof. For z € X, let @* € U be the action sequence corresponding to following
an L.-optimal policy 7* from x. Then L.(a*,z) < L.(@, ) for all & # @* so that

Li(a*,x) = L(~ f(a*,2)) > L(~ f(d,z)) = Li(a,x)
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for all & # @*. This means that applying @* from z corresponds to maximizing
the reward functional L, in other words, following an L,-optimal policy. The
implication in the other direction follows similarly, and since x was arbitrary,
the claim follows. a

3.2 The dangers of discounting

Infinite horizon decision making problems tend to yield diverging sums of costs
or rewards. If there is a goal, as in the case of planning, then the simplest way
to fix it is to use a termination action as introduced in Section 2t No more
costs/rewards accumulate after termination, thereby forcing to be finite if
the goal is reachable. The preferred way in RL is to use discounted cost/reward,
which is a kind of mathematical hack dating back to Bellman [3]. For any « €
(0,1), the following sum is finite:

K
Lo(m,z1) = lim ( akl(xk,uk)> . (8)
K—oco =0
This implies that future costs/rewards are considered less valuable than current
ones. This might be fine in highly unpredictable settings such as financial mar-
kets, but for robotics this causes a large and dangerous deviation from truecost.
Let 4 = (ug,...,un—1) be a sequence of actions. A sequence of states
(zo,...,xN) in which x41 = f(zg,ug) for k=0,...,N—1isa cycle, if zyg = zn
and x # xo for k =1,..., N — 1. We denote by C(@, () a cycle beginning at
x corresponding to u. If 4 is given by a policy m, we denote a cycle starting
at g by Cr(zp). We also denote by Cp(w) the collection of cycles generated
by a fixed policy 7 in a planning problem P. For the following proposition, let
P =(X,U, f,z1,Xqg,¢) be a deterministic planning problem as introduced in
Sec. [2 Suppose { is a strictly positive cost function other than £(z,us) which
is 0 for any x. Without loss of generality, X is a singleton, that is, there is a
single goal state.

Proposition 3. Given a planning problem P with an initial state xg = xy € X,
suppose there exists a policy mg for which L(ng,xo), the cost according to the
cost functional given in , 1s finite. Furthermore, suppose there exists a 7o such
that the state trajectory (xo, 7o (o), 1, m7c (1), .. .) contains a cycle Cr(zy,) for
some m. Then, there exist £ and o such that L(w},, x1) = oo, in which 7% is an
optimal policy minimizing the cost functional defined in .

(Proof appears in the appendix.)

To illustrate the issue that an optimal solution to a discounted cost problem
might result in infinite true cost and miss the goal even if the goal is reachable,
consider the planning problem with X = {0,1,...,5}, z¢ = 5, U = {-1,1},
f(z,u) = min(5, max(0,x+u)), and ¢(z,u) = x+1. The only policy that reaches
the goal is wg for which ng(x) =1 for any z € X \ {5} and 7(5) = up. For this
policy, the true cost from xzg = 0 is L(wg,0) = 15. Considering the discounted
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formulation, let 7o be me(z) = —1 for any « € X \ {5} and 7¢(5) = up. For
this policy, the total discounted cost is L, (m¢,0) = 1/(1 — a) as K — oc.
On the other hand, the total discounted cost associated with the policy that
leads to goal, that is, L (7g,0) = Z?:o a'(i + 1). Then, if « is selected so
that 1/(1 —a) < Z?:o a'(i + 1), an optimal policy 77, for the discounted cost
formulation will have a cycle. Furthermore, it is easy to see that any optimal
policy in this case will have 7% (0) = —1 since any other cycle will incur higher
cost. Then, if « is selected accordingly, L(7?,0) = limg_,o0 ZkK:O 1=o0.

Thus, discounting is a heuristic that is as problematic as using potential
functions for motion planning and becoming trapped in local minima [2]. One
could try to pick « as close to one as possible, hoping to fend off the problem of
ignoring the goal. An alternative way to ensure that the cost remains bounded
over an infinite horizon is to optimize the average cost/reward per stage, which
is also traced back to Bellman [3], and has been more recently suggested for RL

[22117]. The relationship between this and termination actions is the basis of
Section 3.3l

3.3 Episodic equivalences

Imagine that the robot must solve the same tasks over and over, forever. Each
time it arrives in the goal, it gets magically teleported back to the initial state and
must get to the goal again; this is an example of physical jumping from Section
This leads to an infinite-horizon problem that fits the model of Section [2] but
is closer to the common RL formulation that relies upon repeated episodes [25].
In this section, we establish an equivalence between the two formulations. This
is worth considering because the resulting insight extends to problems in which
different goal requests may be made in each episode (see, for example, [23]).
Consider the following two problem formulations:

(i) Let Punsp = (X, U, f,L,{y) be an unspecified-horizon problem. We assume
there exists a termination action up for which £(zg4,ur) = 0. The cost
functional L is given by .

(ii) Let Py = (X, U, f, Lay) be an infinite-horizon problem. The cost functional
L., : UY — R is defined as the asymptotic average

N
. .1
Loy(t,21) = ]\}gnooﬁgé(xk,uk). 9)
Instead of setting ¢ (x4, ur) = 0 as in (i), we assume that the system resets
to &y whenever it reaches x4, and incurs a negative cost (a bonus) M < 0.

We characterize the planning problems for which the above definitions (i)
and (ii) share an optimal policy. For Pyupg, there exists an optimal state-feedback
policy 7%, which takes the robot from any initial state to the termination state
with minimal cost. In Py, there is no termination state, so any optimal policy
leads the robot to enter a cycle with the lowest asymptotic average cost and
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Fig. 3. The difference between a single trial (unspecified horizon) versus infinite horizon
formulation. The optimal path for a single trial is indicated with black arrows going
from zr to 4. A more costly, but shorter, path is indicated with red arrows. In the
infinite-horizon formulation, a shortcut (dashed arrow) is introduced that takes the
robot from x4 and returns it to x;. The dark blue squares indicate a region in state
space where the robot could loop indefinitely with negligible average cost per step
without ever reaching the goal.

to loop there indefinitely. Due to the reset, every cycle containing x, must also
contain xy. It follows then from the optimality of 7 that the lowest-cost cycle
containing x, is Crx(x7). However, there may exist other cycles that do not
contain x, and that have a lower asymptotic cost than La,(Crx(27)). In such
cases m,, fails to be optimal for Ps. This can be remedied by tuning the bonus
parameter M so that its cumulative effect overcomes the difference. However,
changing the magnitude of M may also have the effect that some cycle C (@, z;) #
Crx(xy) containing x, may become optimal under the asymptotic average-cost
formulation due to the resetting. See Figure [3|for an illustration of the two types
of cycles. The conclusion is that the formulations P,s, and Pi,¢ are not generally
equivalent, but may be so if certain conditions regarding the lengths and average
costs of cycles in P,,¢ are satisfied. This is made precise in the following.

For an action sequence @y := (ug,...,ur—1), denote by @(x,dk) the path
(xo,...,x) in which zg = = and z;41 = f(xj,u;) for all j = 0,...,k — 1.
Denote by ¢(x, @) the last state in @(x, @y ). Let

Ug :={t: ¢(zr,0) = x4}

be the set of action sequences that take the robot from x; to x,. The policies for
P.¢ can be divided into those that correspond to applying some u € Ug from
xy, and those that tend towards some other cycle that does not contain x,. For
any policy 7 that corresponds to looping an action sequence u € Ug from the
initial state xj, the asymptotic average cost is given by

. S(a)—1
Low(i,p) = MJrszg)L,II) _ S(lﬂ) <M+ kZ:O é(xk,f(zk,uk))> (10)

in which S(@) denotes the length of the path @(x;, 12) Let * € Ug be the action
sequence corresponding to applying the optimal policy for Punsp at x7. Define
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for each 4 € Ug the value

o (- S ) o

and the sets
R :={ua: S <S@)}, Rt={a:S@>S5@*}. (12)

Furthermore, let ¢ = C (@, o) be the cycle which has, among all the cycles that
do not contain x4, the smallest asymptotic average cost

L(’l]7 .130)

Law(C) = Loy (@, 2:0) = ST

(13)
Proposition 4. Let 7* be an optimal policy for Pynsp. Then m* is also an op-
timal policy for Pi,s with reset bonus M < 0 if and only if M satisfies

a < M < min {8, 8(@*)La(C) — L(@*,z1)},

i which 4* is the action sequence corresponding to applying ©* from xy to reach

Tg, C is as in , A(@) is as in , and
a:= max {A(@)}, and [:= min {A(a)}.

UwER™ WERT

(Proof appears in the appendix.)

4 From Deterministic to Stochastic Models

4.1 Basic assumptions and approach

The concepts from Sections [2] and [3] extend gracefully to the stochastic setting
by replacing f in P with a probabilistic transition model P(xgy1|xg, ux), which
denotes the probability that zj 1 is reached if uy is applied from zj. This causes
paths taken during execution to be unpredictable, resulting in G* and Q* rep-
resenting expected costs. Furthermore, every state-action pair should be visited
an infinite number of times to learn P, rather than once to learn f from the
deterministic setting. Thus, the method from Section [2| of quickly learning f
first, and then applying Dijkstra’s algorithm is no longer applicable. At best,
one could try to estimate the transition probabilities to some level of statistical
confidence and then apply stochastic value iteration to obtain G* and 7*. For
comparative purposes, we will consider the case of stochastic value iteration ap-
plied to a perfectly learned transition model. However, most of our studies in
this section are based on Q-learning.

In our implementations, the transition model P(xgy1|zx,ur) is defined to
be a direct extension of f from Section [2| in terms of a predictability factor,
v € (0,1], that controls the amount of entropy or prediction uncertainty. From
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each xy, consider applying uy to get 511 = f(x, ux). For the stochastic version
with predictability factor v, we define P(z}|vr,ur) = v if 7} = Tpyr;
otherwise, the remaining probability mass 1 — «y is spread uniformly as if nature
causes the remaining actions (excluding uy) to be chosen from U(zy) (including a
termination action that holds the state constant). If v = 1, then the deterministic
model can essentially be simulated. If v = 1/2, then on average, half of the time
the robot moves in the direction it was commanded, and for the other half it
effectively executes an alternative action randomly.

Another critical parameter is the learning rate p, which appears in . Imag-
ine implementing a complementary filter that uses p to interpolate between a
noisy data source and the current best estimate. If the data is perfectly reliable,
as in the deterministic case of Section [2] then we can set p = 1. As the pre-
dictability decreases (lower 7y), we would expect to use lower values for p so that
the noise is attenuated and the estimate becomes more stable. Choosing a good
value of p is a delicate art. We considered multiple values in our experiments,
and furthermore developed an adaptive tuning method for p so that it decreases
during execution according to the formula

1

n(z,u)w’ (14)

p:

in which n(x,u) is the number of times that each state-action pair has been
visited and w is an arbitrary parameter (this idea was introduced in [9] and used
in the Double Q-learning approach [10]).

4.2 Computational comparisons

The experimental setup outlined in Section [2.3] is reused with a few minor
changes. In cases where v < 0.9 we use 10 samples instead of 100. We increased
the number of episodes to 3000 to improve the convergence frequency, that is, the
percentage of times the values converge. We investigated performance by trad-
ing off three parameters: learning rate p, greedy parameter €, and predictability
factor v. We studied convergence rates in comparison to the true optimal cost
to go, obtained from stochastic value iteration, and flagged cases in which the
Q-values are within 10% of optimal to identify approximate successes.

For cases of high ~ (more predictable), we investigated combinations of
e,p € {0.5,0.7,0.9,0.99}. The p values were chosen after careful investigation
and observing that for p < 0.5 and p > 0.99, the results were not more infor-
mative. We also found that increasing p decreases run time. In Table [2] which
combines the data for Problems 1 and 10, note that for v = 0.999 there is less
benefit of being greedy in comparison to the results of Section 2.3 Although
choosing € = 0 still leads to a better or equal run time to ¢ = 1, we see that
e = 0.9 has a much better performance than both, while also converging. This
appears to be due the fact that nondeterminism throws the state away from
greedy routes, thereby requiring more exploration to get values to converge.
Furthermore, we can see that dynamic programming methods converge about
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two orders of magnitude more quickly than RL, which reflects the price of learn-
ing on the fly. Similar trends were observed in other problems; the appendix
contains many more. It also reports statistics for the goal discovery time, which
are similar to the deterministic case, but grow with increasing p.

Table 2. Performance of Q-learning and dynamic programming methods for Problems
1 and 10 for stochastic problem with v = 0.999. Note the addition of two columns: how
often the value for the initial state converges; the shortest and longest path achieved
over all samples.

Optimal Initial Optimal Initial

Algorlt}:m Run time Convergence Cost2Go Time Cost2Go Shortest/Longest

(v =0.999) (mean + std) (mean + std)  Convergence Path
(Pr 1) Q-learning (p = 0.99,¢ = 0) 0.40677 £ 0.0041 0.0% 0.0888 £ 0.0008 100.0% 28/32
(Pr 1) Q-learning (p = 0.99,e = 0.25) 0.52970 % 0.0064 0.0% 0.1006 £ 0.0024 100.0% 28/29
(Pr 1) Q-learning (p = 0.99,e = 0.5)  0.76335 + 0.0084 0.0% 0.1144 £ 0.0024 100.0% 28/30
(Pr 1) Q-learning (p = 0.99,¢ = 0.75) 0.52489 + 0.1930  100.0%  0.1516 + 0.0045 100.0% 28/30
(Pr 1) Q-learning (p = 0.99,e = 0.9)  0.27856 + 0.0271  100.0%  0.2044 + 0.0109 100.0% 28/29
(Pr 1) Qlearning (p = 0.99,¢ =1)  0.40572 + 0.0491  100.0%  0.3512 + 0.0450  100.0% 28/30
(Pr 1) Async Value Iteration 0.12869 + 0.0009 N/A N/A N/A 28/29
(Pr 1) Value Iteration 0.17870 + 0.0024  N/A N/A N/A 28/30
(Pr 10) Q-learning (p = 0.99,¢ = 0)  0.94648 + 0.0174 0.0% 0.2290 £ 0.0314 100.0% 64/27731
(Pr 10) Q-learning (p = 0.99,¢ = 0.25) 1.24982 & 0.0203  0.0%  0.2513 & 0.0056  100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 0.5) 1.91614 + 0.0188 0.0% 0.3029 £ 0.0058 100.0% 64/67
(Pr 10) Q-learning (p = 0.99, ¢ = 0.75) 0.97765 + 0.2121  100.0%  0.4122 &+ 0.0107  100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 0.9) 0.65742 & 0.0572  100.0%  0.5611 & 0.0225  100.0% 64/66
(Pr 10) Q-learning (p = 0.99,¢ = 1)  2.26297 + 0.7142  100.0%  1.6362 £ 0.4014 100.0% 64/66
(Pr 10) Async Value Iteration 0.21926 + 0.0162 N/A N/A N/A 64/66
(Pr 10) Value Iteration 0.35463 + 0.0252 N/A N/A N/A 64/66

By lowering v to 0.99, we observe that convergence no longer happens, even
if we increase the episode count to 5000 or 10000. In fact, upon further investi-
gation, the average distance between the optimal values and the values obtained
with Q-learning stayed nearly constant while changing episodes when ¢ = 1,
which means that there is a convergence happening on a state-space level, but
to different values than the optimal ones. However, the initial cost-to-go val-
ues still converge for some configurations. Table [3] shows when this happens for
Problems 1 and 10. The general observation is that a lower p yields more reli-
able convergence because it is more robust to unpredictability, but requires more
iterations. As «y is lowered, then p should be lowered accordingly, although the
best practice is found only by trial and error. It is interesting to note that a
policy that leads the robot to the goal in a nearly optimal manner can be com-
puted even if the Q-values from the initial state do not converge, as seen in the
configuration with p = ¢ = 0.5 for Problem 1.

Interestingly, as we decrease 7y, we observed for Problems 1 and 11 that the
run time of value iteration becomes closer to that of greedy Q-learning with a
low p.

To study global state-space convergence to optimal values, we investigated
the effects of a low p on simpler problems (i.e., Problem 8 and Problem 16). For
~v = 0.9 we found that a random policy (¢ = 1) with p = 0.1 converged for both
problems, whereas for Problem 16 even a greedy policy (¢ = 0) with the same p
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Table 3. Performance of Q-learning and dynamic programming methods for Problems
1 and 10 for stochastic problem with v = 0.99.

Optimal Initial Optimal Initial

é:lgil(l)fgg; (mIi:; t:én:d) Convergence Cost2Go Time Cost2Go Shonte;t‘;l/tiongest
(mean =+ std)  Convergence
(Pr 1) Q-learning (p = 0.5,¢ = O) 0.44775 £ 0.0094 0.0% 0.1815 £ 0.0082 100.0% 28/34
(Pr 1) Q-learning (p = 0.99,¢ = 0) 0.42034 £ 0.0090 0.0% 0.2078 £ 0.0750 86.0% 28/2205
(Pr 1) Q-learning (p = 0.5,¢ = 0.5) 0.82059 £ 0.0169 0.0% 0.5143 £ 0.1522 32.0% 28/31
(Pr 1) Q-learning (p = 0.99,¢ = 0.5) 0.77585 + 0.0109 0.0% nan =+ nan 0.0% 28/1474
(Pr 1) Q-learning (p = 0.5,¢ = 1) 15.46274 + 01914 0.0% 52842 + 3.5571  90.0% 28/33
(Pr 1) Q-learning (p = 0.99,e =1)  15.39603 + 0.1846 0.0% nan £ nan 0.0% 28/32
(Pr 1) Async Value Iteration 0.15656 + 0.0014 N/A N/A N/A 28/33
(Pr 1) Value Iteration 0.22934 + 0.0020 N/A N/A N/A 28/31
(Pr 10) Q-learning (p = 0.5,¢ = 0) 1.09601 + 0.0226 0.0% 0.4524 £ 0.0133 100.0% 64/322
(Pr 10) Q-learning (p = 0.99,¢ =0) 1.07131 £ 0.0178 0.0% 0.2651 £ 0.0000 1.0% 66/2596
(Pr 10) Q-learning (p = 0.5, = 0.5) 2.08346 + 0.0157 0.0% 0.7959 £ 0.2102 100.0% 64/68
(Pr 10) Q-learning (p = 0.99,¢ = 0.5) 1.99043 + 0.0217 0.0% 0.6288 £ 0.3471 99.0% 64/3689
(Pr 10) Q-learning (p = 0.5,e =1)  30.93903 + 0.2059 0.0% 3.5574 £+ 1.1094 100.0% 64/70
(Pr 10) Q-learning (p = 0.99,¢ = 1) 30.94423 + 0.1896 0.0% 2.4456 + 1.0780 100.0% 64/610
(Pr 10) Async Value Iteration 0.24640 + 0.0036 N/A N/A N/A 64/69
(Pr 10) Value Iteration 0.40702 + 0.0028 N/A N/A N/A 64/70

can suffice. However, this is approach is not enough for v = 0.7. Instead, we were
only able to obtain global convergence with ¢ = 1 by decaying p as described
in , using w = 0.7. We obtained global convergence for Problem 16 with
v = 0.5 using the same approach. We were unable to get global convergence in
Problem 8 by any choice of w.

5 Conclusions

Our work has brought planning and reinforcement learning into closer alignment
so that approaches, assumptions, and models across both can be compared and
be better understood. Through the introduction of a fully deterministic ver-
sion of RL, we established its convergence and studied its performance relative
to dynamic-programming based planning. Through analysis of cost models, we
have warned against using discounted cost, as is popular in RL; instead, we have
advocated for truecost, in which the costs/rewards translate directly into phys-
ical or monetary values, rather than using them as a way to tune performance.
We have also established equivalences of maximizing rewards and minimizing
costs, and episodic models to single-shot goal satisfaction models. These provide
motivation to use undiscounted cost models and termination actions for RL for
solving goal-oriented tasks. We applied these models in the stochastic system
setting and showed how they extend naturally from the deterministic case, but
inherit unique RL-oriented challenges, such as greediness and learning rate pa-
rameter tuning, which warrant further study. We are currently extending the
mathematical analysis of cost-reward and episodic equivalences to the stochastic
case.

Acknowledgments We thank Markku Suomalainen for helpful feedback and
discussions.
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A Proofs of Propositions

Proof of Proposition

Proof. Without loss of generality suppose that the cycle given by 7o starts at
xy, that is Cr,(xr) = (xg = z1,21,...,25 = 1) for some N. Furthermore,
suppose the cycle does not include xg. Note that since m¢ is a policy and we
are considering an infinite-horizon setting, this cycle will be executed infinitely
many times. Let € = co+aci +a?ca+...aN “Ley_1 be the cost that accumulates
going through this cycle once, in which ¢; = £(x;, 7o (z;)). Let @ := . The
discounted cost associated with 7o is

L, , X lim a‘c =
(Wc I K—>oo Z
Let 7¢, be a policy that terminates at goal and minimizes the discounted cost
functional in that is,

e 1= arg milr_}{La(ﬂ,xI) | 3K < | X|ANaxg =z},
TE

in which, IT is the set of all policies and xk is the state reached from xy = x;
by determining ;11 = f(x;, 7(x;)) for i = 0,..., K — 1. The total discounted
cost for this policy is La(nf,2r) = 215;01 o l(xg, mk(wg)). Notice that this
is a finite sum since the cost of termination action wr, which is applied at
the goal state for £k > K — 1, is 0. Furthermore, this is a lower bound on the
policies that reach the goal state, that is, that have finite true cost. Denote
by n%, an optimal policy minimizing the cost functional given in . Then,
Lo(nl,xr) < Lo(me,xr) and Lo(7f,21) < L, (’R'G,x[) Because L, (7}, xy) is
upper bounded, if L, (7}, xz7) = % < Zk o &z, mE(wk)) = Lao(nd,21),
7% must contain a cycle. Then, we can pick £ and « such that this inequality is
satisfied. In that case, L(7, x;) = oo since it contains a cycle. O

Proof of Proposition

Proof. For * to be optimal for P, the asymptotic average cost L, (4*,z1) =
(M + L(a*,z7))/S(@*) must attain the lowest value among both the action
sequences @ € Ug and @ ¢ Ug. The second condition holds if and only if the
cost Lay (4%, 1) is less than Lay(C), which can be expressed as

M < S(@)Lay(C) — L(ii, xr).
For 4* to yield the lowest asymptotic average cost among the action sequences
4 € Ug, it needs to satisfy the inequality
L(u*,xr) + M < L(a,zr) + M
S = Sa)
for every @ € Ug. This is equivalent to M < A(a) for u € Rt and to M > A(u)

for 4 € R~. Thus, for @* to satisfy relative to all @ € Ug is equivalent to M
satisfying the double inequality maxzcr-{A(4)} < M < minger+{A(a)}. O

(15)
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B Problems

Fig. 4. Ten problems (enumerated from top-left to bottom-right as 16, 8, 0, 1, 2, 3,
4,5, 7,9). The green dot is the initial state, while the red dot is the goal state. The
white lines connect the states and can be viewed as the actions allowed by the robot.
The gray circles represent obstacles that cannot be passed through

Fig. 5. Additional six problems (enumerated from top-left to bottom-right as 10 - 15).
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C Tables for Deterministic Experiments

21

The performance for Q-learning and the dynamic programming methods on de-
terministic problems, run on a desktop computer with a Ryzen 7 3700X CPU
(3.6GHz), is shown in the following tables. We show the run times of the algo-
rithms and the number of actions that were used during that run time. We also
show how often the algorithm converges and how long it took for its exploration
policy to discover the goal for the first time, together with the time it took
for the initial state to achieve its optimal cost to go value, tracking the mean
and standard deviation for each applicable metric. The last three tables of this
subsection show the same results for Problems 1, 10 and 11 run on a desktop
computer with an i5-12400F CPU (2.50GHz), but also including a row for the
performance of Q-learning when using e-decay.

Algorithm (Problem 0) Run time (mean + std)

#actions (mean £ std) Convergence Discover goal time (mean & std) Discover goal #actions (mean £ std) Optimal Initial Cost2Go Time (mean + std) Optimal Initial Cost2Go Factions (mean + std)

Q-learning (c = 0)
Q-learning (¢ = 0.25) 0.15533 + 0.0019

( 0.11326 = 0.0007
(

Q-learning (¢ = 0.5) 0.24147 + 0.0025
(
(

'3277-1 0000 £ 0.0000
3

g (e= 4
g (€= 180569.8300 + 2367. 97

303767.8100 + 52175.4497
135913.8400 + 11113.1169
136706.6400 + 10296.1120

5368.0000 £ 0.0000

Q-learnin, 0.75) 0.58168 £ 0.0079
Q-learning (¢ = 0.9) 0.95443 + 0.1644
Q-learning (¢ = 1) 0.40398 + 0.
Q-learning (7) (e =1) 0.41524 + 0.0313
Model-free Dijkstra 0.00295 + 0.0005
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.02134 =+ 0.0005
0.03276 =+ 0.0007

31654.0000 = 0.0000
48374.0000 £ 0.0000

0.0%
0.0 %
0.0 %
0.0 %
100.0 %
100.0 %
100.0 %
100.0 %

100.0 %
100.0 %

0.0075 £ 0.0000
0.0138 + 0.0019
0.0181 + 0.0029
0.0199 + 0.0048
0.0158 + 0.0081
0.0050 + 0.0039
0.0042 £ 0.0034
nan =+ nan

2131.0000 % 0.0000
4041.3800 =+ 537.1843
5436.8200 + 871.1261
6167.2200 + 1481.6033
5039.6800 + 2570.6394
1636.8800 =+ 1303.7126
1359.0800 £ 1101.2584

nan =+ nan

0.0622 + 0.0003
0.0691 + 0.0014
0.0831 + 0.0023
0.1117 % 0.0038
0.1504 % 0.0076
0.2082 + 0.0192
0.2114 £ 0.0187
nan + nan

nan =+ nan nan + nan nan + nan

nan =+ nan nan + nan nan + nan

18000.0000 + 0.0000
20140.0000 + 374.6999
24990.0000 =+ 655.6676
34790.0000 + 1210.7436
48030.0000 =+ 2451.3466
69980.0000 =+ 6452.8753
69530.0000 = 6119.5670

nan =+ nan

nan =+ nan
nan =+ nan

Run time (mean + std)

#actions (mean + std) Convergence Discover goal time (mean =+ std) Discover goal #actions (mean + std) Optimal Initial Cost2Go Time

(mean & std) Optimal Initial Cost2Go #actions (mean & std)

0.13929 =+ 0.0009 40894.0000 = 0.0000 0.0 % 0.0039 + 0.0000 1127.0000 = 0.0000 0.0688 = 0.0005 20000.0000 =+ 0.0000
0.25) 0.18457 £ 0.0016 53343.1400 £ 228.6908 0.0 % 0.0074 £ 0.0025 2141.1200 =+ 731.3317 0.0817 % 0.0018 23570.0000 + 495.0758
0.5) 0.26569 + 0.0025 79250.9600 + 530.5786 0.0 % 0.0096 + 0.0031 2861.3800 + 926.8256 0.0984 + 0.0025 29390.0000 + 719.6527
=0.75) 0.54417 £ 0.0282 172628.4100 + 8373.3798 9.0 % 0.0111 + 0.0037 3518.6200 + 1163.6424 0.1321 £ 0.0058 42070.0000 + 1779.0728
0.9) 0.28439 + 0.0376 92948.4700 4 12287.7324  100.0 % 0.0102 + 0.0064 3342.1800 + 2101.8655 0.1823 + 0.0126 59540.0000 + 4016.0179
1) 0.33558 + 0.0396  114579.3300 & 13500.2663  100.0 % 0.0045 + 0.0040 1540.3600 + 1391.8213 0.2837 £ 0.0396 96820.0000 £ 13717.4196
Q-learning (7) (e = 1) 0.34452 + 0.0405  114637.3700 + 13326.4214  100.0 % 0.0050 + 0.0042 1643.4800 + 1398.7443 0.2925 + 0.0388 97310.0000 4 12780.2152
Model-free Dijkstra 0.00224 =+ 0.0005 4015.0000 £ 0.0000 100.0 % nan =+ nan nan + nan nan + nan nan =+ nan
Model-free
Asynchronous Value Iteration — 0.01638 4 0.0006 23308.0000 % 0.0000 100.0 % nan =+ nan nan £ nan nan + nan nan =+ nan
Model-free Value Iteration 0.02401 + 0.0007 35078.0000 + 0.0000 100.0 % nan + nan nan + nan nan = nan nan + nan

Algorithm (Problnm 2) Run time (mean & std)

Factions (mean + std) Convergence Discover goal time (mean & std) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time

{mean £ std) Optimal Initial Cost2Go FFactions (mean & std)

Q-learning (e = 0.14180 =+ 0.0012 43272.0000 + 0.0000 0.0 % 0.0030 + 0.0000 905 0000 + 0. 0000 0.0662 %+ 0.0004 20000.0000 £ 0.0000
Q-learning (e = l] 25) 0.18772 £ 0.0014 57044.9800 4 230.5382 0.0 % 0.0051 + 0.0022 0.0793 £+ 0.0014 24020.0000 + 399.4997
Q-learning (e = 0.5) 0.27709 + 0.0047 86112.3600 + 627.8763 0.0 % 0.0076 + 0.0027 0.0963 + 0.0027 29990.0000 =+ 768.0495
Q-learning (e = 0.75) 0.60526 £ 0.0143 194341.4700 + 4266.8579 4.0 % 0.0094 + 0.0040 5000 £ 1293.1793 0.1322 & 0.0056 42610.0000 # 1719.8546
Q-learning (e = 0.9) 0.31286 4 0.0407 103589.5700 + 13507.4629  100.0 % 0.0099 £ 0.0064 3264.3800 = 2105.1116 0.1840 = 0.0130 60960.0000 = 4300.9766
Q-learning (e = 1) 0.44531 £ 0.0903 153230.1400 + 30413.1369  100.0 % 0.0069 £ 0.0061 2365.7600 = 2124.2876 0.3170 = 0.0630 109180.0000 =+ 21751.9562
Q-learning () (e = 1) 0.45306 + 0.0842 150127.5800 + 27994.8262  100.0 % 0.0079 £ 0.0059 2601.4600 = 1943.0290 0.3359 + 0.0605 111290.0000 £ 19900.3995
Model-free Dijkstra 0.00208 = 0.0000 3665.0000 £ 0.0000 100.0 % nan £ nan nan £ nan nan % nan nan £ nan
Model-free

Asynchronous Value Iteration 0.02007 4 0.0007 27660.0000 % 0.0000 100.0 % nan £ nan nan + nan nan + nan nan £ nan
Model-free Value Iteration 0.02591 4 0.0006 37640.0000 & 0.0000 100.0 % nan + nan nan £ nan nan + nan nan + nan

Algorithm (Problem 3) Run time (mean + std) #actions (mean =+ std)

Convergence Discover goal time (mean =+ std) Discover goal #actions (mean =+ std) Optimal Initial Cost2Go Time

(mean + std) Optimal Initial Cost2Go #actions (mean =+ std)

(3
Q-learning (¢ = 0) 0.31918 =+ 0.0040 104562.0000 £ 0.0000 0.0 % 0.0049 = 0.0001 1602.0000 =+ 0.0000 0.0792 £ 0.0012 26000.0000 £ 0.0000
Q-learning (e 0.13560 =+ 0.0222 43657.4800 + 7142.5875 100.0 % 0.0054 = 0.0033 1733.7200 £ 1060.4745 0.0958 4 0.0030 30940.0000 4 822.4354
Q-learning (e 0.13557 =+ 0.0088 44921.7400 £ 2909.6461 100.0 % 0.0074 % 0.0046 2452.8400 + 1545.4950 0.1175 4 0.0039 38980.0000 + 1224.5816
Q-learning (e 0.17153 £ 0.0095 58706.1600 £ 3219.7965 100.0 % 0.0126 % 0.0069 4289.3400 + 2352.6951 0.1590 4 0.0077 54460.0000 £ 2566.7879
Q-learning (¢ = 0.22911 + 0.0148 79609.0600 £ 5036.7241 100.0 % 0.0238 + 0.0140 8292.6800 + 4890.7428 0.2145 4 0.0137 74610.0000 + 4780.9
Q-learning (e = l) 0.99921 + 0.3629 365387.0000 + 132113.6869  100.0 % 0 0 + 0.1161 45427.7600 + 42713.2396 0.9842 + 0.3651 359940.0000 + 132921.3166
Q-learning (7) (e = 1) 0.97154 + 0.2853 334139.2400 + 97320.2744  100.0 % 0.1417 £+ 0.1139 49120.8400 + 38980.7772 0.9630 4 0.2830 331240.0000 + 96539.8488
Model-free Dijkstra 0.00069 + 0.0000 1061.0000 =+ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free
Asynchronous Value Tteration — 0.01782 + 0.0006 23774.0000 £ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free Value Iteration 0.02389 + 0.0009 31790.0000 4 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
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Algorithm (Problem 4)

Run time (mean £ std)

Factions (mean + std) _Convergence Discover goal time (mean & std) Discover goal Zactions (mean & std) Optimal Initial Cost2Go Time (mean & std) Optimal Initial Cost2Go Zactions (mean & std)

Q-learning (¢ = 0)
Q-learning (e = 0.25)
Q-learning (e = 0.5)
Q-learning (e = 0.75)
Q-learning (e = 0.9)

Q-learning (¢ = 1)

Q-learning () (¢ = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Tteration
Model-free Value Tteration

0.15125 =+ 0.0034
0.19840 =+ 0.0022
0.28498 =+ 0.0053
0.57889 =+ 0.0082
1.36798 + 0.2875
0.80289 =+ 0.1904
0.81879 + 0.2648
0.00207 =+ 0.0005

0.01690 = 0.0005
0.02575 £ 0.0005

46110.0000 = 0.0000 0.0 %
60374.1400 + 315.4138 0.0 %
88913.2900 + 649.2647 0.0 %

186567.6800 + 2407.6892 0.0 %

451724.6400 & 94716.2085  58.0 %
278558.3600 & 65909.6114  100.0 %
277054.3300 & 88885.4437  100.0 %

3663.0000 £ 0.0000 100.0 %
24447.0000 + 0.0000 100.0 %
37837.0000 + 0.0000 100.0 %

0.0044 + 0.0003
0.0147 + 0.0037
0.0177 + 0.0043
0.0203 +£ 0.0061
0.0168 + 0.0098
0.0085 + 0.0086
0.0076 £ 0.0073
nan =+ nan

nan =+ nan
nan =+ nan

1325.0000 = 0.0000
4472.6600 £ 1134.9649
5566.3400 + 1348.1139
6607.7800 £ 1982.5550
5610.9200 + 3275.1360
2930.4200 + 2986.4306
2578.1200 + 2461.4350

nan + nan

nan + nan
nan + nan

0.0724 = 0.0021
0.0869 = 0.0021
0.1081 % 0.0039
0.1520 = 0.0090
0.2096 + 0.0166
0.3581 + 0.0701
0.3647 = 0.0628
nan + nan

nan + nan
nan + nan

22000.0000 £ 0.0000
26480.0000 + 538.1450
33890.0000 + 1038.2196
49330.0000 + 2956.5351
69800.0000 % 5499.0908

124770.0000 % 24373.2866
124020.0000 % 21413.5378
nan =+ nan

nan =+ nan
nan =+ nan

Algorithm (Problem 5)

Run time (mean + std)

#actions (mean £ std) Convergence Discover goal time (mean & std) Discover goal #actions (mean £ std) Optimal Initial Cost2Go Time

(mean £ std) Optimal Initial Cost2Go Factions (mean & std)

(

(
Q-learning (¢ = 0.5)
Q-learning (¢ = 0.75)
Q-learning (¢ = 0.9)

Q-learning (e = 1)

Q-learning (7) (e = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.14089 =+ 0.0011
0.18808 =+ 0.0012
0.27472 + 0.0027
0.58191 £ 0.0116
0.98171 £ 0.2661
0.49500 £ 0.1111
0.53800 =+ 0.1353
0.00204 = 0.0002

0.01620 =+ 0.0007
0.02471 =+ 0.0006

42386.0000 + 0.0000 0.0 %
56130.6800 4 264.3807 0.0 %
84451.7000 4 702.8104 0.0 %

184877.3400 + 2306.1895 0.0 %

319656.4200 + 86716.4391  98.0 %
170925.8200 + 38202.6919  100.0 %
179624.1400 + 44847.8988  100.0 %

3615.0000 £ 0.0000 100.0 %
23059.0000 + 0.0000 100.0 %
36241.0000 + 0.0000 100.0 %

0.0047 £ 0.0001
0.0107 + 0.0029
0.0139 + 0.0029
0.0152 + 0.0044
0.0112 + 0.0065
0.0058 + 0.0048
0.0060 £ 0.0046
nan =+ nan

nan =+ nan
nan =+ nan

1430.0000 £ 0.0000
3236.7400 + 879.1809
4341.1200 + 894.5730
4888.6000 £ 1401.3910
3673.4600 £ 2140.2486
1977.1400 £ 1657.1752
2018.1600 =+ 1544.2775

nan =+ nan

nan + nan
nan + nan

0.0625 + 0.0004
0.0746 + 0.0019
0.0940 + 0.0044
0.1350 + 0.0120
0.1834 % 0.0206
0.2829 = 0.0489
0.2987 & 0.0459
nan + nan

nan + nan
nan + nan

19000.0000 £ 0.0000
22440.0000 + 571.3143
29150.0000 + 1336.9742
43400.0000 =+ 3778.8887
60150.0000 + 6788.7775

97870.0000 £ 16768.8133
100000.0000 + 15316.0047
nan =+ nan

nan =+ nan
nan =+ nan

Algorithm (Problem 7)

Run time (mean £ std)

Factions (mean % std) _Convergence Discover goal time (mea

1 & std) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time

(mean & std) Optimal Tnitial Cost2Go Factions (mean & sid)

Q-learning (¢ = 0)
Q-learning (¢ = 0.2
Q-learning (¢ =
(
(

Q-learning (¢ =
Q-learning (¢ =
Q-learning (e = 1)

Q-learning (7) (e = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.12079 =+ 0.0007
0.16239 + 0.0016
0.24275 + 0.0027
0.52271 + 0.0068
1.50883 + 0.1231
1.82401 % 0.3
1.96900 = 0.6300
0.00217 £ 0.0005

0.01852 =+ 0.0005
0.02888 + 0.0001

37478.0000 4 0.0000 0.0 %
49680.7600 + 323.7531 0.0 %
76035.4800 + 661.8601 0.0 %

169471.7200 + 2123.6347 0.0 %
499216.7200 + 40690.9169  34.0 %
633100.6200 + 130431.7955  100.0 %
662812.2800 + 211950.3269  100.0 %

3856.0000 =+ 0.0000 100.0 %
26437.0000 4 0.0000 100.0 %
42649.0000 4 0.0000 100.0 %

0.0029 % 0.0000
0.0050 % 0.0018
0.0068 + 0.0023
0.0087 % 0.0036
0.0077 % 0.0047
0.0081 % 0.0078
0.0095 %+ 0.0107
nan + nan

nan + nan
nan + nan

880.0000 £ 0.0000
1508.2000 + 544.4474
2071.0600 + 695.9548
2803.9400 + 1157.2607
2541.0600 + 1558.5223
2820.5200 + 2756.1423
3198.5800 + 3640.9636

nan + nan

nan + nan
nan + nan

0.0459 4 0.0004
0.0538 4 0.0015
0.0669 4 0.0022
0.0927 4 0.0042
0.1312 £ 0.0111
0.3153 & 0.0780
0.3005 & 0.0670
nan + nan

nan + nan
nan + nan

14000.0000 % 0.0000
16270.0000 + 443.9595
20780.0000 4 672.0119
29970.0000 + 1374.4453
43450.0000 £ 3691.5444

109720.0000 % 27010.0278
101600.0000 % 22493.5546
nan + nan

nan + nan
nan + nan

Algorithm (Problem 8)

Run time (mean + std) #actions (mean =+ std) Convergence Discover goal time (mean + std) Discover goal #actions (mean + std) Optimal Initial Cost2Go Time (mean £ std) Optimal Initial Cost2Go #actions (mean + std)

Q-learning (¢ = 0)
Q-learning (e = 0.25)
Q-learning (e = 0.5)

0.01600 = 0.0002
0.02015 + 0.0051
0.01306 = 0.0078

5094.0000 + 0.0000 0.0 %
6466.8900 + 1658.8178  26.0 %
4306.3500 £ 2580.3645  98.0 %

0.0001 £ 0.0000
0.0002 = 0.0000
0.0002 £ 0.0001

43.0000 £ 0.0000
51.9400 £ 9.1933
59.1200 + 17.9840

0.0032 £ 0.0001
0.0032 £ 0.0000
0.0031 £ 0.0000

1000.0000 £ 0.0000
1000.0000 = 0.0000
1000.0000 £ 0.0000

Q-learning (e = 0.75) 0.00628 £ 0.0033  2127.4100 & 1121.6373  100.0 % 0.0002 = 0.0001 60.1200 =+ 28.4904 0.0030 + 0.0000 1000.0000 = 0.0000
Q-learning (e = 0.9) 0.00510 £ 0.0025 1760.2800 £ 867.9923 100.0 % 0.0002 £ 0.0001 54.9200 £ 36.0288 0.0030 £ 0.0000 1000.0000 =£ 0.0000
Q-learning (e = 1) 0.00458 =+ 0.0020 55.8500 + 736.9191  100.0 % 0.0001 =+ 0.0001 40.5600 =+ 31.1019 0.0028 + 0.0000 1000.0000 + 0.0000
Q-learning (7) (e = 1) 0.00591 £ 0.0024 2022.0400 £ 856.0125 100.0 % 0.0001 =% 0.0001 43.6600 * 32.3469 0.0030 £ 0.0001 1000.0000 =£ 0.0000
Model-free Dijkstra 0.00008 = 0.0000 119.0000 =+ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free

Asynchronous Value Iteration 0.00025 + 0.0000 319.0000 =+ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free Value Iteration 0.00027 + 0.0000 357.0000 =+ 0.0000 100.0 % nan =+ nan nan =+ nan nan + nan nan =+ nan

Algorithm (Problem 9)

Run time (mean £ std)

Factions (mean % sid) _ Convergence Discover goal time (mean & sid) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time (mean & std) Optimal Initial Cost2Go #actions (mean & std)

Q-learning (¢ = 0)
Q-learning (¢ = 0.2
Q-learning (e
Q-learning (¢
Q-learning (¢ =
Q-learning (e = 1)

Q-learning (7) (e = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.30094 + 0.0025
0.40332 + 0.0026

.59771 + 0.0045
0.32806 + 0.0497
0.30673 £ 0.0195
1.74662 + 0.7671
2.10442 + 1.1306
0.00143 =+ 0.0005

0.02774 £ 0.0002
0.03483 + 0.0002

93512.0000 4 0.0000 0.0 %
124056.6000 =+ 369.5486 0.0 %
189069.5400 =+ 805.8806 0.0 %

106893.5400 + 16033.8762  100.0 %
100.0 %

100.0 %

100.0 %

2360.0000 =+ 0.0000 100.0 %
38776.0000 £ 0.0000 100.0 %
50692.0000 # 0.0000 100.0 %

0.0030 % 0.0000
0.0063 = 0.0049
0.0103 % 0.0063
0.0160 + 0.0085
0.0330 + 0.0177
0.1213 + 0.1074
0.1779 + 0.1123
nan + nan

nan + nan
nan + nan

924.0000 £ 0.0000
1920.4400 =+ 1473.8903
3219.8200 + 1985.7043
5189.9200 + 2773.5873
10934.4600 + 58f

42628.7200 % 375:
59863.2600 £ 37681.3580
nan + nan

nan + nan
nan + nan

0.1071 4 0.0010
0.1266 + 0.0022
0.1528 4 0.0037
0.2082 4 0.0080
0.2969 £ 0.0170
1.2 + 0.4267
1.3004 + 0.2590
nan + nan

nan + nan
nan + nan

33000.0000 % 0.0000
38730.0000 £ 580.6031
48240.0000 + 1132.4310
67830.0000 + 2561.4644
98810.0000 + 5556.4287
53590.0000 £ 149158.4456
435550.0000 + 87139.9306

nan + nan

nan + nan
nan + nan

Algorithm (Problem 10)

Run time (mean £ std)

Factions (mean & std) _Convergence Discover goal time (mean & std) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time

(mean =+ std) Optimal Initial Cost2Go Factions (mean & std)

Q-learning (¢ =
Q-learning (¢ =
Q-learning (e =
Q-learning (e =
Q-learning (¢ =
Q-learning (e = 1)

Q-learning (7) (e = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.33383 £ 0.0025
0.44088 + 0.0030
0.64394 + 0.0045
1.08726 %+ 0.2099
0.61889 + 0.0559
1.88356 + 0.6740
2.02001 =+ 0.4996
0.00248 =+ 0.0006

0.04920 =+ 0.0004
0.05585 =+ 0.0007

101214.0000 £ 0.0000 0.0 %
133171.4600 + 405.0955 0.0 %
200028.6600 + 996.3678 0.0 %

348322.6400 + 66374.2689 76.0 %
205682.0500 + 18488.2891  100.0 %
657763.2100 + 235315.6482  100.0 %
685022.7200 + 169670.6191  100.0 %

4423.0000 =+ 0.0000 100.0 %
69570.0000 =+ 0.0000 100.0 %
82594.0000 = 0.0000 100.0 %

0.0068 + 0.0002
0.0101 + 0.0058
0.0168 + 0.0071
0.0231 + 0.0100
0.0372 £ 0.0194
0.0860 + 0.0912
0.0539 % 0.0569
nan + nan

nan + nan
nan + nan

2015.0000 + 0.0000
3050.0200 + 1747.4311
5222.4200 + 2184.3765
7449.8000 % 3206.2196
12384.0200 + 6398.5418

30118.4200 £ 32113.6083
18366.3400 & 19499.6667
nan + nan

nan + nan
nan + nan

0.1720 4 0.0016
0.2043 £ 0.0041
0.2517 + 0.0066
0.3502 + 0.0129
0.4858 + 0.0239
1.2836 £ 0.3801
1.3425 £ 0.2770
nan + nan

nan + nan
nan + nan

52000.0000 =+ 0.0000
61830.0000 £ 1200.4582
78540.0000 £ 1951.5122
112990.0000 =+ 3410.2639
161590.0000 £ 7636.8776

448790.0000 + 133803.4600
455760.0000 £ 94888.6843
nan + nan

nan + nan
nan + nan
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Algorithm (Pmb]em 1) Run time (mean = std)

Factions (mean & std) Convergence Discover goal time (mean & std) Discover goal #actions (mean

+ std) Optimal Initial Cost2Go Time (mean =+ std) Optimal Initial Cost2Go #actions (mean + std)

Q-learning (e = 0.11746 £ 0.0010 35316.0000 = 0.0000 0.0 % 0.0052 + 0.0001 1569.0000 % 0.0000 0.0562 = 0.0005 17000.0000 % 0.0000
Q-learning (e = 0.25) 0.16348 £ 0.0017 48929.1500 + 308.7902 0.0 % 0.0069 + 0.0019 2083.6000 =+ 575.2788 0.0674 + 0.0018 20340.0000 =+ 5.
Q-learning (e = U 5) 302 + 0.0030 75008.7100 =+ 538.2311 0.0 % 0.0083 + 0.0028 2588.2400 £ 895.4427 0.0801 = 0.0022 24950.0000 + 683.73
Q-learning (e = 0.75) 0.52179 £ 0.0074 166191.9100 + 2022.8075 0.0 % 0.0099 + 0.0041 3199.6400 + 1346.4165 0.1070 + 0.0044 34520.0000 = 1403.4244
Q-learning (e = 0.9) 0.83570 + 0.1904  272845.6200 + 61283.9929  99.0 % 0.0093 + 0.0061 3071.7600 + 2019.3443 0.1416 + 0.0071 46750.0000 + 2329.6996
0.41468 + 0.0594  144164.0500 & 20481.0098  100.0 % 0.0054 + 0.0041 1859.9000 + 1424.8237 0.2162 + 0.0341 75080.0000 4 11847.0925

Q-learning (e = 1)

Q-learning (7) (e = 1) 0.42675 + 0.0642  144673.6700 & 21823.7557  100.0 % 0.0058 + 0.0055 1936.9800 + 1860.8880 0.2262 + 0.0405 76650.0000 4 13750.9091
Model-free Dijkstra 0.00248 =+ 0.0005 4530.0000 £ 0.0000 100.0 % nan =+ nan nan + nan nan + nan nan + nan
Model-free

Asynchronous Value Iteration  0.02155 + 0.0005 30177.0000 + 0.0000 100.0 % nan =+ nan nan + nan nan + nan nan =+ nan
Model-free Value Tteration 0.02846 =+ 0.0005 41589.0000 £+ 0.0000 100.0 % nan =+ nan nan + nan nan + nan nan £ nan

Algorithm (Problem 12) Run time (mean =+ std)

#actions (mean + std)

Convergence Discover goal time (mean & std) Discover goal #actions (mean % std) Optimal Initial Cost2Go Time (mean % std) Optimal Tnitial Cost2Go Factions (mean & std)

Q-learning (c = 0) 0.30384 & 0.0030
Q-learning (e = 0.25) 0.52039 + 0.0040
Q-learning (e = 0.74970 + 0.0053
Q-learning (e = 1.45247 + 0.0116
Q-learning (e = 1.03468 + 0.2863
Q-learning (¢ = 1) 5.17925 + 1.6084

126594.0000 =+ 0.0000
164876.6200 + 443.3426
242867.3400 £ 945.7341
485869.0000 + 2962.9134

354415.0400 + 97640.2752
18673

200 £ 579915.6964  94.0 %

0.0 % 0.0136 + 0.0001 4334.0000 £ 0.0000

0.0 % 0.0131 4 0.0074 4140.6400 + 2339.7309
0.0 % 0.0177 4 0.0099 5750.2200 + 3199.3502
0.0 % 0.0298 4 0.0134 10033.1200 + 4511.6419
100.0 % 0.0595 4 0.0288 20555.3000 £ 9892.0178

0.3157 4+ 0.2704 114299.5000 + 97747.7976

57000.0000 =+ 0.0000
66620.0000 £ 1017.6443
83200.0000 4 1685.2300
116750.0000 =+ 3488.1944
171190.0000 4 7955.7464
3878 + 523906.9954

0.1777 + 0.0013
0.2097 £ 0.0035
0.2555 £ 0.0055
0.3467 £ 0.0110
0.4977 £ 0.0240
4.5908 + 1.4548 165496

Q-learning () (e = 1) 5.26599 + 1.0266 1793988.3800 & 348867.4422  100.0 % 0.1741 4 0.1807 59990.7000 + 62199.7318 5.1583 + 1.0449 1757340.0000 + 355406.9279
Model-free Dijkstra 0.00181 +£ 0.0000 3006.0000 £ 0.0000 100.0 % nan & nan nan & nan nan £ nan nan £ nan
Model-free

Asynchronous Value Iteration 0.04413 + 0.0007 61435.0000 £ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free Value Iteration 0.06277 + 0.0002 91955.0000 £ 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan

Algorithm (Problem 13) Run time (mean & std) _Factions (mean & std) _Convergence Discover goal time (mean & std) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time (mean & std) Optimal Initial Cost2Go Zactions (mean = std)
Qlearning (¢ = 0) 0.15450 & 0.0019 47576.0000 % 0.0000 00 % 0.0041 & 0.0000 1260.0000 % 0.0000 0.0649 = 0.0007 20000.0000 =+ 0.0000
Q-learning (¢ = 0.25) 0.20974 + 0.0027 635284200 + 262.0945 0.0 % 0.0084 + 0.0023 2589.2200 + 721.6648 0.0759 + 0.0014 23110.0000 + 371.3489
Q-learning (¢ = 0.5) 030801 + 0.0030 963957400 + 547.0078 0.0 % 0.0103 + 0.0028 3261.4400 + 901.9227 0.0911 + 0.0022 28630.0000 + 559.5534
Q-learning (¢ = 0.75) 0.66353 + 0.0088 2146422200 + 2092.3259 0.0 % 0.0130 + 0.0041 4265.2800 + 1350.3880 0.1215 + 0.0043 39680.0000 + 1362.9380
Q-learning (¢ = 0.9) 046075 + 0.0709  152405.0000 + 23204.2928  100.0 % 0.0140 + 0.0074 4669.0000 + 2496.5186 0.1786 + 0.0122 59420.0000 + 4108.9658
ning (¢ = 1) 0.72476 +£ 0.1851  251488.8400 + 64321.8408  100.0 % 0.0128 + 0.0116 44409400 + 4085.6970 0.4882 + 0.1385 169640.0000 + 48080.4576
Q-learning () (e = 1) 0.82376 + 0.2249  278237.9200 + 75499.1909  100.0 % 0.0109 + 0.0109 3722.1400 + 3760.4954 05312 + 0.1547 179730.0000 + 51951.8729
Model-free Dijkstra 0.00212 = 0.0005 3874.0000 + 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free
Asynchronous Value Tteration  0.01926 + 0.0005 27870.0000 + 0.0000  100.0 % nan + nan nan % nan nan % nan nan + nan
Model-free Value Tteration 0.02805 + 0.0005 41390.0000 £ 0.0000 100.0 % nan + nan nan % nan nan £ nan nan + nan

Convergence Discover goal time (mean + std) Discover goal #actions (mean =+ std) Optimal Initial Cost2Go Time (mean =+ std) Optimal Initial Cost2Go #actions (mean + std)

Algorithm (Problem 14) Run time (mean + std) #actions (mean + std)

Q-learning (e = 0) 0.11687 £ 0.0011 36008.0000 % 0.0000 0.0 % 0.0053 £ 0.0000 1615.0000 £ 0.0000 0.0517 £ 0.0005 16000.0000 £ 0.0000
Q-learning (e = 0.25) 0.15673 4 0.0016 48378.9900 + 210.8762 0.0 % 0.0078 £ 0.0023 2411.4400 + 713.8361 0.0620 + 0.0016 19250.0000 £ 433.0127
Q-learning (e = 0.5) 0.22881 4 0.0030 72961.0200 £ 601.7355 0.0 % 0.0098 £ 0.0026 3142.1200 + 846.0950 0.0729 £ 0.0020 23390.0000 % 598.2474
Q-learning (e = 0.75) 0.47538 4 0.0067 156573.9700 + 1738.3132 0.0 % 0.0113 £ 0.0042 3729.0000 % 1393.5140 0.0978 £+ 0.0038 32440.0000 % 1210.9500
Q-learning (e = 0.9) 0.48236 4 0.0984 163299.2600 + 32972.2192  100.0 % 0.0095 £ 0.0062 3224.5600 + 2110.4774 0.1341 + 0.0069 45590.0000 % 2293.8832
Q-learning (e = 1) 0.30029 + 0.0322 106857.6900 + 11388.7065  100.0 % 0.0057 £ 0.0045 2018.8400 + 1595.4904 0.1874 + 0.0205 66620.0000 + 7206.6358
Q-learning (7) (e = 1) 0.31998 + 0.0378 108522.8800 + 12668.4291  100.0 % 0.0054 =+ 0.0050 1817.5800 + 1713.0152 0.1942 + 0.0222 65910.0000 + 7482.1053
Model-free Dijkstra 0.00220 + 0.0005 3711.0000 + 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free

Asynchronous Value Tteration 0.02243 £ 0.0005 30808.0000 = 0.0000 100.0 % nan + nan nan + nan nan = nan nan + nan
Model-free Value Iteration 0.02449 £ 0.0001 35112.0000 £ 0.0000 100.0 % nan + nan nan =+ nan nan = nan nan + nan

Algorithm (Problem 15) Run time (mean + std)

#actions (mean £ std) Convergence Discover goal time (mean & std) Discover goal #actions (mean £ std) Optimal Initial Cost2Go Time (mean + std) Optimal Initial Cost2Go #actions (mean + std)

Q-learning (¢ = 0) 0.11131 4 0.0010 33372.0000 % 0.0000 0.0 % 0.0040 =£ 0.0000 1207.0000 £ 0.0000 0.0599 + 0.0005 18000.0000 £ 0.0000
Q-learning (e = 0.25) 0.14548 + 0.0015 43947.8600 + 277.4724 0.0 % 0.0071 £ 0.0016 2168.5400 + 506.3488 0.0703 + 0.0018 21410.0000 + 511.7617
Q-learning (e = 0.5) 0.20891 =+ 0.0020 64789.3400 + 537.2428 0.0 % 0.0081 + 0.0020 2559.7000 + 650.5667 0.0855 %+ 0.0029 26800.0000 + 894.4272
Q-learning (e = 0.75) 0.40536 + 0.0057 130578.3200 + 1350.2966 0.0 % 0.0085 + 0.0036 2766.3800 + 1169.2164 0.1189 + 0.0062 38750.0000 =+ 1986.8316
Q-learning (e = 0.9) 0.95809 £ 0.0194 315815.5100 £ 5887.7182 0.0 % 0.0065 + 0.0040 2155.7000 £ 1334.3122 0.1624 + 0.0131 54110.0000 = 4402.0336
Q-learning (e = 1) 0.40327 £ 0.0676 141574.9600 + 23520.4918  100.0 % 0.0037 + 0.0030 1279.2800 + 1055.8500 0.2170 + 0.0238 0.0000 + 8462.1215
Q-learning (7) (e = 1) 0.39702 £ 0.0784 13580: 00 + 26665.6822  100.0 % 0.0029 + 0.0027 994.5000 £ 942.6673 0.2230 + 0.0282 76310.0000 = 9585.0874
Model-free Dijkstra 0.00253 = 0.0007 4494.0000 £ 0.0000 100.0 % nan =+ nan nan =+ nan nan + nan nan & nan
Model-free

Asynchronous Value Iteration 0.01561 4 0.0002 22175.0000 % 0.0000 100.0 % nan £ nan nan £ nan nan % nan nan £ nan
Model-free Value Iteration 0.02710 =+ 0.0005 39619.0000 + 0.0000 100.0 % nan =+ nan nan + nan nan + nan nan =+ nan

Algorithm (Problem 16)

Run time (mean & std) #actions (mean & std) Convergence Discover goal time (mean & std) Discover goal Zactions (mean & std) Optimal Tnitial Cost2Go Time (mean & std) Optimal Tnitial Cost2Go #actions (mean & std)

0.00285 = 0.0000
0.00289 + 0.0000
0.00283 = 0.0000
0.00278 + 0.0000
0.00276 =+ 0.0000
0.00266 + 0.0001
0.00307 = 0.0001
0.00003 + 0.0000

Q-learning (e = 0)
Q-learning (e
Q-learning (e
Q-learning (
Q-learning (e .
Q-learning (e = 1)

Q-learning (7) (e = 1)
Model-free Dijkstra
Model-free

Asynchronous Value Iteration
Model-free Value Iteration

0.00007 = 0.0000
0.00008 = 0.0000

1000.0000 =+ 0.0000
1002.1600 + 2.1294
1004.0000 % 3.7094
1006.4000 + 6.9685
1013.2800 % 14.3095
1019.6000 =+ 22.4410
1023.6400 = 24.1386
28.0000 + 0.0000

69.0000 % 0.0000
79.0000 % 0.0000

100.0 % 0.0000 =+ 0.0000 14.0000 =+ 0.0000
100.0 % 0.0001 =+ 0.0000 16.0000 + 3.3941
100.0 % 0.0001 =+ 0.0000 18.3000 £ 7.0050
100.0 % 0.0001 =+ 0.0000 20.9800 + 10.2781
100.0 % 0.0001 =+ 0.0001 26.3400 + 20.9496
100.0 % 0.0001 =+ 0.0001 23.6000 + 19.2603
100.0 % 0.0001 =+ 0.0001 21.6400 + 22.2484
100.0 % nan + nan nan + nan

100.0 % nan + nan nan + nan

100.0 % nan & nan nan + nan

1000.0000 = 0.0000
1000.0000 + 0.0000
1000.0000 = 0.0000
1000.0000 + 0.0000
1000.0000 = 0.0000
1000.0000 = 0.0000
1000.0000 = 0.0000
nan + nan

0.0028 £ 0.0000
0.0029 + 0.0000
0.0028 £ 0.0000
0.0028 + 0.0000
0.0027 £ 0.0000
0.0026 + 0.0000
0.0030 £ 0.0000
nan + nan

nan + nan
nan & nan

nan + nan
nan £ nan
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Table 4. Algorithm performance on Problem 1, run on a desktop computer with an
i5-12400F CPU (2.50GHz). Includes Q-learning with e-decay.

Algorithm (Problem 1) Runtime (mean + std) #actions (mean + std) Convergence Discover goal time (mean =+ std) Discover goal #actions (mean =+ std) Optimal Initial Cost2Go Time (mean =+ std) Optimal Initial Cost2Go #actions (mean =+ std)
Q-learning (e = 0) 0.12396 £ 0.0077 40894.0000 £ 0.0000 0.0 % 0.0033 £ 0.0009 1127.0000 % 0.0000 0.0605 £ 0.0055 20000.0000 =% 0.0000
Q-learning (e = 0.25) 0.16006 £ 0.0090 53322.1200 + 224.6660 0.0 % 0.0065 % 0.0026 2143.6200 £ 770.4978 0.0707 £ 0.0074 23530.0000 + 499.0992

0.23343 4+ 0.0113 79207.6000 + 547.0679 0.0 % 0.0093 + 0.0037 3057.7400 £ 979.0199 0.0874 + 0.0066 29590.0000 + 722.4

-le: 0.49495 + 0.0278 172365.5800 + 7977.4984 10.0 % 0.0106 + 0.0043 3679.7600 + 1235.4283 0.1206 + 0.0092 42170.0000 + 1697.3803
Q-learning (e = 0.9) 0.25825 + 0.0410 92243.3600 + 14580.8509 100.0 % 0.0092 £ 0.0053 3264.8600 + 1844.4111 0.1650 + 0.0133 58850.0000 + 3561.9517
Q-learning (e = 1) 0.30633 £ 0.0452 114753.3800 + 16236.2484  100.0 % 0.0039 £ 0.0038 1413.7000 + 1342.0072 0.2580 £ 0.0400 96400.0000 + 14849.2424
Q-learning (7) (e = 1) 0.30954 + 0.0371 114637.3700 + 13326.4214  100.0 % 0.0046 £ 0.0039 1643.4800 + 1398.7443 0.2630 £ 0.0358 97310.0000 + 12780.2152
Q-learning (e-decay) 0.29742 £ 0.1000  104886.2900 + 25156.3045  93.0 % 0.0053 £ 0.0071 1847.1000 + 1657.8496 0.2229 + 0.0522 78710.0000 + 6521.1885
Model-free Dijkstra 0.00202 + 0.0007 4015.0000 + 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan
Model-free
Asynchronous Value Iteration  0.01113 + 0.0026 23308.0000 + 0.0000 100.0 % nan & nan nan + nan nan £ nan nan £ nan
Model-free Value Iteration 0.01554 £ 0.0026 35078.0000 % 0.0000 100.0 % nan £ nan nan £ nan nan £ nan nan £ nan

Table 5. Algorithm performance on Problem 10, run on a desktop computer with an

i5-12400F CPU (2.50GHz). Includes Q-learning with e-decay.
Algorithm (Problem 10) Runtime (mean & std) _Factions (mean & std) _Convergence Discover goal time (mean & std) Discover goal #actions (mean = std) Optimal Initial Cost2Go Time (mean & std) Optimal Initial Cost2Go #actions (mean & std)
Q-learning (¢ = 0) 0.29829 + 0.0188 101214.0000 £ 0.0000 0.0 % 0.0061 + 0.0013 2015.0000 + 0.0000 0.1530 £ 0.0123 52000.0000 £ 0.0000
Q-learning (e = 0.25) 0.39699 + 0.0211 2000 =+ 427.4064 0.0 % 0.0089 + 0.0049 3046.7600 + 1631.0804 0.1848 + 0.0117 61960.0000 + 1085 13
Q-learning (e = 0.5) 0.57380 + 0.0171 00 + 1030.5368 0.0 % 0.0141 + 0.0065 4878.0600 + 2268.3855 0.2258 + 0.0121 78600.0000 =+ 1870.8287
Q-learning (e = 0.75) 0.92641 + 0.1920 333304.1300 + 68721.9494 83.0 % 0.0210 + 0.0076 7685.2200 + 2637.8776 0.3114 + 0.0163 112850.0000 + 3612.1323
Q-learning (e = 0.9) 0.54554 + 0.0515 203946.4000 + 18464.7784 100.0 % 0.0333 + 0.0180 12237.4000 + 6515.6084 0.4278 + 0.0261 160460.0000 4 7338.1469
Q-learning (e = 1) 1.69006 + 0.5458  658601.9700 + 211027.5533  100.0 % 0.0649 + 0.0751 25902.0000 £ 29790.2904 1.1196 + 0.2805 437430.0000 + 108380.5568
Q-learning (7) (e = 1) 1.78199 + 0.4455  685022.7200 + 169670.6191  100.0 % 0.0472 + 0.0505 18366.3400 + 19499.6667 1.1819 + 0.2485 455760.0000 + 94888.6843
Q-learning (e-decay) 0.65391 £ 0.1155 260098.3800 + 39405.3940 98.0 % 0.0624 + 0.0455 25292.6600 + 18330.5052 0.5338 £ 0.0508 213360.0000 + 13813.4138
Model-free Dijkstra 0.00229 + 0.0006 4423.0000 + 0.0000 100.0 % nan + nan nan + nan nan =+ nan nan =+ nan
Model-free
Asynchronous Value Iteration  0.03125 £ 0.0032 69570.0000 £ 0.0000 100.0 % nan + nan nan + nan nan =+ nan nan =+ nan
Model-free Value Iteration 0.03501 + 0.0028 82594.0000 + 0.0000 100.0 % nan + nan nan + nan nan + nan nan + nan

Table 6. Algorithm performance on Problem 11, run on a desktop computer with an
i5-12400F CPU (2.50GHz). Includes Q-learning with e-decay.

Algorithm (Problem 11) Runtime (mean + std) #actions (mean £ std) Convergence Discover goal time (mean & std) Discover goal #actions (mean & std) Optimal Initial Cost2Go Time (mean & std) Optimal Initial Cost2Go #actions (mean & std)

ning (e = 0) 0.10471 £ 0.0075 35316.0000 % 0.0000 0.0 % 0.0047 £ 0.0011 1569.0000 £ 0.0000 0.0501 £ 0.0039 17000.0000 £ 0.0000
Q-learning (e = 0.25) 0.14444 + 0.0083 48838.7600 =+ 311.0242 0.0 % 0.0061 + 0.0019 2081.9200 + 537.3621 0.0601 + 0.0056 20320.0000 + 487.4423
Q-learning (e = 0.5) 0.21523 £ 0.0092 74975.5100 + 580.9994 0.0 % 0.0073 % 0.0029 2529.5200 =+ 889.7264 0.0712 + 0.0061 24870.0000 + 770.1299
Q-learning (e = 0.75) 0.46522 £ 0.0216 166059.1000 + 2033.6388 0.0 % 0.0095 % 0.0046 3428.7800 £ 1434.6559 0.0961 £ 0.0076 34520.0000 £ 1590.4716
Q-learning (e = 0.9) 0.73656 & 0.1717  270569.9300 + 60522.7662  98.0 % 0.0085 % 0.0055 3121.8000 £ 2038.0453 0.1253 £ 0.0110 46730.0000 £ 2918.4071

ning (e = 1) 0.36355 & 0.0525  141925.4500 + 17284.5134  100.0 % 0.0055 £+ 0.0051 2234.1800 £ 2136.7621 0.1997 £ 0.0398 77680.0000 £ 14925.7362

ning (7) (¢ = 1) 0.37555 4 0.0586  144673.6700 + 21823.7557  100.0 % 0.0051 £ 0.0051 1936.9800 + 1860.8880 0.1989 + 0.0351 76650.0000 £ 13750.9091
Q-learning (e-decay) 0.47468 £ 0.0362  185298.8500 + 6114.1593 0.0 % 0.0046 + 0.0071 1880.0600 + 1531.7343 0.1569 + 0.0231 63160.0000 + 6067.4871
Model-free Dijkstra 0.00258 4 0.0010 4530.0000 =+ 0.0000 100.0 % nan + nan nan + nan nan =£ nan nan £ nan
Model-free
Asynchronous Value Iteration — 0.01403 4 0.0014 30177.0000 % 0.0000 100.0 % nan £ nan nan £ nan nan £ nan nan £ nan
Model-free Value Iteration 0.01785 +£ 0.0017 41589.0000 £ 0.0000 100.0 % nan £ nan nan £ nan nan + nan nan + nan
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D Figures for stochastic experiments
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Fig. 6. The effect of decreasing greediness in a policy when applied on different prob-
lems with v = 0.999 and varying learning rate p.
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Fig. 7. The effect of decreasing greediness in a policy when applied on different prob-
lems with v = 0.99 and varying learning rate p.
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Normalized Runtime vs
p for different € across problems 1, 10 and 11 (y=0.999)

—8~ Problem 1, epsilon=0.0
10 7 —@~ Problem 1, epsilon=0.25
—®— Problem 1, epsilon=0.5
—®— Problem 1, epsilon=0.75

—@— Problem 1, epsilon=0.9
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Fig. 8. As p increases, the run time for Q-learning decreases when v = 0.999 for all €
with the exception of Problem 11 with e = 0.75.
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E Stochastic experiments

Bellow we have the tables for Problems 1,10 and 11 with vy € {0.99,0.99}. These
algorithms were run N = 100 times. The table shows similar metrics as in
the deterministic case, but we also list how often the optimal cost-to-go value
for the initial state is achieved, and the shortest and longest paths extracted
from the computed values. Afterwards, the tables for Problems 1,10 and 11 with
~v € {0.9,0.7,0.6} are shown. These were run N = 10 times since they were
considerably slower due to the stochasticity. We also used a desktop computer
with an 15-12400F CPU (2.50GHz) for this batch of experiments and the ones we
describe below. We show results using e-decay in Tables 22, 23 and 24. Additional
experiments with low « for problems 8 and 16 are also included. Finally, the
tables for the rest of the problems ran with v € {0.99,0.999} are shown.

Table 7. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.99 (Problem 1).

Algorithm (Problem 1) o e pactions ] Discover goal Discover goal — Optimal Tnital Optimal Taitial Optimal Toitial gy ot
( (menn < atd) (e 4 std) Convergence time #actions Cost2Go Time Cost2Go #actions .
(mean + std) (mean + std) (mean + std) (mean + std) Convergence
Qlearning (p 017775 £ 00001 110015.9500 = 1206576 0.0% __ 0.0011 & 0.0013 309.0232 0.1815 % 0.0052 _11680.0000 & 19072493 T00.0% 25731
arning (p 103655.8100 + 8483384 0.0%  0.0040 = 0.0012 0.1359 = 0.0100  33040.0000  2262.3881 100.0% 28/1456
arning (p 102035.4600  1339.1680  0.0%  0.0042  0.0013 0.1306 % 0.0420  31970.0000 & 10627.7514 100.0% 28/920
arning (p 102414.8500 + 1556.8528  0.0%  0.0042 + 0.0012 0.2078 % 0.0750 506976744 & 18153.7809 86.0% 28/2205
learning (p 11115.7100 + 3206419 0.0%  0.0059 £ 0.0015 0.3109 = 0.0901 819176471 % 22314.9708 85.0% 28/32
arning (p 00%  0.0050 £ 0.0014 714 01184 75800.0000 + 28881.8282 50.0% 28/31
arning (p 00%  0.0052 £ 0.0015 0.2649 2 01150 65640.0000 % 28480.0000 25.0% 28/31
Q-learning (p 00%  0.0051 £ 0.0016 13375 £ 0.0000  83000.0000  0.0000 10% 28/31
Q-learning (p 00%  0.0073 £ 0.0018 0.5143 + 01522 129593.7500 + 37137.2954 32.0% 28/31
learning (» 200809.2200 £ 926.3823  0.0%  0.0067 £ 0.0017 0.4310  0.1809 1093809524  45638.6467 21.0% 28/31
» 5.8800 + 9363000 0.0%  0.0065 £ 0.0020 0.3018  0.1863 1000000000 475885140 3.0% 28/31
g (p 00%  0.0063 £ 0.0017 nan £ nan nan & nan 0.0% 28/1474
learning (p ¥ 00%  0.0093 £ 0.0033 2458.83 8619200 0.9108 % 0.3088 210235.2041 = 801688682 31.0% 28/31
Q-learning (p 156681 & 4102482100 £ 3179.0668  0.0%  0.0087 £ 0.0035 2291.0500  915.9052 £ 03101 155533.3333 + 81770.3016 15.0% 28/31
- 2 ( LH6187 £ 0.0176  411440.7600 = 311) 8781 0.0%  0.0086 £ 0.0027 22611900  731.0403 14754  0.0000  391000.0000  0.0000 1.0% 28/30
Q-learning (p 62392 % 0.0210 4221 9179 0.0%  0.0081 % 0.0029 2187.4200  769.7732  nan % nan nan & nan 0.0% 28/31
2 ( 82287 + 0.1084 1019592.4000 1017’! 1316 00%  0.0099 £ 0.0048 2652.3500 & 1285.4855 2.0493 + 0.9742 549081.6327 + 260621.2231 19.0% 28/31
( 384191 00587 10277295600 + 11088.5495  0.0%  0.0085 £ 0.0048 2290.7600 = 12051463 2.0426 £ 1.0165 547480.0000 % 31356 25.0% 28/31
(= 10818003000 + 12373.4476  0.0%  0.0091  0.0056 24717700 + 1518.8372 2.8513  0.9324 768333.3333 + 2466986466 3.0% 28/33
( 6 1190762.1000 £ 13875.0949  0.0%  0.0092 % 0.0045 2494.2500  1240.8426  nan £ nan nan & nan 0.0% 28/532
Q-learning (p . 85.7000 4805 00%  0.0053 £ 0.0040 1481.3700 % 11263120 5.2812 + 35571 1478022.2222 + 9975810992 90.0% 28/33
arning (p = 0.7 15.38696 + 0.2003 43190965300 + 52853.4307  0.0%  0.0057 & 0.0051 1588.3300 + 1441.8374 5.6281  4.1104 1579575.0000 + 1155420.2458  80.0% 28/31
earning (p = 0.9,¢ = 1) 582 = 0.2069 4319567.6700 = 540112494 0.0% 00059  0.0048 1638.9100 £ 1327.6757 7.1078 = 4.6024 19959583333 & 12031261372 24.0% 28/3346
Q-learning (p = 0.99, ¢ 15.39603 % 0.1846 43140915 4 00%  0.0060 £ 0.0048 1661.0400 = 1336.9004  nan + nan nan & nan 0.0% 28/32
Asyne Value Tteration 0.15656 + 0.0014 1374 N/A N/A N/A N/A N/A N/A 28/33
Value Iteration 0.22034 + 00020 194752.0000 % 0.0000 N/A N/A N/A N/A N/A N/A 28/31

Table 8. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.999 (Problem 1).

O 1 M e
999) (mean & std) (mean + std) (mean + std) (mean £ std) (mean £ std) (mean + std) Convergence
0.45780 £ 0.0072  108128.1300 + 6 93 0.0% 0.0046 = 0.0004 1072.3 94. 0.1763 £ 0.0038  41650.0000 £ 476.9696 100.0% 28/7264
0.42858 £ 0.0087 100701.8600 + 1082371 0.0%  0.0045 = 0.0005 3148 0.1273 % 0.0027 20950.0000 = 217.9449  100.0% 28/1456
0.40930 & 0.0046 96842.1900 + 116.4245  0.0%  0.0044 + 0.0006 1041.3000 & 145.1313 0.0973 + 0.0012 23020.0000 + 140.0000  100.0% 28/30
0.40677 % 0.0041 96121.0500 + 195.6695  0.0%  0.0044 + 0.0006 1044.4500 & 130.2082 0.0855 % 0.0008  21000.0000  0.0000 100.0% 28/32
0.57845 % 0.0051 138790.3900 + 3568301 0.0%  0.0061 + 0.0017 1468.7500 + 399.6031 0.1898 + 0.0019 45920.0000 + 305.9412  100.0% 28/30
054797 % 0.0058 1317851800 + 4028578 0.0%  0.0050 + 0.0014 101351+ 00020 SIS0 £ 103100 1000% 28/30
5) 0.53586 + 0.0064 128248.1100 + 438. 0.0% 0.0051 £ 0.0015 26560.0000 £ 49 69 100.0% 28/29
5) 0.52970 £ 0.0064  127530.0700 + 3 002 0.0% 0.0053 £ 0.0016 24320.0000 = 466.4762 100.0% 28/29

0.81914 £ 0.0101 2 0.0% 0.0073 = 0.0020 0.2137 £ 0.0035  53480.0000 £ 556.4171 100.0% 28/30
0.75080 £ 0.0079 197246.0900 & 978.0357  0.0%  0.0068 % 0.0018 0.1581 % 0.0025 39800.0000 = 489.8079  100.0% 28/31
G701 £ 00160 196307 9000 £ 10LOLI5  0.0% 00001 = 0.00% 1635.0200 & 507 3925 0.1351 = 00033 523000000 = 60618 1000% 28/30
0.76335 £ 0.0084 197826.2100 £ 5758254 0.0%  0.0063 £ 0.0016 16343100 & 421.2690 0.1144 £ 0.0024 29500.0000 + 520.1503  100.0% 28/30
120039 + 0.2320 321255.2700 4+ 62103.2471  88.0%  0.0088 £ 0.0033 23621600 £ 872.5669 0.2545 + 0.0053 6620.0000 £ 11728598 100.0% 28/29
0.80764 + 0.1909 2154084700 + 50762.6464  100.0%  0.0083 + 0.0031 22175700 + $40.5794 0.1969 % 0.0063 52760.0000 + 1304.7605  100.0%

5) 0.63141 + 0.1970 1697415500 + 52725.1623  100.0%  0.0091 + 0.0037 2441.8600 + 986.8430 0.1640 - 0.0048 44210.0000 + 1194.1105 100.0%
5) 0.52489 = 0.1930 140000.4800 =+ 50 2 100.0%  0.0090 % 0.0034 2408.0900 + 894.9593 0.1516 & 0.0045 40480.0000 + 1081.4805 100.0%
0.51857 = 0.0569 140998.0100 + 1537 100.0%  0.0093 + 0.0056 2524.0900 + 1527.4172 0.3294 % 0.0125 89500.0000 + 3185.9065 100.0%
0.38885 =+ 0.0494 106196.5900 + 1372 100.0%  0.0095 + 0.0053 2586.7900 + 1449.9621 0.2606 + 0.0111 71060.0000 + 3012.7064 100.0%
0.32507 + 0.0361 89175.6700 + 9912.0126  100.0%  0.0084 % 0.0049 2299.5000 + 1333.3552 0.2203 + 0.0109 60350.0000 + 2878.8018 100.0%
Qlearning (p = 0.99,¢ = 0 9) 027856 £ 0.0271 75963.0100 + 7419.7872  100.0%  0.0089 £ 0.0046 2421.2300 £ 1268.8343 0.2044 £ 0.0109 55670.0000 = 2915.6646 100.0%
Q-learning (p = 0.5,¢ 0.68562 + 0.0786 190240.5100 + 21265.5439  100.0%  0.0063 = 0.0062 1735.3900 & 1720.3775 0.6086 & 0.0661 168960.0000 + 18121.2141  100.0%
Q-learning (p 0.53277 + 0.0642 148527.9800 + 17641.4631  100.0%  0.0053 % 0.0047 1466.7500 + 1296.5192 0.4704 =+ 0.0622 131110.0000 + 17159.1929  100.0%
Q-learning (p 0.45312 + 0.0586 126285.1000 + 16381.5359  100.0%  0.0064 % 0.0048 1770.8200 =+ 1325.8271 0.3915 = 0.0569 109050.0000 + 15879.7827  100.0%
Q-learning (p=0.99,€ = 1) 0.40572 + 0.0491 113338.4300 + 13755.4512  100.0%  0.0064 + 0.0059 1768.5900 + 1659.4249 0.3512 + 0.0450 98050.0000 + 12561.3494  100.0%
nc Value Iteration 0.12869 = 0.0009  114560.0000 + 0.0000 N/A N/A N/A N, N/A N/A 9
Value Iteration 0.17870 £ 0.0024 1546560000 + 0.0000 N/A N/A N/A N/A N/A N/A 22«/ 30
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Table 9. Performance of DP methods and Q-learning as we

p in stochastic problem with v = 0.99 (Problem 10).

change the learning rate

Algorichm (Problem 10)  Run time Hactions ocrgence e o CostaOoTime  Com2Go facions Cons2G . Shoret/Longest
(7=099) (mean & std) (mean  std) (mean + std) (mean + std) (mean = std) (mean + std) Path
Qlearning T00601 £ 0.0226 2706730000 = 1030.1652  0.0%  0.0008 £ 0.0041 3370.0100 £ 96,5115 0.1521 £ 0.0133 T10860.0000 £ 25613278 100.0% 617322
Q-learning (, 1.03734 £ 0.0188 4 0.0% 0.0099 + 0.0039  2416.5100 + 938.7294  0.3480 + 0.1000 85742.2680 + 2517 06 97.0% 64/1614
Qlearning ( 105040 & 0.0185 2390655600 £ 36381183 0.0%  0.0092 £ 0.0033 2244.6800 & SO43572 0.3135 + 0.1367 774666667 + 336399504 60.0% 66/45219
Q-learning (, 1.07131 £ 0.0178  262565.8200 £ 3765.1413 0.0% 0.0093 £ 0.0036  2259.5400 £ 896.9925 0.2651 £ 0.0000 65000.0000 £ 0.0000 1.0% 66,2596
Q-learning (, 1.43981 + 0.0548 560 0.0% 0.0140 £ 0.0077 3431.0800 + 1861.5218 0.6260 + 0.1351 154170.0000 + 32728.2920 100.0%
Qlearning ( 134549 % 0.0105 3346505700 £ 10719651 0.0%  0.0105 + 0.0067 26203600 + 16655465 0.4836 & 0.1409 120480.0000 & 35038.4015  100.0%
Q-learning (, 1040 £ 0.1247  328920.8100 % 1294.5546 0.0% 0.0118 £ 0.0073 2921.1600 + 1811.3192 0.3797 £ 0.1185 93410.0000 = 27494.76" 100.0%
Q-learning ( . 131547 £ 0.0130 3282551500 £ 14899170 0.0%  0.0095 £ 0.0060 2445.4600 + 15193635 0.5007 + 0.2413 127547.3684 & 60110.9095  95.0%
Q-learning (p = 0.5, = 05) 208346 = 0.0157 5317137700 = 1337.2431  0.0%  0.0181 = 0.0004 4630.6000 = 2360.6799 0.7959 + 0.2102 203350.0000 = 531933031 100.0%
I (p 5) 2.01877 = 0.0167 514318.0800 + 1448.9041 0.0% 0.0148 = 0.0080 3775.6000 £ 2037.4858 0.6919 =+ 0.2492 176790.0000 + 63480." 100.0%
14 200751 + 00192 5083573700 & 1698.5668  0.0%  0.0158 £ 0.0096 4033.5500 & 2437.1517 05771 + 02550 146590.0000 64 100.0%
(p 1.99043 £ 0.0217  508076.7500 £ 1609.1026 0.0% 0.0153 £ 0.0081 3904.9100 £ 2061.3847 0.6288 £ 0.3471 160909.0909 + 88437.5133 99.0% 64/3689
(p 4.16759 £ 0.0386  1099049.3400 £ 5207.7051 0.0% 0.0253 £ 0.0135 6721.1800 + 3592.8100 1.0769 + 0.3966 285020.0000 + 104270.9912 100.0% 64/68
I 412014 £ 00413 1091002.3000 = 42797067 0.0%  0.0226 % 0.0131 60169800 = 3466.9508 0.9614 + 0.4025 254810.0000 = 105862.1457  100.0% 61/68
() 4.12844 = 0.0431  1091267.5600 £ 4694.5104 0.0% 0.0232 £ 0.0132 6188.1300 £ 3511.1027 0.8190 =+ 0.4050 217540.0000 = 106509.2879 100.0% 64/654
( 416205 + 0.0467 1093979.6700 + 46520697  0.0%  0.0225 % 0.0137 59661100 + 3615.1097 1.0492 + 0.7953 276900.0009 & 2108962640 90.0% 64/1395
( 10.57651 £ 0.1140 28658949.5500 = 18985.1324  0.0%  0.0421 = 0.0250 11472.2500 & 6795.5047 1.8967 + 1.0263 514400.0000 275406, 100.0% 61/69
() 10.54571 + 0.1132 2879704.9100 + 18072.6930 0.0% 0.0376 + 0.0232 10316.3800 + 6390.1483 1.7248 + 0.8627 471640.0000 = 234910.3455 100.0%
( 10.65997 £ 0.1173 29076578700 & 20620.3163  0.0%  0.0408 & 0.0238 11152.0800 & 6456.2508 15113 + 0.9102 413190.0000 & 2484514719 100.0%
() 10.66764 = 0.1191 2913088.7500 = 18: 63 0.0% 0.0362 £ 0.0250 9947.0600 + 6859.7258 1.8766 + 1.3522 512730.0000 + 3 100.0%
(, 30.93903 £ 0.2059 8T16611.8600 + 19277.6545 0.0% 0.1126 £ 0.1084 31658.2200 + 3058 100.0%
( 3059782 £ 0.2076 8711546.9300 = 171116194 0.0%  0.0979 £ 0.0971 27449.0200 & 272655711 7 100.0%
( 30.84969 £ 0.1420 8716: 9200 £ 16471.9515 0.0% 22381.9100 + 20016.9771 2.4499 + 0.9134 690910.0000 100.0%
3094423 + 0.1896 8TI6436.700 + 181097792 0.0% 31433.5200 + 32635.3815 2.4456 + 10780 657030.0000 + 303158.6533  100.0%
Asyne Value Iteration 024640 £ 0.0036 2121060000 + 0.0000 N/A /A
Value Iteration 0.40702 = 0.0028 344288.0000 £ 0.0000 N/A N/A N/A N/A N/A 64/70

Table 10. Performance of DP methods and Q-learning as we

p in stochastic problem with v = 0.999 (Problem 10).

change the learning rate

- N Discover goal Discover goal Optimal Tnftial Optimal Tnitial Optimal Tnitial
Algorithm (Problem 10) fun time factions Convergence  time #actions Cost2Go Time  Cost2Go #actions CostaGo  Snortest/Longest
(7 =0999) (mean = st (mean £ std) (mean + std) (mean + std) (mean = std) (mean + std)

Q-learning (p 1.06396 + 0.0155  265867.3800 + 75.5957 0.0% 0.0118 £ 0.0029 2910.3800 + 728.7117 0.4371 + 0.0062 108280.0000 + 601.3319 100.0% 64/48894

Qlearning (p 097940 + 00126 245376.2300 & 1468.6347  0.0% 00101 £ 0.0016 21591400 + 385.4470 03118 £ 0.0046  7TA0.0000 & 6829348 100.0% 61/5716
(p= 0.95135 £ 0.0260  237506.9900 £ 2795.6508 0.0% 0.0102 £ 0.0015  2513.4300 £ 374.4821 0.2440 £ 0.0167 60840.0000 £ 4251.3998 100.0% 64/100002
14 004648 + 00174 236133.6700 & 2755.9321  0.0%  0.0099 + 0.0017 24323900 + 408.7694 0.2290 + 0.0314 57000.0000 £ 7900.6329  100.0% 64/27731

ing (o 139075 £ 0.0168  348458.2300 = 5503162 0.0%  0.0113 £ 0.0067 2844.8200 & 1667.9490 0.4796 £ 0.0074  120530.0000 4 921.466: 100.0% 64/66

(p 1.30497 £ 0.0156  328004.3100 = 7289 0.0% 0.0109 £ 0.0067 2743.1800 £ 169 778 0.3480 £ 0.0050  87900.0000 + 754.9834 100.0% i
o 125100 £ 0.0116  317322.7300 & 5754866 0.0%  0.0097 £ 0.0054 2449.3400 £ 1376.1401 02732 + 0.0035 69630.0000 £ 673.1270  100.0%
(p 1.24982 + 0.0203  314602.3800 + 649.2282 0.0% 0.0104 £ 0.0063 2622.7000 + 1574.8014 0.2513 £ 0.0056  63510.0000 + 754.9172 100.0%
(p 2.01510 £ 0.0174  523541.2100 + 1416.2376 0.0% 0.0165 + 0.0087 4313.0500 + 2250.0812 140430.0000 + 15 69 100.0%

Qlearning (p 01 £ 0.0191 5067995600 £ 13957975 0.0%  0.0145 £ 0.0084 3500.7300 £ 2189.7840 04021 + 0.0068 103050.0000 £ 12835498 100.0%

Q-learning (p 1.92356 £ 0.0206  498905.5000 % 1280.5515 0.0% 0.0134 £ 0.0077 3502.3900 £ 2011.4538 0.3275 £ 0.0065 85460.0000 £ 1169.7863 100.0%

Q-learning (p 05) 191614 % 0.0158 497578.6300 + 14337520 0.0%  0.0147 % 0.0070 3830.8700 £ 1522.5697 03020 + 0.0058 79100.0000 + 12688578 100.0%

Qleamning (p = 0.5,¢ = 0.73) 179071 £ 03039 479534.0000 £ S0679.4280  100.0%  0.0234 + 0.0120 63118400 + 3455.1080 0.6708 % 0.0162  150730.0000 & 3709.05 100.0%

Q-learning (p .7, € 5) 1.35937 £ 0.2328 4887.2700 + 620: 5 100.0%  0.0243 + 0.0137 6523.8400 + 3672, 0.5161 & 0.0099 139210.0000 + 2173.91. 100.0%

Qleaming (p = 0.9,¢ = 0.73) 1.07570 £ 02083 286890.2300 + 549930725  100.0%  0.0243 £ 0.0130 65008100 + 3462.0776 0.4353 £ 0.0111 117390.0000 + 26034400 100.0%

Q-learning (p = 0.99,¢ = 0.75) 0.97765 + 02121 262076.9300 + 560732616 100.0%  0.0251 = 0.0181 6727.4000 & 3498.1304 0.4122 + 0.0107 110750.0000 & 25114737 100.0%

Q-learning (p 1.04660 =+ 0.0937 284588.2100 + 24490.8895 100.0%  0.0357 + 0.0210 9731.1100 + 5716.6608 0.8668 + 0.0338 235920.0000 + 7632.4046 100.0%

Qlearning (p 083691 + 00952 2297014300 £ 256128380 100.0% 00365 + 0.0228 10096.0300 + 62665153 0.6819 & 0.0236 187190.0000 & 6042.6732  100.0%

Q-learning (p 71331 £ 0.07 194477.8400 £ 19500. 5 100.0%  0.0375 + 0.0232 10217.5800 + 6302.4782 0.5952 + 0.0212 162210.0000 + 5532.2599 100.0%

Q-learning (p 0.65742 + 0.0572 1500123600 + 152604553 100.0%  0.0371 + 0.0219 10147.8100 + 6017.0427 0.5611 & 0.0225 153360.0000 & 5817.7659  100.0%

Qlearning (p 484662 + 14434 13428003100 £ 390317.5826  100.0% 01142 + 0.1162 31313.3500 & 31750.6827 2.9759 & 0.5718 824560.0000 + 157018.8091  100.0%

Q-learning (p 3.52291 + 0.9998 985856.3500 + 282047.3120 100.0%  0.0975 + 0.0970 27210.7400 + 27062.4015 2.2450 + 0.4430 627880.0000 + 124366.2559 100.0%

Q-learning (p 280282 + 10162 777332.6400 £ 2817139771 100.0% 00900  0.0809 24856.4400 & 22392.3595 1.8761 & 0.4569 519830.0000 + 125921.3200  100.0%

Qleamning (p 226207 & 07142 6230745400 £ 199075.3065  100.0%  0.0072  0.0793 26692.6900 £ 21712.2338 1.6362 £ 0.4014 449470.0000 = 1105641402 100.0%

Async Value Iteration 0.21926 + 0.0162 178292.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 64/66

Value Tteration 033463 + 00252 288956.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A 64/66
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Table 11. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.99 (Problem 11).

. Discover goal Discover goal Optimal Initial Optimal Initial Optimal Initial
A‘g"”"'"‘jp‘f""‘“" 1 Ron time Hactions Convergence  time #actions Cost2Go Time  Cost2Go #actions Costagio  Shortent/Longest
(v =099) (mean & std) (mean & std) (mean + std) (mean + std) (mean + std) (mean = std) ¢ ad
Qlearning 039700 £ 00210 05123.6800 £ 5670070 0.0%  0.0067 & 0.0011 16334300  258.5025 0.1518 & 0.0101 368500000 & 23210950 100.0% 237100002
Qlearning 0.37312 £ 00115 005638000 + 21633990 0.0%  0.006T = 00011 16377600 + 26,1527 0.1211 & 0.0323 301040401 & TS11.7675 99.0% 22/310
Q-learning 38073 £ 0.0124  92259.2500 + 2742.0887 0.0% 0.0068 £ 0.0010 1675.1000 = 256.6727 0.1323 £ 0.0711 3.5616 £ 1° 6067 73.0% 22/3046

038594 = 0.0130  93504.7500 + 2852.7542 0.0%  0.0065 % 0.0008 1590.2000 % 183.6596 0.1885 £ 0.0765 45947.3684 % 18453.2801 38.0% 22/696
051791 & 0.0067  126854.4000 = 347.8654 0.0%  0.0080 % 0.0018 1994.0800 % 4546916 0.1593 £ 0.0079  39700.0000 + 1920.9373 100.0% 22/27

0.49021 = 0.0080 5 0.0%  0.0074 % 0.0015 1833.9600 % 376.3915 0.1308 £ 0.0220  32300.0000 + 5243.0907 100.0% 22/26
047611+ 00072 1159112900 = 736.9714 0.0%  0.0075 % 0.0017 1864.9900 = 4225565 0.1425 £ 0.0551  35121.2121 % 13224.0008 99.0% 22/82
047157 % 0.0060  115410.4400 + 700.0474 0.0%  0.0074 % 0.0017 1838.1700 = 4386807 0.2307 £ 0.1067  56633.3333 & 25843.7308 30.0% 22/2063
0.76524 % 0.0090  192499.1600 + 812.2625 0.0%  0.0083 % 0.0030 2131.3300 % 7816668 0.1784 £ 0.0105  45770.0000 + 2591.7369 100.0% 22/25

0.73667 = 0.0096 1851251100 £ 827.9211 0.0%  0.0083 = 0.0028 2118.1700 = 725.6840 0.1429 £ 0.0185  36590.0000 + 4630.5399 100.0% 22/25
7 £ 00089 181844.3900 + 970.7109 0.0%  0.0083 % 0.0028 2120.4300 % 740.6331 0.1584 £ 0.0545  40360.0000 + 6298 100.0% 22/1680

0.72236 + 00078 181875.7900 + 9446629 0.0%  0.0088 % 0.0025 2245.8600 % 653.2801 0.3493 £ 0.1707  88333.3333 & 426975335 21.0% 22/2313
55484 & 0.0213 4041144100 + 26144949 0.0%  0.0112 = 0.0039 2074.8200 = 1040.4007 0.2188 + 0.0166  57760.0000 + 4303.4497 100.0% 2/25
400345.6600 + 3194.0362  0.0%  0.0099  0.0047 2622.3500 + 1254.2456 0. m 5+ 0.0228  48470.0000 + 6104.8423 100.0% 22/25
402185.0100  3280.6152  0.0%  0.0107 % 0.0040 2819.8400 03 47290.0000 + 11888.8982 100.0% 22/25
A11567.1500 + 28455532 0.0%  0.0101 = 0.0040 2689.6600 =+ 1908275862 + 118468.1156 29.0% 22/25
4.06947 % 0.0661 1080811.3000 % 11695.3669  0.0%  0.0101 £ 0.0056 2707.5800 % 1508.7473 0.2907  0.0359  78120.0000 + 9666.7264 100.0%
413515 = 0.0593 1091747.8400 & 10810.2072  0.0%  0.0104 £ 0.0059 2770.8300 = 1585.6226 0.2434  0.0409  65000.0000 + 10853.5708 100.0%
426611 % 0.0819 11242051400 & 12092.2186  0.0%  0.0097 £ 0.0055 2599.7100 = 1492.5060 0.2830 + 0.0883 ~ 75330.0000 + 23466.1693 100.0%
451425 + 0.0887 1198876.9800 £ 14514.8737  0.0%  0.0039 £ 0.0053 2387.6900 & 1443.7231 2.0707 + 1.2129 548638.2979 + 320207.8066 47.0%
1, 38310 & 0.2022 48302266800 £ 48616.3395  0.0%  0.0078  0.0067 2157.7200 18502128 0.4759 + 0.0839  132370.0000 + 23297 4913 100.0%
0.0%  0.0073 % 0.0064 2009.8400 3 1133500000 + 29066.6045 100.0%
0.0%  0.0066 = 0.0056 1799.5900  1538.6349 0.4463 + 01492 123170.0000 + 41225.4909 100.0%
.99, 0.0%  0.0064 % 0.0053 1769.1100 + 1467.0934 7. 20 2033564.5161 + 125: 62.0%
Asyne Value Iteration 020147 £ 0.0022 1780480000 - 0.0000 N/A N/A N/A N/A N/A
Value Iteration 0.27400 = 0.0051 _ 232832.0000 £ 0.0000 N/A N/A N/A N/A N/A

Table 12. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.999 (Problem 11).

Discover goal Discover goal _ Optimal Tnitial Optimal Tnitial  Optimal Initial & .
Algorithm (Problem 11) fun time #actions Convergence time #actions Cost2Go Time  Cost2Go #actions CostaGo  Shortest/Longest
(7 =099 (mean + std) (mean & std) (mean + std) (mean =+ std) (mean =+ std) (mean + std) Convergence P
Qlcarning (p = 0.5.¢ =0) _ 0.38377 = 0.0005_03082.8500 £ 193.1760 __ 0.0% _ 0.0056 = 0.0004 1375.0100 & 86.5073 0.1436 % 0.0018 350200000 = 140.0000 00.0% 22/26
Qlearning (p=0.7,c=0)  0.35430 = 0.0113 85400.1200 & 660.9158  0.0%  0.0056  0.0005 1372.6300 £ 108.3105 0.1035 & 0.0017 251300000 % 364.8287 100.0% 22/46025
Qlearning (p = 0.9,¢ 0.34218 £ 0.0090 825578800 + 1606.2870  0.0%  0.0056 = 0.0003 1357.6200 & 65.3582 0.0828 % 0.0021 20160.0000 & 417.6123 100.0% 22/21524
Qlearning (p = 0.99,¢ =0)  0.34383 £ 0.0101 825724900 & 19447986 0.0%  0.0056 £ 0.0003 1360.0700 £ 77.6709 0.0793 & 0.0028 19240.0000  649.9231 100.0% 22/8643
Qlearning (p = 0.5,c = 0.25) 051530 + 00073 124786.3700 + 373.1031  0.0%  0.0080 £ 0.0019 19713500  464.3022 0.1532 £ 0.0020  37780.0000 + 414.2463 100.0% 22/24
Q-learning (p = 0.7,¢ 5) i 0.0% 0.0075 £+ 0.0016 1861.1700 £ 391.1360 0.1129 + 0.0013  28010.0000 =+ 223. 1 100.0% 22/24
Q-learning (p = 0.9,¢ 25) 0.46427 + 0.0052 2306. .429 0.0% 0.0077 + 0.0013 1895.2900 + 0.0925 £ 0.0021  22780.0000 + 481.2484 100.0% 22/2
Q-learning (p = 0 'J'! €=0.25) 0.46423 £ 0.0088 98. 23 0.0% 0.0075 £ 0.0015 1836.5800 + 373.8440 0.0872 £ 0.0028 21370.0000 + 594. 100.0%
Qlearning (p 0.5)  0.76484 £ 0.0100 00% 00086 = 0.0024 2169.1000  609.7160 0.1696 £ 0.0030 43010.0000  538.4236 100.0%
Q-learning (p 5) 073026 % 00113 183074.4400 £ 1037.7751  0.0%  0.0081 = 0.0027 2074.3600  687.7962 0.1280 & 0.0031 32700.0000  591.6080 100.0%
Q-learning (p ) 071527 0.0085 180180.1500 & 11022192 0.0%  0.0080 + 0.0023 2046.0700 + 605.3878 0.1064 £ 0.0027 272700000 5975784 100.0%
Qlearning (p 5) 0.71556 + 0.0084 181054.6100 + 955.8206  0.0%  0.0083 + 0.0022 2130.3800 4 5801694 0.0993 & 0.0029 25570.0000 + 696.4912 100.0%
Q-learning (p 5) 158401 + 0.0221 4150054000 + 5266.6597  0.0%  0.0103  0.0038 2729.0300  1019.6230 0.2032  0.0054 54160.0000 & 1293.9861 100.0%
Q-learning (p .75) 157483 + 0.0245 409969.3600 & 44115501 0.0% 00095  0.0041 2505.6300  1089.8314 0.1598 + 0.0045 42230.0000 + 1156.3304  100.0%
Q-learning (p '5)  1.59856 + 0.0238 41T 44 188 083 0.0% 0.0109 + 0.0040 2 3600 £ 1064.7107 0.1368 + 0.0054 36210.0000 + 1351.2587 100.0%
Q-learning (p 75) 1.66779 + 0.0268 i 0.0% 0.0106 + 0.0038 2815.4700 + 1007.1658 0.1289 + 0.0040  34110.0000 £ 998.9494 100.0%
i ) 100714  0.1571 269682.8100 + 41926.1143  100.0%  0.0100  0.0060 2708.0700 + 1615.6574 0.2630 = 0.0117 70880.0000 + 2097.5090  100.0%
) 0.75531  0.1075 200773.1600 £ 28429.8556  100.0%  0.0102  0.0058 2714.7700 + 1565.0885 0.2099 % 0.0123 56100.0000 + 31064449  100.0%
) 0.70365  0.1405 184876.9200 £ 36768.9518  100.0%  0.0098 < 0.0056 2589.9500 % 1502.0573 0.1851 % 0.0108 48920.0000  2777.3369  100.0%

0.60536 £ 0.1262 160644.1800 + 329851712 100.0%  0.0108 % 0.0061 2890.6800 % 1640.6114 0.1714 & 0.0078 45720.0000 £ 2040.0000 100.0%
0.87511 £ 0.1260 241990.0900 + 34516.0792  100.0%  0.0075 % 0.0064 2077.2500 & 1780.5063 0.4522 & 0.0631 125150.0000 £ 17723.0782  100.0%
0.70148  0.0778 193154.4900 + 21280.4327  100.0%  0.0073 % 0.0061 2000.0100 4 1683.8940 0.33 98660.0000  17117.9555  100.0%
0.60545 = 0.0850 167366.2800 + 23265.3 100.0%  0.0072 4 0.0059 1964.9300 & 1621.4139 0.3087 & 0.0572 85250.0000 + 15863.4013  100.0%
5 0.53213 = 0.0721 148307.8100 + 20421.1873  100.0%  0.0064 % 0.0051 1 90.0000 & 122840506 100.0%
Asyne Value Iteration 0.16458 £ 0.0020  147232.0000 £ 0.0000 N/A N/A
Value Iteration 0.21802 £ 0.0008_ 184896.0000 £ 0.0000 N/A N/A

Table 13. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.5 (Problem 1).

I - - Discover goal | Discover goal | Optimal Tmitial  Optimal Initial  Optimal Tiitial
Algorithm (Problem 1) Run time actions Convergence  time. #actions Cost2Go Time  Cost2Go #actions CostaGo  Snortest/Longest
(=058 (mean + std) (mean £ std) (mean  std) (mean = std) (mean = std) (mean = std) Convergence Path
Qrlearning (7 TSI L D0GH A0S0 & JITSA 0% 00077 £ UGB TILOO0 £ TISSTZ0 o & han tan £ nan 00% 66/226
1.93985 £ 0.0274 o 0.0%  0.0092 % 0.0051 2723.5000 + 1523.5988 1.9076 + 0.0383 562833.3333 £ 5608.4403  60.0% 67/152
1.22874 + 0.0288 0.0% 0.0067 £ 0.0020 1878.2000 + 560.1846 0.6407 £ 0.0242 189000.0000 £ 7886.6977 100.0% 50/99
110654 & 0.0330 0.0%  0.0078 £ 0.0023 2399.5000 & S31.8626 0.5686 - 0.1974 169200.0000 = 58245.6865  100.0% 19/100
110783 4+ 0.0419 3262063000 + 9296.8525  0.0%  0.0115  0.0060 3333.8000 & 1718.8984 0.3924 01783 116500.0000 & 52913.6088 52/130
2.82281 £ 0.0287  850959.0000 + 3373.9975 0.0% 0.0077 £ 0.0055 2375.4000 + 1552.5524  nan + nan nan + nan 54/170
202026 + 0.0190 6121048000 £ 32199006 0.0%  0.0080 £ 0.0030 2455.9000 & 1053.3333 2.0377 & 0.0142 614000.0000 = 3000.0000 57/99
154693 + 0.0130 4700081000 + 3352.6818  0.0%  0.0087  0.0045 2732.8000 & 1307.4142 0.7149 & 0.0202 217900.0000 + 94493386 54/222
1.68989 £ 0.0212  509964.5000 £ 2610.0875 0.0% 0.0105 £ 0.0046 2987.6000 + 1335.1519 0.5211 + 0.0686 156400.0000 £ 21228.2830 100.0% 74/229
201671 +0.0204 G009ST.5000 + 57185885 0.0%  0.0107  0.0056 3137.0000 £ 1482.0065 0.3924 * 0.0668 119900.0000 = 21139.7720  100.0% 56/253
J0IBD0 £ 00042 D0PTION02 0SB DK DOVTO+ 00033 L4200 2 10674638 nan & e & van 0.0% 57/121
. 7241 32 0.0% 0.0087 £ 0.0035 2703.4000 £ 1145.609 0.0% 70/95
219100 4 003D GEIIVTI000 £ WTOIMGL  00%  .00TA £ 0.0042 2276.1000 & 11125030 L7296 & 0.1521 5355000000 £ 455000000 20.0% 67/145
241190 + 0.0396 7451941000 £ 70323614 0.0% 00121 + 0.0074 3778.5000 + 22842617 nan & nan nan + nan 0.0% /179
2.88021 £ 0.0358 891604.8000 + 5670.9228 0.0% 0.0088 £ 0.0041 2726.5000 + 1287.0387  nan + nan nan + nan 0.0% 63/294
S0553 00632 10510633000 & 10GBLOISA 00 D.0I04 & 00043 HI20000 & IASSS & nan nan £ nan 0.0% 45/111
11302459000 + 8338.9072  0.0%  0.0100 & 0.0030 3083.9000 & 1364.1802  nan + nan nan £ nan 0.0% 57/100
1190927.0000 £ 11004.0365 0.0% 0.0040 £ 0.0018 1334.1000 + 510.5324 nan + nan nan + nan 0.0% 66/114
435380 + 0.0683 1382378.1000 £ 15613.9938  0.0%  0.0104 = 0.0078 32005000 & 2697.0913  nan + nan nan £ nan 0.0% 77/168
5.15801 & 0.0490 1636216.2000 + 12417.5454  0.0%  0.0078  0.0041 2408.0000 + 14042232  nan % nan nan + nan 0.0% 114/338
5.85552 + 0.0787 2236010.5000 + 23359.9229 0.0% 0.0089 £ 0.0075 2856.5000 + 2257. nan =+ nan nan =+ nan 0.0% 54/92
101+ 0.0885 2225530.1000 + 24245.5087  0.0%  0.0115 £ 0.0050 3586.1000 £ 1739.9655  nan £ nan nan £ nan 0.0% 56/102
753324 & 0.1202 2449052.0000 + 21388.0056  0.0%  0.0083  0.0047 2627.3000 £ 15340655 nan & nan nan £ nan 0.0% 69/141
8.46074 £ 0.0970 2755312.1000 + 31461.1213 0.0% 0.0091 £ 0.0047 2996.4000 £ 1609.3150  nan + nan nan + nan 0.0% 66/297
9.42652 + 0.1560 3065124.9000 £ 310973818 0.0%  0.0086 = 0.0061 2463.8000 & 1945.0780  nan + nan nan £ nan 0.0% 108/322

15.74128 4 0.1625 5184666.0000 £ 25176.4054  0.0%  0.0072 % 0.0036 2279.2000 + 1360.7437  nan + nan nan + nan 0.0%
1582224 + 0.2927 5225182.8000 =+ 62938.6030  0.0% nan + nan nan + nan 0.0%
17.44275 + 1.1025 5251401.0000 + 34692.6278  0.0% nan + nan nan + nan 0.0%
5224070.7000 + 39479.1897  0.0% nan + nan nan + nan 0.0%
5218716.7000 + 57834.4366  0.0% nan + nan nan + nan 0.0%
0.91119 £ 0.0214  1111232.0000 £ 0.0000 N/A N/A N/A N/A

Value Iteration 135879 4 0.0292 16611200000 £ 0.0000 N/A N/A N/A N/A N/A N/A
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Table 14. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.7 (Problem 1).

Discover goal Discover goal Optimal Initial

Optimal Initial

Algorithm Jproblun 1) Run tin{cl #al.'uunsl Convergenee o ractions ContaGo Time  Coat2Glo sbnctions 0"“""‘{ ?"““1 ::humst/Lunwt
(r=07) (mean & std) (mean £ std) (mean + std) (mean =+ std) (mean + std) (mean = std) Convergence

Qrlearning (p = 0.05, T03303 £ 00550 51018.8000 = 1070.1022  0.0%  0.0062 £ 0.0027 T755.0000 = 772.9291  nan £ nan nan £ nan BB
Q-learning (p 122601 £ 00191 3160099000 £ 1425.1871  0.0%  0.0086 & 0.0030 2369.8000 + $10.9631 12020 + 0.0272 3405000000 + 4193.2485  60.0% 35/92
Q-learning (p 0.75712 £ 0.0197  211921.6000 = 1266.0164 0.0% 0.0059 £ 0.0026 1675.6000 £ 592.5429 0.4032 £ 0.0182 113700.0000 + 3848.3763 100.0% 36/49
Qlearning (p 0.65779 + 0.0115 186711.0000 + 15347377 0.0% 00084  0.0036 2143.8000 = 1009.8904 0.2517 + 0.0208 70900.0000 & 81205756 100.0% 41/56
Q-learning (p 0.63893 £ 0.0130  183386.4000 + 4281.1417 0.0% 0.0061 £ 0.0021 1684.2000 + 597.2734 0.2239 + 0.0784 64200.0000 £ 21469.9790 100.0% 35/70
Qlearning (p 184066 £ 0.0490 5321723000 = 18217158 0.0%  0.0074  0.0034 2220.0000 £ 10465392  nan £ nan nan £ nan 0.0% 11/312
Q-learning (p 128438 £ 0.0172  371955.9000 & 800.9085  0.0%  0.0082 % 0.0060 2265.8000 & 1483.7717 1.2825 % 0.0000  371000.0000 = 0.0000 10.0% 34/55
Q-learning (p 0.88086 + 0.0160 258582.0000 + 15014790 0.0% 00075 % 0.0019 2033.1000 £ 519.4465 0.5190 £ 0.0621 151000.0000 & 102717410 100.0% 32/98
Q-learning (p 0.86085 + 0.0160 818000 + 6904668 0.0%  0.0082 + 0.0030 2355.4000 & 835.7866 0.3277 + 0.0637 96200.0000 & 18258.1480  100.0% 36/73
Q-learning (p 0.96430 £ 0.0235 279320.7000 £ 2157.6759 0.0% 0.0076 £ 0.0025 2163.3000 £ 735.2480 0.2296 £ 0.0497 66000.0000 + 1469¢ 85 100.0%

Qlearning (p 195850 £ 00273 586120.8000 & 2302.9607  0.0%  0.0074  0.0028 23433000 £ 827.6835  nan £ nan nan £ nan 0.0%

Q-learning (p 1.50248 £ 0.0178 4. .7000 £ 2670.3218 0.0% 0.0096 £ 0.0037 2991.9000 = 1129.5690 =+ 0.0000  412000.0000 = 0.0000 10.0%

Qlearning (p 120397 £ 00226 35892.8000 = 13884665 0.0%  0.0086 - 0.0056 2532.9000 + 15368264 0.5031 £ 0.0000  155000.0000  0.0000 10.0%

Q-learning (p = 70 £ 0021 366895.6000 + 2016.7670  0.0%  0.0084 £ 0.0029 2662.9000 £ 776.2440 0.7441 % 0.2714 2233333333 + S0100.3570  30.0%

Q-leamning (p 136602 £ 00202 4052971000 = 2158.8003  0.0%  0.0005 £ 0.0041 2778.8000 £ 10351374 0.7672  0.4735 226000.0000 £ 135000.0000  20.0%

Qlearning (p 263461 + 0.0437 8046586000 + 4958.7344  0.0%  0.0077 & 0.0030 2453.1000 £ 1264.9200 nan & nan nan £ nan 0.0%

Q-learning (p = 2.23579 £ 0.0544  714200.6000 + 4243.7842 0.0% 0.0083 £ 0.0040 2721.3000 £ 1333.0644  nan + nan nan + nan 0.0%

Qlearning (p 200277 + 0.0412 6712416000 + 4798.8170  0.0% 00104 & 0.0041 33751000 = 1409.1686  nan = nan nan £ nan 0.0%

Q-learning (p 2.20245 £ 0.0270  702471.4000 = 6924.6805 0.0% 0.0101 £ 0.0052 3063.8000 £+ 1475.5833  nan + nan nan + nan 0.0%

Qlearning (p = 240047 + 0.0310 7788502000 + 5927.0231  0.0%  0.0087 % 0.0032 2838.8000 £ 10141625  nan & nan nan £ nan 0.0%

Q-learning (p 4.63566 £ 0.0648 1520885.7000 + 14965.9439 0.0% 0.0093 £ 0.0054 2950.3000 + 1811.1419  nan =+ nan nan -+ nan 0.0%

Qlearning (p 153196 £ 00503 1504314.0000 & 17157.8236  0.0%  0.008  0.0054 2891.9000 + 18145724 nan  nan nan £ nan 0.0%

Qrlearning (p = 460049 + 0.1418 1518028.1000 + 16357.8860  0.0% 00100 & 0.0074 3207.4000 & 2346.9705  nan & nan nan £ nan 0.0%

Q-learning (p 5.18126 £ 0.2639 1606007.0000 £ 14: 0.0% 0.0106 £ 0.0074 2953.4000 £+ 1984.1909  nan =+ nan nan £ nan 0.0%

Qlearning (p 5.32480 + 0.0771 1747653.4000 + 18328.3763  0.0%  0.0081 & 0.0044 2636.9000 = 1530.3755  nan & nan nan £ nan 0.0%

Q-learning (p = 14.37472 £ 0.1425 4828867.8000 £ 36170.1378 0.0% 0.0061 £ 0.0060 1831.1000 £ 2147.7063 nan =+ nan nan + nan 0.0%

Qlearning (p 1445536 = 0.2361 4827837.3000 + 54502.7340  0.0%  0.0062 % 0.0037 19931000 £ 12346338  man & nan nan £ nan 0.0%

Q-learning (p . 14.30180 .1002 4800939.1000 + 32144.3814 0.0% 0.0041 £ 0.0041 1327.7000 £ 1238.6299  nan =+ nan nan -+ nan 0.0%

Qlearning (p = 0.5,c = 1) 1430015 = 0.1338 48110961000 + 32208.9266  0.0%  0.0050 % 0.0069 1954.0000 = 2181.1091  nan = nan nan £ nan 0.0%

Qilearning (p = 07.c=1) 1431809 + 0.1401 4807284.1000 & 339113460  0.0%  0.0053  0.0033 1504.8000 + 10736604 nan + nan nan £ nan 0.0%

Async Value Iteration 0.33047 £ 0.0064 475424.0000 £ 0.0000 N/A N/A N/A N/A

Value Iteration 0.50601 + 0.0121_ 721728.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Table 15. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.9 (Problem 1).

Algorithm (Problem 1)

Run time #actions

Discover goal Discover goal

Optimal Tnitial

Optimal Tnitial

Optimal Tnitial

» N " ! Shortest,/Longest
Convergence time F#actions Cost2Go Time Cost2Go #actions Cost2Go

= (mean + std) (mean & std) (mean  std) (mean + std) (mean + std) (mean + std) Convergence Path
Q-learning (p = 0.05,¢ = 0) 1.40630 £+ 0.0248 3743884000 £ 465.3979 0.0% 0.0076 £ 0.0019 1905.9000 + 403.3647 nan £ nan nan £ nan 36/1538
Q-learning (p 0.94216 £ 0.0373  245359.1000 & 529.2448 0.0% 0.0058 £ 0.0020 1530.3000 + 411.9168 0.9268 £ 0.0408 241000.0000 + 2236.0680 60.0% 29/149
Q-learning (p = 0.3 0.57358 & 0.0309  146838.2000 % 505.2702 0.0% 0.0052 £ 0.0013 1359.0000 £ 472.7898 0.3277 + 0.0246 83100.0000 + 3419.0642 100.0% 28/46
Q-learning (p 0.48362 + 0.0215  128080.1000 + 676.8250 0.0% 0.0054 £ 0.0015 1342.8000 + 305.3411 0.1893 + 0.0185 48900.0000 £ 1700.0000 100.0% 28/40
Q-learning (p Te ) 0.46465 + 0.0163  122683.3000 £ 2014.7824 0.0% 0.0043 £ 0.0028 1179.8000 + 420.3148 0.1604 £ 0.0362 41800.0000 + 7166.5891 100.0% 28/37
Q-learning (p = 0.05,¢ = 0.25) 143774 + 0.0240  387669.7000 + 747.8249 0.0% 0.0066 + 0.0028 1886.5000 + 696.6657 nan + nan nan + nan 0.0% 30/292
Q-learning (p = 0.1,¢ 25)  0.97812 + 0.0325 66944.7000 + 588.4646 0.0% 0.0082 £ 0.0017 2255.3000 + 486.6432 0.9239 + 0.0000  263000.0000 % 0.0000 10.0% 28/34
Q-learning (p € 25) 0.65382 + 0.0262  178714.2000 + 602.5748 0.0% 0.0062 £ 0.0009 1630.3000 + 348.9653 0.5085 £ 0.0471 136000.0000 £ 10977.2492 40.0% 30/39
Q-learning (p = 0.5,¢ = 0.25)  0.60797 + 0.0249  162876.3000 + 617.6632 0.0% 0.0058 + 0.0018 1642.6000 + 419.5217 0.3219 + 0.1023 TTT.77T78 + 24530.1528 90.0% 30/43
Q-learning (p 3 2 0.59050 + 0.0233  162027.3000 + 757.8191 0.0% 0.0067 £ 0.0022 1651.8000 + 461.5987 0.2097 + 0.0428 58200.0000 + 10097.5244 100.0% 28 /87
Q-learning (p 05, € 1.53399 £ 0.0232  429355.3000 + 1100.5893 0.0% 0.0073 £ 0.0026 2106.6000 + 748.5252 nan + nan nan + nan 0.0% 30/284
Q-learning (p = 0.1,¢ = 0.5 )) 1.14633 £ 0.0310  324285.5000 + 1215.7992 0.0% 0.0080 £ 0.0027 2126.5000 + 517.5400 1.0349 + 0.0000  295000.0000 + 0.0000 10.0% 29/38
Q-learning (p 0.90733 £ 0.0418  251963.2000 £ 165117 0.0% 0.0074 £ 0.0029 2008.2000 + 685.7393 nan + nan nan £ nan 0.0% 28/35
Q-learning (p 0.83558 £ 0.0203  237662.9000 £ 1018.6010 0.0% 0.0068 £ 0.0016 1893.6000 + 501.3544 0.8210 £ 0.0000  236000.0000 % 0.0000 10.0% 28/34
Q-learning (p = 0. 7 €=0.5 238293.1000 + 1387.4264 0.0% 0.0070 £ 0.0017 1948.5000 + 425.8716 0.3798 + 0.1223 107250.0000 + 33461.7319 40.0% 29/94
Q-learning (p = 0.05,¢ = 0. . 596335.3000 + 2529.3901 0.0% 0.0098 £ 0.00 738.5000 + 1076.0: nan + nan nan + nan 0.0% 30/40
Q-learning (p N Yt 1.83900 + 0.0367  526975.9000 £ 2097.9857 0.0% 0.0084 £ 0.0026 2374.0000 + 784.2525 nan £ nan nan £ nan 0.0% 29/37
Q-learning (p = 0. 3 €=0.75) 166193 £ 0.0250 479980.7000 £ 3110.5655 0.0% 0.0087 £ 0.0031 2513.5000 + 931.2594 nan + nan nan + nan 0.0% 28/34
Q-learning (p 0. 1.63547 + 0.0554 58.0000 £ 2320.7265 0.0% 0.0100 £ 0.00 728.8000 + 1042.9370 0.5347 £ 0.0000  155000.0000 % 0.0000 10.0%
Q-learning (p 7, 5) 1 67543 =+ 0. 0434 478412.8000 + 2841.9262 0.0% 0.0086 & 0.0022 2461.2000 + 788.4459 nan + nan nan £ nan 0.0%
Q-learning (p = 0.05,¢ = 0.9) 1165573.5000 + 10356.0597 0.0% 0.0104 + 0.0072 3129.3000 + 2040.2814  nan + nan nan + nan 0.0%
Q-learning (p Le=0.9) 1136885.5000 £ 5079.6989 0.0% 0.0098 £ 0.0053 2640.0000 + 1763.6383 nan £ nan nan + nan 0.0%
Q-learning (p 3.e .9)  3.87358 £ 0.0763 1133814.1000 + 8302.0288 0.0% 0.0074 £ 0.0042 2248.7000 + 125° 27 nan & nan nan £ nan 0.0%
Q-learning (p = 0.5,¢ = 0.9) 3.91092 + 0.0531 1141361.2000 + 11669.4104 0.0% 0.0109 + 0.0076 2984.7000 + 2097.6476  nan + nan nan + nan 0.0%
Q-learning (p = 0.7,¢ 00 £ 0.0699 1154820.9000 + 7291.7631 0.0% 0.0096 =+ 0.00 2808.7000 + 1300.1570  nan + nan nan + nan 0.0%
Q-learning (p 1] 15.01271 + 0.1990 4469635.5000 + 51363.0854 0.0% 0.0078 £ 0.0071 2407.0000 + 2354.6838  nan + nan nan + nan 0.0%
Q-learning (p = 0. l e=1) 14.97888 + 0.1849 4478636.0000 + 62462.4331 0.0% 0.0058 + 0.0034 1641.1000 + 899.9632 nan + nan nan + nan 0.0%
Q-learning (p 3 ) 14. 0 £ 0.2281 4472910.4000 % 42569. 8 0.0% 0.0065 £ 0.0048 1889.7000 £ 1192.4006  nan + nan nan £ nan 0.0%
Q-learning (p 5 3 15.22034 + 0.3940 4481033.5000 + 43593.8014 0.0% 0.0065 £ 0.0082 1784.5000 + 2133.5604 nan + nan nan + nan 0.0%
Q-learning (p = 0.7,¢ = 1) 15.08263 -+ 0.3920 4457994.9000 + 22794.1670 0.0% 0.0035 £ 0.0017 981.9000 + 535.6134 nan £ nan nan £ nan 0.0%
Async Value Iteration 0.18: =+ 0.0165 226256.0000 £ 0.0000 N/A N, N/A N/A N/A
Value Iteration 0.27155 + 0.0040 343680.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A
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Table 16. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.5 (Problem 10).

N - Discover goal Discover goal Optimal Tnitial Optimal Tnitial Gptimal Tnitial
Algorithun (Problem 10) ftun time #actions Convergence  time #actions Cost2Go Time  Cost2Go #actions CostaGo  Stiortest/Longest
(=05 (mean & std) (mean £ std) (mean + std) (mean £ std) (mean = std) (mean =+ std) Convergence
Qrlearming (p 0.10113 £ 01140 24801720000 & 77453171 0.0% __ 0.1200 & 0.0947 32601.0000 & 257381913 _ nan & nan nan £ nan 0.0% 238115,
Q-learning (p 6.02799 + 0.1197  1620228.2000 4+ 7376.2157  0.0%  0.0939 & 0.0348 25728.8000  9519.7926 5.7811 & 0.1068 1553000.0000 & 18606.4505  100.0%
Q-learning (p = 0.3, 354922 + 0.0715 9754519000 + 9655.4821  0.0%  0.0452 & 0.0357 123641000 = 9482.9381 1.9270 & 0.1422 532714.2857 + 43830.6894  70.0%
Q-learning (p = 0.5, 17621+ 00505 8791024000 & 13950.9240  0.0%  0.0405 & 0.0282 115150000 & 79622145 1.6239 = 0.6521 4476666667 + 178449.4949  30.0%
Q-learning (p = 0.7, 312813 £ 0.1039 0.0%  0.0335 % 0.0212 9296.6000 % 6125.0827 1.0968 £ 0.3691 3040000000 + 922453251  50.0%
Q-learning (p = 0.07 9.12250 + 0.0575 00%  0.0876  0.0438 24976.2000 + 13120.7253  nan & nan 0.0%
Q-learning (p = 0.1, 6.26658 + 0.0751 1754 5525.95 0.0%  0.0659 & 0.0203 18746.5000  5830.1253 6.0391 & 0.1214 1689000.0000 & 205426386 90.0%
Qulearning (p = 0.3, LOSI124 4 00136 13119389000 + 64533623 0.0%  0.0395 + 0.0270 114951000 & T63L.9357 2.0760 & 00508 5580000000 + 9TI6HA2  50.0%
Q-learning (p = 0.5, 516458 + 0.1555  1417405.1000 + 71682131 0.0%  0.0511 % 0.0260 14874.7000  7885.9615 1.3483 & 0.0346 3702857143 & 74587300  70.0%
Q-learning (p = 0.7, 642202 4 0.0553 17057472000 + 66430314 0.0%  0.0512 % 0.0240 13308.6000 £ 6114.1130 1.0720 £ 0.0232 2853 £ 28674418 30.0%
Q-learning (p = 0.05, 9.91728 4 0.2256 27758265000 + 99675108 0.0%  0.1145 % 0.0646 32119.6000 % 17678.3821  nan = nan nan & nan 0.0%
Q-learning (p=0.1,¢ 736858 4 01876 2075725.3000 £ 11153.2485  0.0%  0.0808 & 0.0339 25407.8000 £ 9106.8728 7.0158 - 0.2400 1948833.3333 & 32780.3106  60.0%
Qulearning (p = 0.3.¢ 6.49163 + 0.0532  1823326.1000 + 7409.6966  0.0%  0.0872 & 0.0451 24703.0000 & 12189.4823 2.5204 & 0.0687 7075000000 = 20377.6839  100.0%
Q-learning (p = 0.5,¢ TAB448 + 0.0760 20912132000 £ 104708515 0.0%  0.0646 & 0.0176 18269.6000  4873.1855 2.8333 & 1.1576 794800.0000 & 3194597940 100.0%
Q-learning (p= 0.7, ¢ BOST8A + 0.0527 2538064.6000 + 108115659  0.0%  0.0493 & 0.0321 13888.5000 = 9257.8329  nan % nan nan % nan 0.0%
Q-learning (p = 0.05, 1258560 £ 0.1962 3677258.2000 + 19942.8683  0.0%  0.1077 £ 0.1077 32086.5000  31816. nan £ nan 0.0%
Q-learning (p=0.1,¢ 10.76710 £ 0.0524 3205292.3000 & 13684.9267  0.0%  0.1102 % 0.0643 33290.5000 & 19055.9031 8.6584 = 0.0000 2599000.0000 % 0.0000 10.0%
Q-learning (p = 0.3.¢ 1134678 + 0.0784 3362790.6000 + 17116.1092  0.0%  0.0491 % 0.0325 14922.7000  10020.2733  nan + nan nan £ nan 0.0%
Q-learning (p = 0.5,¢ 13.50038 & 0.1144 3983012.0000 = 27323.2308  0.0%  0.0730 & 0.0457 21630.6000 & 137613699  nan & nan nan + nan 0.0%
Q-learning (p=0.7,c 1631277 & 0.1463 48316964000 & 204427072 0.0%  0.0582 + 0.0399 16911.0000 + 10777.8656  nan + nan nan £ nan 0.0%
(v 2090885 + 05420 6336251.9000 + 242395722 0.0%  0.1113  0.0526 33965.9000  16003.0625  nan % nan nan £ n 0.0%
(v 2040911 05572 G262211000 = 116051705 0.0% 01141 % 0.0729 31939.6000 % 22734.0983  nan % nan nan % nan 0.0%
» 71623 & 0.3406 00%  0.0475  0.0496 14980.1000 155565282  nan & nan nan & nan 0.0%
ing (s 211106 & 06265 0.0%  0.1019 + 0.0624 335113000 + 20074.2052  nan + nan nan + nan 0.0%
ing 6300 + 0.5107 00% 01275 = 0.0920 413824000  28358.8550  nan & nan nan + nan 0.0%
( 04+ 0.4123 886513 0.0% 01990 + 0.1340 66093.1000 + 45004.6923  nan + nan nan £ nan 0.0%
( 69.30524 & 126.7632 8866112.7000 £ 9800.4870  0.0%  0.2255  0.1916 731643000  61230.6205  nan % nan nan % nan 0.0%
( 25.72737 4+ 0.0487 S8TI062.7000 & 6712.5570  0.0%  0.2087  0.1301 60453.3000 425090341  nan & nan nan & nan 0.0%
ing ( 2571401 + 0.0721 88714893000 + 10760.8833  0.0%  0.2117  0.2134 74120.4000  73008.9996  nan + nan nan & nan 0.0%
Q-learning (p = 25.77060 + 01262 S866343.3000 + 9861.5630  0.0%  0.1483 + 0.1428 50013.4000 + 494585697 nan + nan nan + nan 0.0%
Asyne Value Iteration 100475 £ 0.0118  1564666.0000 % 0.0000 N/A N/A N/A # N/A N/A
Value Tteration 168654 & 0.0200 _ 2360832.0000 = 0.0000 N/A N/A N/A N/A N/A N/A 132/230

Table 17. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.7 (Problem 10).

Algorithm (Problem 10) Run time #actions

Discover goal Discover goal

Optimal Tnitial

Optimal Tnitial

Optimal Tnitial

Shor M /1 .)ngm

o Convergence  time #actions Cost2Go Time  Cost2Go #actions ost2Go

(=07 (mean = std) (mean % std) (mean + std) (mean + std) (mean + std) (mean + std) Convergence
Qlearming 506387 £ 0.1006 15121611000 £ 26705112 00%  0.0570 & 0.0176 15130.5000 & 121583000 nan & nan man & nan 0.0% TI9/500
Q-learning 3.78183 £ 0.0686  954735.8000 + 2747.9469 0.0% 0.0444 = 0.0276 11433.3000 £ 7109.2537 3.6423 £ 0.0671 923375.0000 + 15826.6982 80.0% 89/126
Q-learning 2.16876 £ 0.0554  552439.9000 + 7708.0647 0.0% 0.0339 £ 0.0230 82787000 £ 5430.2361 1.1778 £ 0.0485  299500.0000 + 3354.1020 100.0% 103/156
Q-learning 191131 + 0.0531  486992.3000 + 967! 09 0.0% 0.0178 £ 0.0115 4832.2000 £ 3207.7101 0.9841 + 0.2493 250666.6667 + 63712.8077 90.0% 93/135
Q-learning 1.88206 + 0.0723 479389.7000 + 11571.0215 0.0% 0.0170 £ 0.0097  4054.9000 £ 2071 0.8854 + 0.4787 224555.5556 + 118481.2326 90.0% 102/164
Qlearning 6.02142 £ 0.0394 15620323000 + 23951777 0.0%  0.0356 £ 0.0308 9979.9000 & TS08.7 £ nan nan + nan 0.0% 104/722
Qlearning 400974 + 0.0267 10354493000 £ 31598627 0.0%  0.0272 £ 0.0302 6948.8000 & T603.1372 38178 + 0.0049  97000.0000 £ 1000.0000  20.0% 95/125
Q-learning 2.66555 £ 0.0287  692706.6000 + 3277.2031 0.0% 0.0261 £ 0.0161 7338.9000 £ 4366.2303 1.3116 £ 0.0418  340500.0000 £ 11800.4237 100.0% 104/128
Q-learning 2.65333 £ 0.0295 689653.7000 + 3702.4202 0.0% 0.0254 £ 0.0178 6484.2000 + 4885.6365 0.8223 £ 0.0439  213100.0000 + 11835.9621 100.0% 97/197
Q-learning T71130.4000 + 3641.6586 0.0% 0.0272 £ 0.0171  7063.4000 £ 4201.0633 0.6182 + 0.0096  155666.6667 + 1490.7120 60.0% 148/296
Q-learning 6. 51530 0. 0778 1718152.0000 £ 4763.9567 0.0% 0.0763 £ 0.0425 20883.3000 £ 11174.4661 nan £ nan nan + nan 0.0% 92/184
Qlearning 491208 £ 0.0634 12458021000 £ 52157915 0.0%  0.0364 £ 0.0220 95073000 £ 5512.0970 46469 + 0.0420 1190250.0000 £ 10825.3175  40.0% s5/127
Qlearning STI06:2 00720 OGSI23000 4 2G50 OO% 00380 £ 00186 I0ISRI0ND £ ISTEIOI 1TSHO L 02610 OO0 L GIBASIS  1000% 100/142
Q-learning 3.86460 = 0.0834 1001219.4000 £ 2588.93¢ 0.0% 6067.5000 £ 4365.0193  0.9733 £ 0.0582  255600.0000 £ 1841: 89 100.0% 99/179
Q-learnin 4.36818 + 0.0934 1129015.9000 £ 575. 0.0% 5799.7000 + 2554.9131  0.7853 £ 0.0964 205800.0000 £ 25646.3 8322 100.0% 143/428
) 8.75981 £ 0.1488 2329030.8000 + 0.0% 31149.9000 + 22031.2859 nan + nan + nan 0.0% 79/119
743980 £ 01085 19892974000 & TO9L2379  0.0% 16474.3000 & $920.8288 57761 + 0.5224 1556230.0000 & 1333202047 40.0% 92/147
Qlearning 685314 £ 01305 1831675.0000 £ 63922100 0.0%  0.0517 £ 0.0259 137123000 & T438.6561 35212 + 17151 10240000000 + 4630131181 50.0% 101/121
Q-learning 7.16563 £ 0.1659 1942509.1000 = 8138.6615 0.0% 0.0394 £ 0.0226 10599.0000 = 5948.5857 nan £ nan nan + nan 0.0% 118/197
Q-learning 8.00057 + 0.0740 2178969.9000 £ 6554.5616 0.0% 0.0390 £ 0.0243 10646.1000 £ 6928.9696 nan + nan nan + nan 0.0% 144/436
Q-learning 15.95728 + 0.1505 0.0% 0.0858 £ 0.0549 24813.2000 £ 16237.4335 11.2460 £ 0.0000  3143000.0000 + 0.0000 10.0% 84/143
Q-learning 15.71833 + 0.2596 43332 34.7000 + 28248.6697 0.0% 0.0887 + 0.0443 24420.4000 £ 12540.7841 nan £ nan nan + nan 0.0% 97/130
Qlearning 1610899 + 0.2476 4420356.4000 & 130321730 0.0% 00728  0.0465 196654000 + 11879.1242  nan & nan nan & nan 0.0% 90/198
Qlearning 17.26956 + 02914 4720963.8000 & 24146.7502  0.0%  0.0708 + 0.0508 19886.5000 + 147644005  nan & nan nan & nan 0.0% 96/160
Q-learning 19.28740 £ 0.3056 5192691.0000 £ 29151.5206 0.0% 0.0596 £ 0.03¢ 15630.2000 + 9230.4066 nan £ nan nan + nan 0.0% 131/321
Q-learning 31.51687 + 0.8513 8822073.6000 + 19012.0775 0.0% 0. + 0.1251 52010.1000 £ 36275.3903 nan + nan nan + nan 0.0% 88/132
Q-learning 29.13096 + 0.3870 8812052.7000 + 13673 2'322 0.0% 0.0965 £ 0.1010 29015.0000 + 30287.0171 nan + nan nan + nan 0.0% 86/126
Q-learning 28.76155 + 0.3539 8808772.4000 + 9103.4: 0.0% 0.1630 £ 0.1231 51002.2000 £ 38101.9993 nan % nan nan + nan 0.0% 82/128
Qlearning 2074001 & 00184 SALBTAIND & LSS  00% 01513 £ O0GST SBA26.4000 & ATGISIET  mem 5 man nan & nan 0.0% 100/268
Q-learning ( 2899773 £ 0.3141 8805165.2000 + 16054.1824 0.0% 0.2151 £ 0.2074 67427.7000 £ 64089.7856 nan £ nan nan + nan 0.0% 109/275
Asyne Value Iteration 0.55572 = 0.0106  697798.0000 % 0.0000 N/A N/A g g N/A N/A 89/124
Value Iteration 0.89072 + 0.0274 1075900.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 82/117




32 Georgiev, Timperi, Sakgak, LaValle

Table 18. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.9 (Problem 10).

Algorithm (Problem 10) — Sractions Discover goal Discover goal Optimal Titial Optimal Taftal ——— Optimal Tatal g, 200 0
Ay (monn £ aid) (o & o) Convergence  time. #actions Cost2Go Time Cost2Go #actions Cost2Go L
(mean  std) (mean £ std) (mean + std) (mean  std) Convergence

Q-learning (p 4.25422 + 01022 1074244.4000 + 843.2783 0.0% 0.0286 + 0.0176 7168.8000 + 1539.2867 nan + nan nan + nan 84/29307
247363 + 0.0346  661308.6000 + 562.9441 0.0% 0.0142 £ 0.0190 4155.8000 + 5454.1404  2.4213 + 0.0263  645666.6667 + 2867.4418 60.0% 67/78
1.38754 + 0.0357  372630.7000 £ 1890.6645 0.0% 0.0098 + 0.0083 2771.1000 + 2120.7503 0.7891 + 0.0331  213500.0000 + 8958.2364 100.0% 69/84
1.20380 + 0.0440  321507.2000 + 5933.9071 0.0% 0.0154 & 0.0062 4374.7000 + 1932.6496 0.5243 + 0.0804  138200.0000 + 17803.3705 100.0% 73/91
1.15708 + 0.0334  309478.0000 + 5366.3737 0.0% 0.0062 £ 0.0025 1862.9000 + 916.8312  0.5458 + 0.3031  143000.0000 + 75529.2438 60.0% 71/89
4.09429 + 0.0360 1118923.6000 + 1164.5843 0.0% 0.0295 4 0.0161  8258.0000 + 4771.8050 nan + nan nan + nan 0.0% 73/831
260927 + 0.0388  728539.7000 £ 8662772 0.0%  0.0220 % 0.0132 5969.8000 £ 3317740 25393 + 0.0587  706800.0000  18852.7964 50.0% 66/81
162001 & 00252 460307.9000 + 870.4154  0.0%  0.0201 % 0.0095 55774000  2559.6853 1.0746 = 0.0955  305857.1429 + 28975.0068 70.0% 67/88
149651 & 00315 418517.9000 & 16745908 0.0%  0.0158 & 0.0071 42276000 + 1757.0224 05465 + 0.0697 153400.0000 + 20140.5064  100.0% 67/484
152844 £ 0.017 50.2000 = 2054.612 00% 00118 0.0071 3287.1000 & 2216.3088 0.4230 + 0.0674  120500.0000 & 20323.6316  100.0% 78/400
428771+ 0.0479 12364758000 & 28997580 0.0%  0.0324 + 0.0213 9622.1000 & 63216981 nan = nan nan & nan 0.0% 70/388
3.07881 + 0.02 889892.2000 £ 1814.2900 0.0% 0.0281 £ 0.0191 8646.2000 + 5451.9187 2.8183 + 0.0983  813375.0000 + 33540.7867 80.0% 66/86
2.23190 + 0.0341  658970.8000 £ 2453.3467 0.0% 5419.8000 + 3722.3724  1.1581 + 0.2314  343000.0000 + 69415.9307 70.0% 68/82
2.10181 + 0.0232  622804.0000 £ 1562.8830 0.0% 5537.9000 + 2506.8575  0.6816 + 0.1490  202400.0000 + 43518.2720 100.0% 70/135
2.15394 + 0.0292  636542.0000 + 1429.2440 0.0% 3264.2000 + 2427.8488  0.4365 £ 0.0299  129000.0000 + 8763.5609 100.0% 75/269
5.65363 + 0.0983 1703389.6000 + 6419.9470 0.0% 3 16982.8000 + 11936.7565 nan + nan 0.0% 69/76
4.78082 + 0.0340  1446867.9000 + 4909.8018 0.0% 44.9000 + 6677.8183 3.5025 £ 0.5400 1062250.0000 + 158316.7316 80.0% 65/77
4.27364 + 0.0704 1287621.8000 + 5580.9577 0.0% 8046.7000 + 5479.3997  2.2220 £ 0.6976  666777.7778 + 208290.8105 90.0% 69/83
417856 + 0.0413 1270217.3000 & 84106708 0.0%  0.0226 + 0.0117 6767.0000 & 33455285 13636 + 0.5554  415000.0000 + 171860.9903  100.0% 66/152
428299 4+ 0.0702 12971710000 & 76275490 0.0%  0.0280  0.0137 8349.1000 & 4065.5056 11803 + 0.4989 357700.0000 + 144956.5797  100.0% 76/138
1095564 + 0.1662 3385202.5000 = 217319319 0.0%  0.0418 & 0.0216 13515.3000 4 74942332 84737 = 11036 26211111111 + 328960.8020  90.0% 75/86
1054643 + 0.0798 3277532.3000 + 18161.0016  0.0%  0.0419 & 0.0162 5.4080 & 14687 1682625.0000 + 4483923888 80.0% 66/79
1037067 & 0.0760 3219723.5000 + 18550.0356  0.0%  0.0292 + 0.0231 33454 + 1.8469 10382857143 & 5699084423 70.0% 68/82
=0 10.75918 =+ 0.2029 3232790.3000 + 21805.9856 0.0% 0.0315 + 0.0183 4.5028 + 2.5028 1378833.3333 + T96713.1263 60.0% 69/111
10.81855 + 0.2442 3299951.7000 + 19867.0822 0.0% 0.0512 + 0.0290 15617.3000 + 8658.5057 2.2075 + 0.5192  685500.0000 + 165500.0000 20.0% 71/213
28.41448 + 0.5752 8751202.5000 £ 9411.5658 0.0% 0.0975 + 0.0623 30976.8000 + 194 4598 26.8243 + 0.4043 8315000.0000 + 268000.0000 20.0% 72/83
28.00445 + 0.3950 8746537.1000 + 17063.6414 0.0% 0.1330 = 0.1237 42667.7000 + 39577.3723 21.1432 + 4.3795 6613375.0000 + 1345175.1687 80.0% 70/82
28.15691 + 0.4088 8735736.8000 0.0% 0.1008 =+ 0.0978 31559.3000 + 3068 62 12.3954 + 5.6479 100.0% 66/84
3 344 - 0.6988 8749544.5000 0.0% 0.0891 = 0.1044 25791.4000 + 31442.1964 7.8898 + 4.4143 2273800.0000 + 1290161.6023 100.0% 71/181
L€ 30.92785 + 0.3097 8748932.6000 £ 10139.: 0.0% 0.0439 4 0.0194 13493.7000 + 6125.6220 16.7331 + 9.8434 4780600.0000 + 2805490.0891 50.0% 68/86
Async Value Iteration 0.29068 + 0.0101 347362.0000 £ 0.0000 N/A N/A N/A N/ N/A N/A 67/87
Value Iteration 0.48309 + 0.0289 553320.0000 4 0.0000 N/A N/A N/A N/A N/A N/A 69/79

Table 19. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.5 (Problem 11).

Discover goal Discover goal _ Optimal Initial Optimal Tnitial

S - Optimal Tuitial - -
Algorithm (I é”sm"“ 1) fun 2‘““ i #“‘T"” . Convergence time actions Cost2Go Time Cost2Go #actions Jost2Go Shm&;/ "“°“g"‘“‘
(=05 (mean £ std) (mean £ std) (mean % std) _ (mean = std) (mean + std) (mean + std) Convergence ath
Qfearning (7= 005, =0) 305625 £ 00917 0310031000 & 13956100 0.0% 00105 & 0.0047 3205.2000 & 15164190 nan & nan nan  nan 00% BEES
Qlearning (p=0.1,c=0) 199090 + 0.0282 60S600.1000 &+ 2705.2238  0.0%  0.0080 + 0.0055 26310000 £ 16534711 1.7480 £ 0.0448  533700.0000 & 84148678 100.0% 30/306
Q-learning (p —0) 119195+ 00201 3631391000 £ 81422723 0.0%  0.0050 % 0.0030 2522.5000 £ 9719032 0.6873 £ 0.1315 210000.0000 + 402815094 100.0% 13/76
Qlearning (p 105041+ 0.0230  318503.0000 & 6969.1476  0.0%  0.0075 + 0.0036 2453.6000 + 10793368 04852 + 0.1418 145222222 + 446810369 90.0% 47/109
Qlearning (p = 103261 + 0.0488 3166234000 & 149226060  0.0%  0.0090  0.0054 28502000 £ 1719.5827 0.3469 + 0.1628  100125.0000 £ 51933.7017  80.0% 59/126
Q-learning (p 300050 £ 0.0331 962640000 £ 48487360 0.0%  0.0114 % 0.0040 3574.5000 £ 15540538  nan £ nan nan £ nan 0.0% 10/258
Q-learning (p 212340 £ 0.0352 6601665000 £ 26954398 0.0%  0.0123 & 0.003 3998.8000 & 1317.5341 18310 £ 0.0649 570000.0000 £ 149063745 100.0% 18/95
Qrlearning (p 154059 + 0.0322 4S1027.4000 & 3625.3863  0.0%  0.0108 + 0.0063 3525.0000 + 21489767 0.7006 + 0.0974 219800.0000 + 306326623 100.0% 3888
Qlearning (p 167900 + 0.0301  514450.0000 + 4816683  0.0%  0.0083 £ 0.0029 2706.6000 & 968.5790 0.7044 + 0.4142 21657LA2SG + 1227155330 70.0% 68/310
Q-learning (p 2.02010 £ 0.0134 618068.0000 + 4699.373 0.0%  0.0132 & 0.0067 3985.8000 21115785 0.3730 £ 0.1942  116500.0000 £ 60911.8215  100.0% 102/279
Qlearning (p 331060 £ 0.0454 1051958.0000 + 78192191 0.0%  0.0102 % 0.0050 3123.4000 & 1505.8675  nan £ nan nan £ nan 0.0% 51/146
Qlearning (p 247391 £ 0.0344 7S0S7.2000 £ 54548317 0.0%  0.0095 £ 0.0060 30814000 + 1978.9308 1.9975 & 0.0654 G31SSS.8880 + 172012595 90.0% 35/77
Q-learning (p 210076 £ 0.0147 G67489.6000 £ 30710397 0.0%  0.0L46 % 0.0062 4812.3000  1918.8502 0.6891 £ 0.0249  221500.0000 £ 77175126 100.0% 38/100
Q-learning (p 237681 £ 0.0257 7501757000 £ 48968396 0.0%  0.0L1S £ 0.0060 3720.3000 & 1912.0390 0.5349 £ 0.1143  174300.0000 389462450 100.0% 66/301
Qlearning (p 202018 £ 0.0494 926930.5000 & 10533.7296  0.0%  0.0124 % 0.0065 4034.1000 & 2156.0668 1.0520 & 0.4108 331285.7143 + 130550.1702  70.0% 81/275
Qlearning (p 427226 % 00507 1399634.0000 £ 112493949 0.0%  0.0064 + 0.0032 21821000 + 1130.1038  nan = nan nan + nan 0.0% 48/90
Q-learning (p 370310 £ 0.0412 1214265.8000 + 7179.8250  0.0%  0.0149 % 0.0127 1900.4000  4066.7467 2.6810 = 0.3665 8812222222 = 1195505220 90.0% 32/102
Qlearning (p 352740 £ 0.0634 12122303000 £ 133645511 0.0%  0.0088 & 0.0052 2030.9000 + 1760.817 2.1078 & 0.8438 086571420 & 277170.1018  70.0% 11/166
Qlearing (p 448964 + 00547 1462640.9000 £ 157250141 0.0%  0.0069 + 00031 2415.4000 & 11319916  nan & nan nan & nan 0.0% 70/317
Qlearning (p 5.41920 £ 0.0774 17600624000 £ 12003.8286  0.0%  0.0074 % 0.0041 2355.2000 £ 1365.1223  man £ nan £ nan 0.0% 69/228
Q-learning (p 7.48892 £ 0.1016 25087778000 £ 250774317 0.0%  0.0062 & 0.0033 2158.8000 + 11618588 6.4169 & 0.5565 2151200.0000 1855320996  50.0% 18/581
Qlearning (p 737564 £ 0.0839 24621955000 + 302810138 0.0% 085 -+ 0.0082 2084.9000 + 2743.6969 42728 + 14063 1426800.0000  473715.9061  100.0% 13/96
Qlearning (p 810403 £ 0.1603 2700057.6000 £ 41207.9030  0.0%  0.0064 % 0.0023 2127.9000 + 8571851 nan = nan nan £ nan 0.0% a1/127
Q-learning (p 9.13370 £ 0.1305 30500095000 £ 31495.7806  0.0%  0.0067 % 0.0011 2185.0000 £ 1320.1192  nan £ nan nan £ nan 0.0% 53/323
Q-learning (p= 0.7, = 0.9) 1022223  0.1653 3415851.1000 + 369437384 0.0%  0.0093 £ 0.0057 3265.0000 £ 19347822  nan + nan nan £ nan 0.0% 85/351
Qlearning (p = 0.05,¢ = 1) 16.79910 £ 0.1905 57191511000 + 550579365 0.0%  0.0043 + 0.0021 1500.0000 + 521.7840 13.2550 £ 2.0974 4527000.0000 & 7243145035  40.0% 16/50
arning (p 16.70501 + 01752 56932112000 £ 51659.8073  0.0%  0.0060 & 0.0078 1971.9000  2369.6760 11.3164 + 43077 3812000.0000 = 1474000.0000  20.0% 10/81
Q-learning (p 16.81030 + 0.1995 5718518.9000 £ 50499.9419  0.0% 00038 % 0.0033 1854.1000 10140778  nan £ nan nan £ nan 0.0% 51/102
Qlearning (p 16.84281 + 02543 57206054000 £ 671413314 0.0%  0.0127 & 0.0117 4527.9000 + 4167.9568  nan £ nan nan £ nan 0.0% 61/275
Qlearning (p 16.70733 + 01561 5676013.0000 + 510464526 0.0% 00059 + 0.0042 1975.9000 & 1363.3594  nan & nan nan & nan 0.0% 10/211
Asyne Value Iteration 0.93243 £ 00116 1350328.0000 £ 0.0000  N/A N/A A N/A 12/75
Value lteration 138258 + 0.0123 _ 2013312.0000 £ 0.0000 __ N/A N/A N/A N/A N/A N/A 18/66
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Table 20. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.7 (Problem 11).

- Discover goal Discover goal Optimal Tnitial Optimal Tnitial Optimal Tnitial N
Algorithm (Problen 11) Run umpd #m.nnfd Convergence o e o o T ConaGo taciions {2 bthe;L/I.nngmt
(mean £ std) (mean £ std) (mean + std) (mean + std) (mean + std) (mean * std) al

1.85072 £ 0.0295 5T1158.4000 £ 1756.1736 0.0% 0.0075 = 0.0034 2390.2000 = 1008.7788  nan £ nan nan =+ nan 29/285

114824 & 0.0237 3364907000 £ 16796158 0.0%  0.0075 £ 0.0033 2350.9000  993.0394 0.9849 & 0.0242 3038000000 = T639.5717 31/41

02600.4000 + 3396.0761  0.0%  0.0069 % 0.0023 2246.9000 = T33.8597 0.3335 = 0.0200  104000.0000 + 91214034 20/42

176486.2000 £ 5260.8166 0.0% 0.0078 £ 0.0041 22: 000 £ 986.1301 0.2652 + 0.0907  81600.0000 + 65.8075 31/62

1723310000 = 5244.1676  0.0%  0.0081 & 0.0032 2443.5000 & 1067.0162 0.2965 = 0.1341 910000000 + 42092.7547 28/52

=0.25) L.87500 = 0.0236 590310.7000 + 2177.8359 0.0% 0.0095 £ 0.0053 3295.1000 = 2025.5409  nan £ nan nan £ nan 28/65

5) 124466 £ 0.0400 389756.7000 £ 17795030 0.0%  0.0091 + 0.0033 26043000 £ 919.2285 10451 + 0.0761 327000.0000 & 15385.4573 25/57

5) 050251 £ 0.0194 2526153000 £ 16265426 0.0%  0.0068 + 0.0034 2190.8000 £ 1120.2834 0.3748 £ 0.0392  119300.0000 + 12720.4560 20/118

0.78585 + 0.0135 249014.0000 £ 1344.5959 0.0% 0.0066 £ 0.0030 2190.0000 £ 799.4007 0.2369 £ 0.0311  75900.0000 £ 10520.9315 29/75

25) 088708 £ 0.0174 2756231000 £ 12771430 0.0%  0.0069 £ 0.0042 21728000 £ 1219.5270 02573 £ 01515  80100.0000 + 46601.3948 37/192

61.8000 £ 1047.6895  nan £ nan 29/122

) 2.03455 £ 0.0377  635294.6000 + 2854.5637  0.0%  0.0078 + 0.0031 2

146130 £ 0.0131  472283.0000 + 953.4786 0.0%  0.0099 % 0.0064 3090.8000 + 1844.6877 1.1263  0.0681 365800.0000 + 24770.1433
1.09836 £ 0.0206  354386.5000 + 18664678 0.0%  0.0087  0.0035 2771.8000 £ 1181.1545 0.3983 % 0.0440 130500.0000 £ 13522.2040
113065 £ 0.0174 3616345000 + 1266.2115  0.0%  0.0076 + 0.0041 2618.4000 £ 1386.6625 0.2841 = 0.0807  92900.0000 + 24320.5674
1.25506 + 0.0138 4043921000 + 20221663 0.0%  0.0064  0.0029 1990.8000 £ 1007.2874 0.2065 % 0.0271  67600.0000 & 9624.9675
0.75) 2.69296 = 0.0191 892406.4000 = 5942.4201  0.0%  0.0112 £ 0.0073 3719.5000 = 2462.0602 2.4583 + 0.1202 815444.4444 + 41131.5265

2.25037 & 0.0323  751469.6000 + 3122.7089  0.0%  0.0077 £ 0.0029 2562.0000 % 1019.4048 1.2703 + 0.1051  425400.0000 + 36540 100.0%

75) 2.03944 £ 0.0189 6791021000 + 4756.2187  0.0%  0.0140 % 0.0067 4856.2000  2354.3572 0.4792 £ 0.0430 100.0%
75) 217193 + 0.0318  715046.6000 + 6384.1643  0.0%  0.0007 + 0.0062 3138.9000 + 1924.8360 0.4323 + 0.1421 100.0%
5) 2.42936 + 0.0384 801925.5000 + 8217.3459  0.0%  0.0094 % 0.0053 3023.2000 + 1541.6154 0.4701 + 0.1764 100.0%

= 0.) 193538 + 0.0688 16639247000 + 192381992 0.0% 00065 + 0.0052 1999.6000 + 1381 8728 2.9590 + 0.1871 1000700.0000 + 61799.7573 100.0%
=01,e=09) 480960 =+ 0.0639 1626720.0000 % 21414.2769  0.0%  0.0060 £ 0.0050 2086.5000 % 16280246 1.5324 + 0.1175 520800.0000 = 40703.3168 100.0%
9) 486495 & 0.0493 1651366.2000 & 15328.2049  0.0%  0.0057  0.0036 1932.0000  1066.7638 0.6609  0.1607 228100.0000  57118.2108 100.0%
.9) 522074 % 0.1232 1750767.3000 £ 14806.5850  0.0%  0.0106 £ 0.0045 3021.4000 = 1571.2568 0.8291 = 0.3267 279900.0000 + 110134.8719 100.0%
=0.7,6=09) 565502 + 0.0808 1912059.2000 % 18695.1183  0.0%  0.0048 % 0.0029 1601.6000 = 1027.8246 2.2342  0.0000  759000.0000 = 0.0000 10.0%
1) 15.41285 + 0.0935 5318939.5000 + 38522.8975  0.0%  0.0071  0.0047 2445.2000 £ 1689.7547 6.1668 = 1.4009 2127100.0000 + 485526.4050  100.0%

1539910 + 0.1935 5310918.5000 + 614 4491 0.0%  0.0065  0.0060 2343.2000 + 2314.2856 s 1156000.0000 + 191039.2630  100.0%
15.47657 = 0.1605 5346496.6000 = 5 52 1.53 3700.0000 + 141861.9399 100.0%
15.47259 % 0.2803 5334627.2000 6480 3006 00%  0.0066 + 00032 21042000 + 1023.9160 5 0898 & 3.5793 1761285.7143 + 1225453.5853  70.0%

Qlearning

15.40955 & 0.1712 5329222.6000 £ 49331.8510  0.0%  0.0094 = 0.0073 3404.0000 + 26184177 nan £ nan nan + nan 0.0%
Asyne Value Iteration 0.39380 2 0.0078  582080.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 061098 + 0.0218  866272.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 29/41

Table 21. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.9 (Problem 11).

Algorithm (Problem 11) Run time #actions Convergence DM‘";’;‘Z goal D‘;:;\:I'ngo“l gﬁf:?&;‘;ﬁ‘: (‘22‘(‘”:‘?;::::1 Opm"_‘:lzg“:““l Shortest/Longest
(""’a" + std) (mean  std) mean + std) (mean = std) (mean + std) (mean + std) Convergence

Q-learning (p = 0.0220  402517.4000 + 1531.6856 0.0% 0.0063 £ 0.0020 1962.7000 + 609.9456 1.2686 + 0.0234  399500.0000 + 3278.7193 40.0% 25/622
Q-learning (p QTG £ 00D BADIZA00 S 0GSSID  00%  0.0056 £ 00013 17354000 £ B49.400 D537 £ 0070 J0M000N00 £ S6GS  10D0% 23/32
Qleamning (» 0.42620 £ 0.0100 1319235000 £ 12675736 0.0%  0.0053 % 0.0012 1692.2000 & 430.9220 0.2215 £ 0.0144 70100.0000 £ 34117444 100.0% 22/38
-learning (p 057307 + 00201 1157301000 + 31525928 0.0%  0.0039 & 0.0017 1795.7000 + 519.0761 0.1796 + 0.0522 54000.0000 + 1983.6523  90.0% 26/32
Qleaming (» 0.35158 £ 00103 109520.8000 £ 23474768 0.0%  0.0076 % 0.0061 1675.4000 & 436.1360 0.1504 £ 0.0886 49800.0000 + 271285827 100.0% 22/31
4218692000 + 10678552 0.0%  0.0072 £ 0.0021 2341.6000 + 6019774 13034 + 0.0097 4180000000 + 43011626 40.0% 23/20
2732119000 + T47.9059  0.0%  0.0060 £ 0.0037 1993.6000 + 949.0605 0.6631 + 0.0242 213500.0000 + 85182155 100.0% 23/30
168343.1000 + 603.8706 0.0% 0.0065 £ 0.0023 1990.0000 + 605.5198 0.2346 + 0.0223  76400.0000 + 6843.9755 100.0% 22/33
150304.9000 £ 7993068 0.0%  0.0045 + 0.0018 1637.8000 % 4944348 0.1720 & 0.0333 55300.0000 & 103445635 100.0% 23/30
0.48917 £ 0.0140  153594.8000 + 1154.1807 0.0% 0.0065 £ 0.0008 0.1570 £ 0.0340  49100.0000 £ 10074.2245 100.0% 23/161
143533 £ 0.0133 4729313000 £ 13864713 0.0%  0.0080 £ 0.0028 2720.3000 + 8952796 13476 + 0.0289 443600.0000 & 85791892 100.0% /29

1.02841 =+ 0.0123 7065.6000 + 816.3183 0.0%  0.0088 + 0.0023 3 0.6871 + 0.0226  226000.0000 + 5692.0998 100.0%
3 5)  0.74511 £ 00119 242345.7000 + 950.0345 0.0%  0.0082 + 0.0024 0.2627 4 0.0294  85800.0000 + 7547.1849 100.0%
Q-learning (p = 0.5, = 0.5)  0.68277 + 0.0106  224632.0000 + 818.2979 0.0%  0.0076  0.0025 2580.5000 £ 770.9068 0.1686 £ 0.0207  56000.0000 % 7183.3140 100.0%

Q-learning (p 5)  0.69505 + 0.0094 2277325000 + 13974116 0.0%  0.0064 4 0.0017 2167.3000 + 607.9712 0.1483 + 0.0341  49300.0000 + 10952.2584 100.0%

Q-learning (p 75) 193422 + 0.0228  634523.0000 + 23641268 0.0%  0.0099 % 0.0044 3357.4000 + 1379.9961 1.5492 + 0.0578 524500.0000 =+ 13843.7712 100.0%
Q-learning (p = 0.1,€ = 0.75)  1.63222 + 0.0211  549482.2000 + 2786.6671 0.0%  0.0081  0.0021 2814.4000 £ 908.8171 0.7917 £ 0.0435 268300.0000 + 13520.7245 100.0%
Q-learning (p = 0.4 1.42428 + 0.0276  476723.7000 + 3385.8093  0.0%  0.0080 + 0.0045 2788.3000 + 1691.7654 0.2968 =+ 0.0298 102700.0000 + 9839.2073 100.0%
Q-learning (p 1.38091 & 0.0135  465512.0000 % 3544.0541 0.0%  0.0079 4 0.0020 2541.1000 & 597.5407 0.2098 £ 0.0215  70100.0000 + 6122.9078 100.0%

141781 £ 0.0196  475307.6000 + 2213.8200  0.0%  0.0082 + 0.0037 2767.1000 + 949.0730 0.1819 + 0.0238  59700.0000 + 7823.6820 100.0%
0.9) 3.70833 + 0.0695 1272329.3000 + 8113.6820  0.0%  0.0083 % 0.0059 2779.2000  1605.7997 1.9743 + 0.1360 681400.0000 + 51734.3213 100.0%
3.50731 + 0.0593 1233127.9000 + 14698.8456  0.0%  0.0071 % 0.0050 2438.2000 + 1678.0681 0.9816 + 0.0597 339900.0000 % 19206.5093 100.0%
3.50814 4+ 0.0535 1210221.3000 + 10184.3410  0.0%  0.0059 & 0.0023 2050.8000 + 907.8454 0.3729 + 0.0360 130100.0000 -+ 12397.1771 100.0%
Q-learning (p 3.53071 & 0. 12187521000 + 11656.3795  0.0%  0.0083 % 0.0054 2860.3000 + 2156.4909 0.2771 % 0.0399  95800.0000 + 14743.1340 100.0%
Q-learning (p 9) 359111 4 0.0557 1236672.1000 + 9247.5373  0.0%  0.0065 + 0.0052 2305.2000 + 1751.9880 0.2315 & 0.0515 80700.0000 + 17675.1238 100.0%
Q-learning (p = 0.05, 14.25785 % 0.1472 4990352.9000 & 319127481 0.0%  0.0049 % 0.0041 1902.8000 & 1634.7228 3.5919 £ 0.3768 1260400.0000 + 122172.1736  100.0%
. 3757 - 0.1038 4960982.4000 + 33989.723 0.0%  0.0055 + 0.0048 1922.8000 4 1818.9051 1.8594 £ 0.3989 656800.0000 + 138768.7285  100.0%
14.24336 + 0.1430 5003448.1000 & 36205.8142  0.0%  0.0053 + 0.0034 1959.2000 % 1138.7284 0.6274 £ 0.1134 224100.0000 % 40515.3057 100.0%
Q-learning (p ) 1417406 = 0.1845 4979801.0000 + 44084.7961  0.0%  0.0079 & 0.0083 2509.2000 £ 2684.7604 0.4008 + 0.0904 142000.0000 = 30106.4777 100.0%
Q-learning (p=0.7,e =1) 1428713 & 0.2073 4996836.4000 £ 53793.4112  0.0%  0.0066 % 0.0072 2100.7000 + 1831.7205 0.3475 + 0.0412 123600.0000 % 14242.1908 100.0%
Async Value Iteration 0.19530 £ 0.0071  291040.0000 % 0.0000 N/A N/A N/A N/A N/A
Value Iteration 0.27897 4 0.0099  410880.0000  0.0000 N/A N/A N/A N/A N/A

Q-learning (p
Qlearning (p
Q-learning (p = 0.3,

Table 22. Performance of DP methods and Q-learning as we change the learning rate
p across Problems 1, 10, 11 with v = 0.5 and e-decay.

Discover goal Discover goal Optimal Tuitial Optimal Tuitial  Optimal Tmital
Problem Aj“f’s"s’“ (mf:n"'f“: " (“r::‘i’:: 9 Convergence time Cost2Go Time Cost2Go #actions Cost2Go 1" ";,'/ Longest
B - ° (mean + std) (mean + (mw. + std) (mean + std Convergence

T Problem 1 Qlearning (p = 0. T o) J205E1 & ORI OTSUTS 5000 £ TIESU5355 007 0 004 TS0 1000 & TH6B T 00000 04000.0000  0.0000 10.0% 50/128
carni . e-decay) 4. om0 L D06L> LA & SATEADL  OO% 00060 £ 00070 1h1-4000 & 16TATI00 57003 L 00D TIAITULONG 4 b0 10K 67/220

Qilearning (p = 0.7, e-decay) 479570 & 0.0414_1436071.8000 + 10869.0424 _ 0.0% 00063 = 0.0049 21514000 & 1639.6012 44272 £ 0.0812 13311111111 & 256534357 90.0% 78/221
Broblem 0 Qleamming (7 =01 dec) 5 E 0079 239279.9000 = 84327000 0.0%  0.1930 £ 0.1375 GO781.8000 & 43576.0453 5.2652 & 0.1506 2470200.0000 & 504693967 100.0% 126/239
loamin (= 0.5 cdecay) 1073571 = 01061 SISSSA0S000 & ITT03.0743 0.0 01806 = 01667 01559000 & 00,6374 02165 = 01096 27628000000 = 0541463 10005% 210/309
7. c-decay) 12.64540 & 0.1723 3608278.3000 £ 22097.6596 __ 0.0% __0.2308 + 0.1973 70310.9000 + 59964.0370 111641 + 0.2273 32854444444 + 37706.7961 __ 90.0% 231/686

T, edecay) 3. F1158 % 0To7 T0RTED: 7000 5 ITIZISIIS — O.0% 00IZ3 S DO0OT SETLON & H0SLI663 20662 & 01796 ETGO00NN0 & 47417 T000% 11752

5. cdecay) 4 6 13006 0.0%  0.0070 + 0.0055 1880.8000 + 36388 + 0.1191 1080200.0000  33960.9868  100.0% 17/162

) 5.

Qearning (5 - 0.7, ey 0.0% __0.0101 + 0.0100_3000.6000 + 2657 m 44489 £ 0.1049_1316400.0000 +

9127.9931  100.0% 69/260
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Table 23. Performance of DP methods and Q-learning as we change the learning rate
p across Problems 1, 10, 11 with v = 0.7 and e-decay.

Discover goal Discover goal  Optimal Initial _ Optimal Tmitial _ Optimal Tnitial g
Problem Algorithm Rustime Hactions Convergence ne Cost2Go Time  Cost2Go actions Cost2Go  Snortest/Longest
7 (mean £ std) (mean £ std) + std) (mean = std) (mean + std) Convergence P
T Droblem T Q-learming (5 = 0.1, e-decay) 2.16270 & 0.0110 G58536.1000 £ 5050608 0.0% 716601 21215 % 0.0518 6171000000 & 167405701 50.0% 36752
Qlearning (p = 0.5, e-docay) 6 7143693000 £ 10360.6553  0.0% 0.0016 16648000 = 1350.9136 2.2245 & 0.0736 682100.0000 & 15007.9979  100.0% 13/
Qlearning ( e-dec TT9184.0000 + 9704 0.0% 0.0030_2668.1000 £ 1413.2517 8 7161000000 + 128565150 100.0% 10/964
T Problem 10 Q-learning ( TTI0023.6000 & 1232.0373  0.0% 00666 & 0.0791 207 g 5121005 10.0% T0/117
Qilearning ( 1800869000 = 19252.7588  0.0% 01410 + 01016 44964 56 5.2121 £ 0.2007 1500800.0000 & 451867202 100.0% 106/221
Qlearning ( 2080745.9000 £ 11179.6210__ 0.0% __0.1271 & 0.0869 38203,5000 & 25260.4927 5,6864 + 02002 1720100.0000 & 52605.0378 __100.0% 143/252
F¥Problem 11 Q-learning 96267 3000 90235 0.0%  0.0085 £ 0.0001 1970.5000 & 1376.0071 17137 & 0.0021 525600.0000 & 07372.2057  T00.0% /52
-learning ( TAGIB08000 £ 159524150 0.0%  0.0069 = 0.0062 2160.8000 £ 16815450 12700 + 0.4061 387800.0000 1214897527 100.0% 34/60
Qrlearning ( 8306115000 £ 122814056 0.0% __0.0101 £ 0.0097_2863.2000 & 3077.0052 1.9816  0.3205 583300.0000 & 882213693 100.0% 35/195

Table 24. Performance of DP methods and Q-learning as we change the learning rate
p across Problems 1, 10, 11 with v = 0.9 and e-decay.

- Discover goal Discover goal Optimal Tnitial Optimal Tnitial Optimal Tuitial
Problem e P (e Convergence time #actions Cost2Go Time  Cost2Go #actions ont2Go  Shertest/Longest
R - ° (mean = std) (mean = std) (mean + std] (mean = std) Convergence

3 Problem 1_Q-learning
-learning

) 166952 & 0.0151 508233.7000 % G 32 00%  0.0067 £ 0.0072 1956.8000 & 23268522 1.5912 & 0.0565 188800.0000 & 1119208  50.0% 28712
) 166440 £ 0.0528 515043.7000 & 11570.6701  0.0%  0.0061 = 0.0057 2005.3000 + 1886.0563 1.6242 % 0.0713 506000.0000 % 198695747 50.0% 29/37
)
)

1.69820 4+ 00224 524086.2000 70623417 0.0%  0.0076  0.0045 2102.8000 £ 1467.6715 1.5281 & 0.1464_475000.0000 & 43000.0000  100.0% 20/169
TA5155 & 0.1871 1352600.6000 + 121887071 0.0%  0.0920 % 0.0452 204615000 + 11158 1076 1.0246 & 0.3538 12275000000 + 696552223 100.0% 71783
53 + 0.1357 13398021000 + 8836.6308  0.0%  0.1460 £ 0.0860 45129.2000 + 26601.8713 2.8682 + 0.9407 868800.0000 & 278771.5193  100.0% 73/267

3¥Problem 10 Q-learning
Qlearning (p

Qulearning (p = 0.7, e-decay) 4.80031 + 0.2351 1404558.4000 £ 16347.0547 _ 0.0% 01500 & 0.0824 486801000 255189627 3.6637  0.4287 1080400.0000 + 98097.0948 __ 100.0% 91/176

37 Problem 11 Q-learning (p = 0.1, -decay) L7115 & 0.0320 5277985000 = 53311851 0.0% __ 0.0109 = 0.0088 3620.6000 = 2017.5036 1.1850 £ 0.0716 3698000000 & 20183.1613 __ 100.0% 2228
-learning (p = 0.5, e-decay) 172270  0.0276 5296845000 + 7678.3650  0.0%  0.0054 + 0.0055 16919000 = 1648.9380 0.4502 + 0.0760 144000.0000 4 22834.1849  100.0% 22/36

Qlearning (p = 0.7, e-decay) 1.80766 + 0.0332_549734.0000 + 9597.4643 __ 0.0% __0.0054 = 0.0031 _1609.6000 & 598.9969 _0.3502 & 0.0692 111800.0000  22964.3202 __ 100.0% 22/261

Table 25. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.5 (Problem 8).

Algorithm (Problem 8) Run time #actions Discover goal - Discover goal  Optimal Tnitial — _Optimal Initial — Optimal Initial g, 1\ oy /1 o gest,
sy (mean & std) (a4 std) Convergence time #actions  Cost2Go Time  Cost2Go #actions Cost2Go o
(mean + std)  (mean + std) _ (mean + std) (mean + std) Convergence

Q-learning (p 0.13995 £ 0.0056  44668.1000 £ 954.4866 0.0% 0.0010 £ 0.0000 60.2000 + 24.3343 0. 1 4 0.0107 12000.0000 £ 363 100.0% 7/36
Q-learning (p 0.17486 + 0.0069  5608¢ 00 + 461.1481 0.0% 0.0010 £ 0.0000 71.0000 + 4 66 0. 9 + 0.0166 11800.0000 + 5741.0800 100.0% 6/21
Q-learning (p = 0.1, 0.22090 £ 0.0060  74276.3000 + 451.3032 0.0% nan + nan  60.9000 % 45.1762 0.0318 =+ 0.0132 10800.0000 £ 4686.1498 100.0% 8/21

0.1, 0.31864 % 0.0099 107960.5000 = 1346.5570  0.0%  0.0011 % 0.0001 58.3000 % 57.5379 0.0471 % 0.0234 16100.0000 £ 75425460  100.0% 8/40

0.1, 0.41847 & 0.0080 144128.9000 = 1953.6720  0.0%  0.0010 % 0.0000 69.9000 % 37.6708 0.0474 % 0.0300 16300.0000 = 9808.6696  100.0%

Qlearning (p = 0.1,
Qlearning (p = 7oy
Q-learning (p = -
Qulearning (p =
Qlearning (p
Qlearning (p =

-learning (p = =" e=1
g (P

e

0.53000 £ 0.0215 181779.4000 = 1735.9936  0.0%  0.0010 % 0.0000 72.5000 + 30.3883 0.0548 + 0.0155 19000.0000 + 5549.7748  100.0%
0.14912 £ 0.0099  43173.7000 % 579.2008 0.0%  0.0010 % 0.0000 70.7000 + 31.8467 0.0861 + 0.0151 24857.1429 + 5890.1509 70.0%
] ) 017867 + 0.0057  52892.4000 + 679.6827 0.0%  0.0010 % 0.0000 71.1000 + 53.0367 0.1180 + 0.0425 34400.0000 £ 12354.7562  50.0%
a7 e=0.5) 022891 4 0.0133 69617.6000 + 30011876 10.0%  0.0010 & 0.0000 89.0000 + 42,3416 0.1179 & 0.0322 36666.6667 + 108115165 60.0%

€=0.75) 0.33659 + 0.0047 104463.0000 £ 1254.3633  0.0%  0.0013 - 0.0005 94.2000 + 50.7756 0.1568 & 0.0468 483333333 + 14200.6341  60.0%
7 ¢=09) 042532 4 0.0468 133795.0000 + 16046.5053  20.0%  0.0010 & 0.0000 80.4000 & 50.3013 0.2706 & 0.0882 84875.0000 + 273424464 80.0%
i 0.0%  0.0010 # 0.0000 44.0000 + 22.7420 0.3087 + 0.0925 98500.0000 + 28860.2957  60.0%

©1)

h
e

Table 26. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.7 (Problem 8).

Algorithm (Problem 8) Run time Hactions Convergence D‘S“""“':‘;"'“' D‘:::;i‘“‘ 2:::2‘2;1;“':: q‘:;‘;,“::;‘:‘;th o"z‘f:j;{‘(‘f‘al Shortest/Longest
=0.7) (mean % std) (mean =+ std) 8 > tions 05 i~ s S Pa

(mean + std)  (mean  std)  (mean  std) (mean £ std) Convergence

0.0%  0.0010 & 0.0000 55.1000 & 10.0941 0.0163 = 0.0089 5200.0000 2 5 100.0% G/11
0.0% nan £ nan 544000 % 17.3966 0.0167 & 0.0029 100.0% 717
Q-learning (p = 0.1, ¢ = 0.5) 014780 & 0.0060 48376.7000 -+ 404.5768 0.0%  0.0010 = 0.0000 77.5000 £ 36.2939 0.0250  0.0260 8400.0000 = 8357.0330  100.0% 6/12
Q-learning (p = 0.1,¢ = 0.75) 0.22654 4 0.0099 76800.8000 + 716.2207  0.0%  0.0014 £ 0.0005 82.0000 + 45.4026 0.0261 =+ 0.0201 8900.0000 + 6315.8531 100.0% 6/12
Q-learning (p 0.9) 2994 £ 0.0105 113612.1000 + 1430.1 0.0%  0.0010 = 0.0000 20.8000 + 14.6820 0.0237 + 0.0070 8000.0000 + 2607.6810  100.0% 6/11
-learning 7 21162 7 o 4 32.7275 0.0 2 55.07 o
learni 1 046176 % 0.0121 1625428000 + 1633.1799  0.0%  0.0010 £ 0.0000 43.9000  32.7275 0.0309 % 0.0200 10900.0000 + 6655.0733  100.0% 6/13
Qlearning (p = " €= 0)  0.00052 £ 0.0108 24763.2000 & 20911724 20.0%  0.0010 % 0.0000 54.4000 £ 15.1142 0.0280 & 0.0176 7800.0000 4 4770.7442  100.0% 6/15
Qlearning (p = =257, € = 0.25) 0.09668 + 0.0242 28498.0000 + 6484.9181  60.0%  0.0010 & 0.0000 62.4000 + 15.3571 0.0242 % 0.0090 7000.0000 + 2607.6810  100.0% /17
Qlearning (p = i 7 e = 0.5) 012390 £ 0.0372 36596.0000 + 9908.6227  60.0%  0.0010 % 0.0000 64.5000 + 23.4659 0.0254 % 0.0073 7400.0000 + 2244.9944  100.0% 6/15
Qulearning (p = =7 ¢ = 0.75) 0.12229 + 0.0471 38215.6000 + 146062351 100.0%  0.0012 + 0.0000 53.3000 + 18.9581 0.0362 + 0.0181 11400.0000 + 5642.6944  100.0% 6/14
Qlearning (p = i 7 0.9) 0.22085 % 0.0954 69579.4000 + 29671.2468  90.0%  0.0010 =% 0.0000 62.9000 + 36.2642 0.0435 + 0.0146 13800.0000 + 4955.8047  100.0% 6/11
Qilearning (p= 77 e = 1) 0.31037 + 01316 99554.0000 + 413512545 80.0% _ 0.0009  0.0000 41.7000 + 27.8138 0.0644  0.0255 20900.0000 + 9027.1812  100.0% 6/12

Table 27. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.9 (Problem 8).

Algorithm (Problem 8) Run time factions Discover goal  Discover goal  Optimal Taitial —Optimal Taitial — Optimal Tatial g 00
r=09) (moon & std) (an £ std) Convergence  time tions Sost2Go Time  Cost2Go #actions Cost2Go o
7= mean £ std mean & s (mean + std)  (mean % std)  (mean = std (mean + std) Convergence
Qifearning (p = 0L.c = 0) 006127 £ 0.0056  18524.3000 & 51.7660 0.0%  0.0010 £ 0.0000 48.2000 = 5.9967 0.0135 % 0.0053 41000000 £ 1757.8396  100.0% /8
Qulearning (p = 0.1,¢ = 0.25) 0.08170 + 0.0057 24880.8000 + 140.5125  0.0%  0.0010 % 0.0001 54.8000  11.6944 0.0119 = 0.0039 3700.0000 £ 1268.8578  100.0% 6/8
Qlearning (p = 0.1,¢ = 0.5) 0.11746 + 0.0055 7780 10.0%  0.0010 % 0.0000 55.7000  13.4242 0.0117 = 0.0072 3500.0000  1802.7756  100.0% 6/9
Q-learning (p = 0.1. 0.75) 0.15690 = 0.0: 5 2.3169 20.0% 0.0010 % 0.0000 59.2000 + 24. 1 0.0108 = 0.00: 600.0000 £ 1200.0000 100.0% 6/8
3116 + 0.0650 79250.4000 + 21104.3816 50.0% 0.0010 = 0.0000 60.8000 + 44.8415 0.0149 + 0.0042 5000.0000 + 1483.2397 100.0% 6/8

Q-learning (p = 0.1, = 0.9) 0.
0. 1

Q-learning (s . 0.35310 & 0.1183 118078.8000 + 40758.0824  40.0% nan £ nan 377000 + 28.8134 0.0140 & 0.0057 4500.0000 + 1746.4249  100.0% 6/9
Qulearning (p = =57, ) 0.06102 £ 0.0045  17667.7000 + 229.2322 10.0%  0.0012 + 0.0001 46.6000 + 4.5431 0.0058 + 0.0026 1800.0000 + 979.7959  100.0% 6/9
Q-learning (p T 0.25) 0.03769 + 0.0187 113 00 + 2880 90.0%  0.0010 £ 0.0000 53.6000 + 8.9800 0.0072 + 0.0032 2000.0000 + 8944272 100.0% 6/9
Q-learning (p =0.5) 0.03590 £ 0.0181 10505.7000 £ 5005.2690  100.0%  0.0010  0.0000 60.4000 = 14.4305 0.0128 % 0.0056 3800.0000 + 1400.0000  100.0% 6/8

= 0.75) 0.04336  0.0375 14210.7000 + 13020.7 100.0%  0.0010 £ 0.0000 39.8000 % 19.9690 0.0110 % 0.0020 3400.0000 + 6633250  100.0% 6/9
=0.9) 0.04518 £ 0.0210 14327.6000 + 6430.9359  100.0%  0.0010 £ 0.0000 66.2000 = 47.9183 0.0147 % 0.0069 4600.0000 + 2200.0000  100.0% 6/8

1) 0.06014 + 0.0207 18629.8000 - 6211.6859  100.0%  0.0009 + 0.0001 47.3000 + 39.1077 0.0167 = 0.0099 5300.0000 -+ 3067.5 100.0% 6/8

Qlearning (p
Q-learning (p = ﬁ\" n

; Y on
Qilearning (p = 75",
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Table 28. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.5 (Problem 16).

Algorithm (Problem 16) Run time #actions o Discover gosl  Discover goal - Optimal ‘;'““l (,O_"f““al Jnitisl — Optimal é‘f‘““' Shortest/Longest
=0 (mean + std) (mean + std) Jonvergence time #actions  Cost2Go Time ‘ost2Go #actions $t2Go Puth
(mean + std)  (mean + std)  (mean + std) (mean =+ std Convergence

Q-learning (p = 0.1,¢ = 0) 012082 & 0.0100 41389.8000 + 41588117 10.0% 00010 & 00000 39,2000 & 20.4929 0.0482 £ 0.0255 16375.0000 & 81843606 80.0% /15
Q-learning (p = 0.1 015886 & 0.0042 53968.8000 £ 6202851 0.0%  0.0010 % 0.0000 59.3000 % 43.9342 0.0585 + 0.0469 19600.0000 % 15344.0542  100.0% 5/33
Q-learning (p = 0.1, 018802 % 0.0049 65456.1000 £ 7204785 0.0% nan £ nan 31,9000 + 19.5164 0.0498 & 00374 17300.0000 + 13183.7021  100.0% 5/24
Q-learning (p = 0.1, = 0.75) 202 + 0.0066 81139.0000 £ 1646.8644  0.0%  0.0010 + 0.0000 28.6000 + 12.8390 0.0478 & 0.0484 16900.0000 + 17397.9884  100.0% 10/56
Q-learning 0.26826 + 0.0107 94253.2000 + 1388.8168  0.0% nan £ nan  50.2000 + 55.3711 0.0349 & 0.0296 12100.0000 + 10348.4298  100.0% 5/29
Q-learning 020285 + 0.0062 104646.4000 £ 2076.6652  0.0%  0.0011 % 0.0001 30.6000 + 15.9762 0.0648 + 0.0501 23100.0000 + 17026.1563  100.0% /28
Q-learning 012767 4 0.0217 38422.6000 + 6241.5515  30.0%  0.0010 % 0.0000 48.8000 % 37.8042 0.0885 + 0.0245 27000.0000 + 74833148 60.0% 5/36
Qlearning (p = 5" ¢ = 0.25) 0.13465 + 0.0287 42266.5000 + 9628.2204  50.0% nan £ nan 265000 £ 8.8798 0.0957 4 0.0302 297142857 & 9779.1949  70.0% 5/28
Q-learning (p 0.5) 0.19607 + 0.0106 61402.8000 + 3189.0828  10.0% nan £ nan 28,1000 + 14.8624 0.1384 & 00486 43750.0000 + 15554.3402  80.0% 5/51
Qlearning (p = = 0.75) 0.21758 + 0.0316 000 £ 10517.6685  50.0%  0.0010 % 0.0000 44.2000 % 31.1634 0.1212  0.0389 39000.0000 & 12247.4487  70.0% 5/17
Q-learning Je=0.9) 0.25670 + 0.0721 807318000 + 22291.8848  30.0% nan £ nan - 35.3000 + 35.6147 0.1261 & 0.0868 38571.4286 + 23993.1963  70.0% /19
Q-learning (p = je=1)  0.27503 + 0.0483 90120.6000 £ 14557.5210  70.0% _ 0.0010 & 0.0000 20.5000 & 21.7083 0.1364  0.0440 44500.0000 + 150016666 100.0% 5/22

Table 29. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.7 (Problem 16).

Algorithm (Problem 16) Run time #actions Discover goal - Discover goal  Optimal Inftial  Optimal Initial — Optimal Initial gy 1y ¢ 1 o1gegt
(mean + o) (mean + a1) Convergence time #actions  Cost2Go Time  Cost2Go #actions  Cost2Go P
(mean + std)  (mean + std) _(mean = std) (mean £ std) Convergence

Qlearning 0.06361 + 0.0184 198184000 + 5344.0573  20.0% nan & nan 26.6000 & 10,6414 0.0147 & 0.0152 45000000 + 5835.2378  100.0% 5/13
Qlearning (p 0.08052 + 0.0034 27563.9000 = 2819179 0.0%  0.0010 % 0.0000 32.8000  24.5226 0.0162 + 0.0105 5600.0000 + 3411.7444  100.0% 5/18
0.10427 £ 0.0084 36515.4000 + 2238 10.0%  0.0010 £ 0.0000 26.3000 £ 13.4911 0.0242  0.0080 82000000 + 2712.9320  100.0% 5/21

Q-learning 0. 10 £ 0.0062 53967.9000 + 10.0% 0.0010 % 0.0000 22.9000 £ 19.0916 0.0202 + 0.0185 6300.0000 + 6209.6699 100.0% 5/13
Qlearning 0.20158 £ 0.0093 71726.7000 & 8¢ 0.0%  0.0010 + 0.0000 25.6000 & 11.9348 0.0208 4 0.0134 7400.0000 & 4800.0000  100.0% 5/16
Qlearning 0.24490 + 0.0097 §7916.0000 + 1119.1048  0.0%  0.0010 & 0.0000 21.8000 - 11.2854 0.0143 + 0.0083 50000000 + 3033.1502  100.0% 5/10
Q-learning 0.02469 + 0.0162 7103.7000 = 4949.0689  100.0%  0.0010 % 0.0000 25.9000  18.4578 0.0009 + 0.0063 2800.0000 + 1536.2201  100.0% 5/13

Q-learning. 0.25) 0.02524 + 0.0117 7805.6000 + 3735.9932  100.0%  0.0010 % 0.0000 23.6000 + 8.3570 0.0068 + 0.0031 2000.0000 + 894.4272  100.0%
5) 0.02912 £ 0.0077 9208.7000 & 24785133 100.0%  0.0008 + 0.0002 23.9000 =+ 8.0554 0.0153 + 0.0100 4800.0000 4 3249.6154  100.0%
75) 0.04472 % 0.0277 14314.8000 + 8905.4751  100.0%  0.0010 + 0.0000 34.6000 + 29.5845 0.0170 + 0.0066 5400.0000 + 2059.1260  100.0%
19) 0.04224 £ 0.0271 13520.0000 + 93187356 100.0%  0.0010 % 0.0000 24.4000 =+ 19.0536 0.0223 + 0.0210 7200.0000 + 7263.6079  100.0%
) 0.04713 + 0.0323 15417.2000 4 10797.2421  100.0%  0.0010 = 0.0000 31.3000 + 28.4817 0.0126 =+ 0.0060 4000.0000 + 2190.8902  100.0%

Qlearning
Qlearning
Qlearning

Q-learning

Table 30. Performance of DP methods and Q-learning as we change the learning rate
p in stochastic problem with v = 0.9 (Problem 16).

Algorithm (Peoblem 15) P oo Discover goal  Discover gonl _ Optimal Iutal — Optimal Tl Optimal Il g0
a " " Convergence  time #actions  Cost2Go Time  Cost2Go #actions St2Go N
(mean £ std) (mean £ std) (mean + std)  (mean + std) (mean = std) (mean ¥ std) Convergence ath
Qrlearning 0.02621 £ 0.0180 S753.1000 £ G058.6037  50.0%  nam £ nan 160000 £ 19590 0.0035 £ 0.0013 1300.0000 = 1582576 100.0%
Q-learning 0.03005 = 0.0181 10329.0000 + 6478.4042 70.0% nan + nan  22.8000 £ 11. 4 0.0060 £ 0.0043 2100.0000 £ 1577.9734 100.0%
Q-learning (p 0.03391 + 0.0151 11905.3000 + 5261.5667  100.0%  0.0010 4 0.0000 17.1000 & 4.4822 0.0073 & 0.0057 2600.0000 + 2107.1308  100.0%
Q-learning 0.04512 + 0.0313 15109.6000 + 10382.5197  100.0%  nan +nan 177000 & 8.9560 0.0084 & 0.0057 2800.0000 + 1886.7962  100.0%

0.04857 + 0.0329 18009.6000 + 12123.9792  100.0%  0.0010 = 0.0000 20.3000 =+ 10.2864 0.0058 =+ 0.0028 2100.0000 + 1044.0307  100.0%
0.04663 + 0.0486 16819.9000 + 17603.7841  100.0%  0.0007 % 0.0003 25.0000 % 18.4120 0.0111 = 0.0077 3700.0000 + 22825424 100.0%
0.00990  0.0054 3102.0000 £ 1758.0113  100.0%  0.0011 % 0.0000 17.3000  8.0131 0.0056 + 0.0025 1700.0000 £ 781.0250  100.0%

5) 0.00769 + 0.0041 000 + 1165.3702  100.0% nan £ nan  20.6000 + 7.3103 0.0046 £ 0.0016 1300.0000 + 458.2576  100.0%

.5) 0.00522 £ 0.0028  1603.4000 + 800.9541  100.0%  0.0010 + 0.0000 19.3000 + 6.9289 0.0044 + 0.0025 1300.0000 + 640.3124  100.0%

75) 0.00918 + 0.0044 2808.2000 + 1323.9158  100.0% nan £ nan 20,5000 + 10.0722 0.0064 £ 0.0021 2000.0000 + 894.4272  100.0%

. 19) 0.01082 + 0.0053 3519.4000 + 1687.8762  100.0%  0.0010 + 0.0000 39.8000 + 28.1169 0.0083 + 0.0062 2700.0000 + 1951.9221  100.0%

1507 c=1)  0.01248 £ 0.0133 3919.2000 & 41093820 100.0% nan + nan 18,5000 £ 11.5866 0.0052  0.0022 1700.0000 + 640.3124  100.0%

ke

Table 31. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 0). Two versions of value iteration are also
appended for contrast

Nt Cooon ) Tt Fos e e i O o i S Lo
(v =099 (mean st (mean & st (mean = std) (mean = std) (mean = std) (mean = std)
20375 £ 00132 S4080.0000 £ 15168431 0.0%  0.0057 £ 0.0013 7 0.1255 £ 0.0115 36400.0000 & 30066593 100.0% 15720
0.26636 £ 0.0149  79924.8000 £+ 2140.9895 0.0% 0.0065 + 0.0018 . .0742 0.1033 £ 0.0160  30250.0000 + 4264.6805 80.0% 18/114
027654 + 00171 80032.2000 & 303531505 0.0%  0.0061 £ 0.0009 18553000 + 1643211 0.0892 £ 0.0326 26500.0000 + 153948043 50.0% 18/23
27131 £ 0.0086  81149.9000 £ 2000.3920 0.0% 0.0056 £ 0.0011 1722 4000 £ 188.7470 0.2524 + 0.0000 76000.0000 £ 0.0000 10.0% 18/24

0.

0.36719 4+ 0.0107  111279.2000 + 292.4270 0.0%  0.0109 + 0.0014
0.34508 + 0.0084  102965.2000 + 626.5941 0.0%  0.0092 + 0.0010 2
0.32791 + 0.0084  99398.8000 + 820.5098 0.0%  0.0085 + 0.0011 2554.2000 - 161.4861 0.1068 -+ 0.0389 32800.0000 + 12335.3152 100.0% 18/21

301260 + 0.0040
0.1028 % 0.0103

Q-learning (,, =
Q-learning (p
Q-learning (p

78000000 + 748.3315 100.0% 18/20
31200.0000 + 3370.4509 100.0% 18/21

Qlcarning (p = 0.09, ¢ = 0.25) 032642 + 00084  99296.9000 + 850.8602 0.0%  0.0083 £ 0.0009 2534.2000 £ 2284088 0.2041 £ 0.0803 63666.6667 + 24870.7771 60.0% 18/20
Q-learning (p 52335 £ 0.0127 1639610000 - 616.8108 0.0%  0.0119 + 0.0015 3636.8000 - 338.8064 0.1414 - 0.0087  44600.0000 + 3527.0381 100.0% 18/20
Q-learning (p 0.51433 + 0.0258  155895.7000 + 828.0388 0.0%  0.0121 + 0.0020 3510.1000 £ 294.2127 0.1107 £ 0.0083  33800.0000 % 1400.0000 100.0% 18/20

4 0.0%  0.0120 + 0.0028 3323.0000 - 342.3609 0.1198 - 0.0408  36700.0000 = 12329.2336 100.0% 18/20

Q-learning (p =0, q €= n ) 048894 4 0.0179  151876.9000 = 636
Q-learning (p =099, 048487 + 0.0111 1524452000 + 1059.5956  0.0%  0.0110 & 0.0017 3386.7000 + 394.3341 0.2083  0.0834  64000.0000 4 242:
Q-learning (p 3280 79 0.1716 % 0.0108

6.9258 70.0% 18/23
0.0000 + 3407.3150 100.0% 18/20

4000 £ 2109.0571 0.0%  0.0139 + 0.0030 4274.7000 + 83

Q-learning (p = 0 76 =0, 095165+ 0.0142 3231251000 + 33024849 0.0%  0.0126 + 0.0024 4013.7000 + 820.6018 01385 + 0.0151 470000000 + 1598.97 100.0% 18/20
0.97377 4 0.0141 3249724000 + 2668.7384  0.0%  0.0109 & 0.0033 3852.1000 - 1009.1040 0.1309 + 0.0300 44100.0000 + 10270.8325 100.0% 18/19
1.02503 £ 0.0235  340748.4000 4 3016.0495  0.0%  0.0111  0.0040 3589.9000 4 1256.2723 0.6227 + 0.2873 207714.2857 + 94152.9368 70.0% 18/20
2.53626 + 0.0693  864966.5000 £ 7960.5387  0.0%  0.0112 & 0.0049 3411.1000 + 1898.8123 0.2336 + 0.0217  79900.0000 =+ 63945289 100.0% 18/18
2.53804 4+ 0.0382  S7T4687.6000 + 9397.7727  0.0%  0.0092 % 0.0053 3151.2000 + 17921591 0.1904 + 0.0211  64100.0000 + 7133.7227 100.0% 18/20
273888 + 0.0292 946961.9000 + 7960.9170  0.0%  0.0095 % 0.0040 3250.1000 + 1394.9028 0.1693 + 0.0240  58000.0000 =+ 7797.4355 100.0% 18/20
3.12116 4 0.0392 1081335.3000 + 142195629 0.0%  0.0075 & 0.0037 2562.5000 + 1289.2223 1.3253 % 0.8370 459750.0000 + 291632.7957 18/18
11.29307 + 0.1398 3930097.5000 + 45977.1953  0.0%  0.0039 + 0.0029 1233.4000 + 967.1499 0.3111 £ 0.0539 109800.0000 + 17244.1294 18/19
11.24880 = 0.1818 3924276.5000 + 39537.0995  0.0%  0.0033 £ 0.0018 1063.5000 + 753.2162 0.3056 & 0.0663 106900.0000 + 22858.0402 18/19
11.29333 + 0.1449 39365243000 + 31734.1047  0.0%  0.0045 % 0.0041 1477.4000 + 1470.0947 0.2744 + 0.0814 95800.0000 + 28582.5121 18/20
Q-learning (p = 0.9 11.28905 + 0.1650 39538863000 + 46600.8725  0.0%  0.0040 + 0.0035 1235.4000 + 1202.0360 5.3143 + 2.6746 1865625.0000 + 946252.0723 18/19
Asyne Value Iteration 0.13340 4 0.0056  212072.0000 £ 0.0000 N/A N/A / /A A 18/18
Value Iteration 0.18218 + 0.0049 _ 285648.0000 + 0.0000 N/A N/A N/A N/A 18/20
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Table 32. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 0). Two versions of value iteration are

also appended for contrast
Algoritinm (Problem 0) Runtime actions B - Discover goal Discover goal Optimal Tiitial —Optimal Tuitial — Optimal Tnttial g -0
P (moam £ std) (a4 std) onvergence time #actions Cost2Go Time  Cost2Co #actions  Cost2Co o
(mean + std) (mean % std) (mean % std) (mean + std) Convergence

Q-learning (p 0.27947 + 0.0141  81180.4000 + 168.4661 0.0% 0.0052 + 0.0010 1574.9000 + 56.2040 0.1184 = 0.0102 34200.0000 + 600.0000 100.0% 18/18
Q-learning (p = 0. 7 e=0) 0.26669 £ 0.0288 73372.5000 + 210.4933 0.0% 0.0059 + 0.0023 1657.2000 + 103.7630 0.0918 =+ 0.0149 25200.0000 =+ 400.0000 100.0% 18/18
Q-learning (; 0.9, 0.22992 + 0.0057  69749.8000 + 575.6870 0.0% 0.0054 + 0.0007 1579.3000 + 62.5620 0.0684 £ 0.0039 20400.0000 + 800.0000 100.0% 18/20
Q-learning (p , ) 0.23145 £ 0.0126  70374.2000 + 2204.0658 0.0% 0.0050 + 0.0006 1554.4000 + 90.5044 0.0625 £ 0.0033 19333.3333 + 816.4966 90.0% 18/20
Q-learning (p = D 5,e=0.25) 0.35672 + 0.0059 108971.1000 + 529.4137 0.0% 0.0089 + 0.0021 2812.9000 + 446.2606 0.1235 £ 0.0045 37100.0000 £ 300.0000 100.0% 18/19
i 0.33175 £ 0.0136  100219.0000 + 305.3116 0.0% 0.0082 + 0.0012 2548.6000 = 203.3791 0.0924 £ 0.0032 27900.0000 £ 538.5165 100.0% 18/18
) 0. £ 0.0079  96314.3000 + 329.4205 0.0% 0.0085 + 0.0016 2585.8000 + 365.8658 0.0732 £ 0.0045 22100.0000 £ 300.0000 100.0% 18/18
25) 0.31680 + 0.0073  96356.5000 + 611.5939 0.0% 0.0082 + 0.0014 26, 0.0685 £ 0.0032 21000.0000 + 447.2136 100.0% 18/18
0.51660 £ 0.0110 160177.5000 £ 909.7031 0.0% 0.0107 % 0.0018 3 0.1372 £ 0.0054 00.0000 £ 400.0000 100.0% 18/18
0.48789 = 0.0084 1. 58.7000 + 1116.4002 0.0% 0.0111 £ 0.0017 3.0 0.1020 £ 0.0025 32100.0000 £ 300.0000 100.0% 18/18
0.48580 + 0.0073 153836.3000 =+ 1518.3678 0.0% 0.0114 £ 0.0016 3474.4000 £ 328.8663 0.0849 £ 0.0051 26900.0000 + 830.6624 100.0% 18/18
0.52147 + 0.0247 160492.7000 =+ 1837.0062 0.0% 0.0099 + 0.0017 3181.8000 + 402.3264 0.0799 =+ 0.0025 25400.0000 + 489.8979 100.0% 18/19
1.04260 + 0.0694 341004.1000 £ 7067.5569 0.0% 0.0151 + 0.0049 4830.3000 + 1113.3672 0.1628 =+ 0.0157 53300.0000 + 1004.9876 100.0% 18/18
1.09828 + 0.0847 352123.5000 + 5513.8133 0.0% 0.0143 + 0.0035 4408.8000 + 628.1254 0.1307 £ 0.0103 42100.0000 + 943.3981 100.0% 18/20
1.30328 £ 0.0317 393504.4000 + 8608.0014 0.0% 0.0140 + 0.0031 4230.1000 + 889.7672 0.1199 + 0.0064 36000.0000 + 1095.4451 100.0% 18/18
Q-learning (p = 0. 99 €=0.75) 1.34013 £ 0.0416 429710.4000 + 7278.7790 0.0% 0.0121 + 0.0028 3983.6000 + 953.3367 0.1077 £ 0.0071 34500.0000 + 1627.8821 100.0% 18/19
Q-learning (; 0.99946 =+ 0.1518 334382.4000 + 45421.2774  100.0%  0.0112 £ 0.0054 3520.9000 + 1323.5073 0.2142 + 0.0158 70500.0000 + 2801.7851 100.0% 18/18
Q-learning (p 0.77184 + 0.1358 263606.7000 + 47568.5157  100.0%  0.0116 + 0.0043 3979.0000 + 1540.81 1 £ 0.0057 54700.0000 + 1552.4175 100.0% 18/18
Q-learning (; 56 + 0.0839 209086.1000 + 18344.3354  100.0%  0.0106 + 0.0042 3591.6000 + 1285.8875 0.1468 + 0.0099 48400.0000 + 2154.0659 100.0% 18/18
Q-learning (; 820.8000 + 16648.6672  100.0%  0.0145 £ 0.0069 4169.9000 + 1901.¢ 0 0.1643 = 0.0460 46400.0000 + 1907.8784 100.0% 18/18
Q-learning (p . 3 100.0%  0.0061 £ 0.0060 1798.9000 + 1729.0229 0. )3 £ 0.0757 95000.0000 + T771.743 100.0% 18/18
Q-learning (, 0. f)l)477 &+ 0.1074 167509.4000 = 12420.12 100.0%  0.0112 4 0.0110 1994.8000 + 1630.5474 0. 2904 =+ 0.0727 77600.0000 + 7459.22 100.0% 18/18
Q-learning (, ) 0.49257 + 0.0890 146319.4000 + 12333. I&i’a 100.0%  0.0039 + 0.0027 1297.3000 + 858.0210 0.2339 + 0.0261 71100.0000 + 48( 100.0% 18/18
Q-learning (p = 0.99,e = 1) 0.50919 =+ 0.1118 143606.5000 + 18301.5489  100.0%  0.0050 + 0.0034 1497.0000 £ 1140.6033 0.2263 + 0.0370 64600.0000 + 3666.0606 100.0% 18/18
Asyne Value Iteration 0.12769 + 0.0224  177448.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 18/18
Value Tteration 0.16512 + 0.0425  225056.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 18/18

Table 33. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 2). Two versions of value iteration are also
appended for contrast

Ny - — Discover goal | Discover goal _ Optimal Tnitial Optimal Tnitial Optimal Tnftial 5, —— -
A'E""'(:“‘:((‘) '9‘;1;'“" 2 (ml:‘::’l"rz 9 ("r;?r':: 9 Convergence time #actions Cost2Go Time Cost2Go #actions Cost2Go 5""“";:/(';"“3”“
- : : (mean £ std)  (mean £std)  (mean + std) (mean = std) Convergence

Qrlearning (p TI7180.8000 £ 85.4222  0.0%  0.0032 £ 0.0000 0.1427 £ 0.0110 _14200.0000 & 27129320 1000% 30731
i 5 0.0%  0.0032 + 0.0009 0.1083 £ 0.0107  32700.0000 = 2647.64 100.0% 30/32

000 + 1517.1100  0.0%  0.0033 % 0.001L 999.0000 + 274.0750 0.0868 £ 0.0092  26200.0000 £ 2521.9040 100.0% 30/808

035544 % 0.0085 109650.5000 + 15388350 0% 0.0027 + 0.0015 8602000 + 366.6846 0.1494 + 0.0523 44714.2857 + 147717325 0% 30/36

0.47800 £ 0.0085  151503.0000 = 2513887 0.0%  0.0037 % 0.0013 1166.5000 = 400.4625 0.1958 £ 0.0295 100.0% 30/32

0.45357 + 0.0006 1441022000 + 364.9177  0.0%  0.0037 £ 0.0000 12493000 & 3244814 01913 + 0.1033 90.0% 30/34

Qlearning (o= 09.¢ = 0.25) 045130 £ 0.0110 8000 + 4121582 0.0%  0.0030 £ 0.0017 1143.6000 + 478.0871 0.1857  0.0037 58500.0000 £ 30500.0000  20.0% 30/31
Q-learning (p = 0.99, ¢ = 0.25) 0.44438 + 0.0087 0000+ 3010667  0.0%  0.0041 + 0.0016 1236.3000 + 4449135  nan & nan nan £ nan 0.0% 30/33
Q-learning (p= 0.5, = 0.5)  0.60795 + 0.0119 2241499000 + 8847431 0.0%  0.0058 = 0.0026 1852.9000  802.0303 0.2531 + 0.0820 81500.0000 = 258311827 100.0% 30/31
Q-learning (p = 0.7.c = 0.5)  0.67333 + 0.0114 2178906000 & 1170.2144  0.0%  0.0044 & 0.0016 1380.1000 + 508.5783 0.3178 + 0.1220 102625.0000 + 104936338 80.0% 30/31
Q-learning (p = 0.9, ¢ 0.66646 = 0.0091  215497.8000 = 720.2024  0.0%  0.0067 + 0.0081 2142.5000 & 874.4046 0.1926 = 0.0761 625000000 + 24500.0000  20.0% 30/32
Q-learning (p = 0.9 0.66310 £ 00108 214407.5000 & 7812234 0.0%  0.0043 & 0.0016 1384.1000 & 524.9748  nan + nan nan & nan 0.0% 30/32
Q-learning (p = 0. 5 142015 + 0.0120 471036.8000 = 34484362 0.0%  0.0066 = 0.0020 2242.7000 + 984.2487 0.6290 + 0.3200 208444.4444 £ 105667.3093  90.0% 30/33
Q-learning (p 140379 + 0.0162 467047.8000 & 24448073 0.0%  0.0058 £ 0.0026 1966.1000 £ 777.4724 0.7169 + 0.3196 241125.0000 & 107499.3459  80.0% 30/32
Qlearning (p 141994 £ 0.0211 471120.3000 + 3976.5778  0.0%  0.0067 £ 0.0049 2320.0000  1451.0861 1.0996 & 0.0680 3626666667 + 21020.1789  30.0% 30/1773
Q-learning (p = 0.99,¢ = 0.75) 1.44096 + 0.0122 477468.3000 & 16424698 0.0%  0.0073 + 0.0032 2398.5000 & 1099.7910  man + nan nan & nan 0.0% 30/32
Qlearning (p 380891 £ 0.0409 1280614.8000 £ 114645819 0.0%  0.0062 % 0.0024 1949.9000 & 814.3526 0.6808 £ 0.4437 220800.0000 + 147197.6002  100.0% 30/32
383213 £ 0.0397 12015481000 + 109336311 0.0%  0.0094 & 0.0064 3205.1000 + 2052.1897 0.7794 £ 0.3948 263400.0000 + 130889.4190  100.0% 30/31

387831 & 0.0649 13093315000 £ 200622036 0.0%  0.0067 + 0.0023 2035.4000 & S14.8637 1.5721 + 1.0333 5314444444 & 3513289400 90.0% 30/32

411874 £ 0.0570 1381097.7000 + 120168569 0.0%  0.0072 & 0.0035 23725000 + 1232.2879  nan £ nan nan & nan 0.0% 30/32

15.96155 + 0.1005 5434790.2000 & 338277444 0.0%  0.0072 % 0.0052 2469.3000  1684.1995 1.1400 + 0.4220 357400.0000 + 1427761885 100.0% 30/31

15.98997 + 0.2010 5452153.0000 + 494484142 0.0% 00040  0.0041 1295.0000  1398.0005 0.6707 & 0.3531 230600.0000  123099.3005  100.0% 30/31

15.98565 + 0.1534 54364811000 + 487458180 0.0%  0.0035 & 0.0041 1862.2000 + 1310.0016 2.9607  2.2130 1009888.8880  T51642.7113  90.0% 30/32

» ) 1508020 + 0.1735 5427919.6000 + 67890.6068  0.0% 00032 + 0.0022 1667.9000 % 755.2251 2.6790 = 0.0000  897000.0000 = 0.0000 10.0% 30/32

Asyne Value Tieration 0.07369 4 0.0033 1031560000 = 0.0000 N/A N/A N/A N/A N/A N/A 30/32
Value Iteration 0.13181 £ 0.0026 1861810000  0.0000 N/A N/A N/A N /A N/A N/A 30/31

Table 34. Comparing performance

stochastic problem with v

also appended for contrast

of Q-learning as we change the learning rate p in

0.999 (Problem 2). Two versions of value iteration are

Algorithm (Problem 2) Runtime #actions Comen Discover goal Discover goal Optimal Initial Optimal Initial Optimal Initial g oo /1 ongest
pul (— () onvergence time #actions Cost2Go Time  Cost2Go factions _ Cost2Go A
(mean + std) (mean £ std) (mean + std) (mean * std) Convergence

Q-learning (p = 0.5,¢ = 0) 1+ 0.0096 115387.7000 £ 90.8483 0.0% 0.0028 + 0.0004  888.1000 + 54.9371  0.1367 £ 0.0067 41300.0000 + 100.0% 30/30

Q-learning (p = 0.7, = 0) 0.34651 £ 0.0059  107608.8000 = 142.4449 0.0% 0.0031 £ 0.0007 834.1000 = 106.5143 0.0974 = 0.0043  29900.0000 £ 300.0000 100.0% 30/30

Qlearning 033131 £ 0.0100 103532.0000 = 1204691 0.0%  0.0028 = 0.0004 873.6000 = 518675 0.0738 = 0.0040  23000.0000 £ 0.0000 100.0% 30/30

Qlearning 033135 + 0.0113 1027704000 & 326,722 0.0%  0.0020 % 0.0006 S87.7000 & 57.4300 0.06SS  0.0033  21000.0000  0.0000 100.0% 30/30

Q-learning 0.47867 + 0.0104  149327.3000 + 362.5518 0.0% 0.0038 £ 0.0014 1156.8000 + 327.9463 0.1473 £ 0.0051  45800.0000 £ 400.0000 100.0% 30/30

Q-learning 0. +0.0144  141408.5000 £ 298.7170 0.0% 0.0037 £ 0.0014 1208.3000 £ 417.06 0.1065 £ 0.0064 3200.0000 £ 400.0000 100.0%

Qlearning 0.43571 + 0.0110 1378618000 = 3517766 0.0%  0.0044 % 0.0019 1350.7000 % 490.6096 0.0837  0.0032 26100.0000 £ 489.8979  100.0%

Qlearning (p = 0.99, = 0.25) 043773 + 0.0085 138153.3000 + 4244967 0.0%  0.0041 £ 0.0017 1203.2000 + 4113796 0.0790 + 0.0031 24300.0000 + 458.2576  100.0%

Qlearning 0.68519 £ 0.0102 220500.2000 = 1160.6733  0.0%  0.0057 + 0.0018 1857.0000 + 5508521 0.1651 + 0.0067 53100.0000 + 830.6624  100.0%

Q-learning & 0.66315 & 0.0141  214552.2000 + 903.8086 0.0% 0.0039 £ 0.0023 000 + 753.4771 0.1220 £ 0.0048  39500.0000 + 6 100.0%

Q-learning (p = 0.9,¢ = 0.5)  0.66222 £ 0.0131 214508.6000 = 1366.8492 0.0% 0.0052 = 0.0023 1626.4000 + 695.1079 0.1015 = 0.0036  32300.0000 + 458. 100.0%

Qilearning (p = 0.99,c = 0.5) 0.68010 £ 0.0160 218352.0000 = 1178.6356  0.0%  0.0036  0.0025 1677.8000 6303820 0.0903  0.0068 29500.0000 % 506 100.0%

Qlearning 75) 142425  0.0689 469466.8000 £ 232145110 20.0%  0.0000 + 0.0036 2965.7000 £ 1074.8678 0.2028 £ 0.0089 67500.0000 & 12845233 100.0%

Q-learning L U?-\'}( 4+ 0.2339 340720.1000 £ 77353.3107 80.0% 0.0083 £ 0.0036 2751.5000 + 1179.5511 0.1522 £ 0.0068 51000.0000 + 1183.2160 100.0%

Q-learning 7461.3000 = 10174 86 90.0% 0.0047 £ 0.0017 1717.8000 £ 637.6949 0.1321 £ 0.0074 43800.0000 = 1720.4651 100.0%

Qlearning 245670.5000 = 921015505 100.0%  0.0066 % 0.0025 2146.4000 = 752.7280 0.1198  0.0044 40500.0000 + 12041595 100.0%

Qlearning 155604.3000 £ 15067.6532  100.0%  0.0057 % 0.0036 2102.6000 & 12534483 0.2607 & 0.0145 $5400.0000 £ 5150.7335  100.0%

Q-learning 7 1285252000 & 155997919 100.0%  0.0106  0.0060 3165.5000 + 2050.8085 0.2027 + 0.0061 69100.0000 & 18138357 100.0%

Q-learning 102929.4000 £ 9634.7885 100.0%  0.0074 + 0.0038 2505.7000 + 1270.0775 0.1719 + 0.0088 58700.0000 01.6¢ 100.0%

Q-learning 5.9000 £ 7099.9132 100.0%  0.0086 + 0.0046 2815.5000 + 1537.1078 0.1616 + 0.0116 54900.0000 + 3419.0642 100.0%

Q-learning 0.69021 + 0.0701 100.0%  0.0059  0.0055 2177.4000  1872.7837 0.5234 £ 0.0512 179600.0000 = 17135.9272  100.0%

Qlearning 0.57106 + 0.0819 100.0% 0,006  0.0044 2125.4000 + 1381.2143 0.4250 + 0.0609 149000.0000 + 20327.3215  100.0%

Q-learning 0.45826 + 0.0505 100.0%  0.0086 =+ 0.0075 2860.8000 + 2519.9723 0.3406 + 0.0446 117600.0000 + 16088.5052 100.0%

Q-learning (p 0.41992 + 0.0421 X 100.0%  0.0046 + 0.0025 1594.8000 + 779.0513 0.: 3£00 119100.0000 £ 11819.0524 100.0%

Asyne Value Iteration 0.05673 £ 0.0018 505120000 = 0.0000 N/A N/A N/A N/A N/A N/A

Value Iteration 010499 £ 0.0041 _ 145444.0000  0.0000 N/A N/A N/A N/A N/A N/A
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Table 35. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 3). Two versions of value iteration are also

appended for contrast

Discover goal

Discover goal

Optimal Tnitial

Optimal nitial

Optimal Initial

Algorichm (Pn:)hlem 3) R\mn;me . #""‘;’“’ . Convergence time #actions Cost2Go Time Cost2Go factions CostaGo  Snortest/Longest
( (mean < std) (mean & std) (mean = std) (mean + std) (mean = std) (mean + std) Convergence

Qlearning (7 O} 07500 £ 00220 305083.6000 £ S30.1153  0.0%  0.0020 & 0.0011 023.4000 & 3834085 01651 & 0.0007  56000.0000 & 2083.3816 T00.0% 91793

Q-learning (p = 0.7 0.80906 £ 00126 208119.8000 & 1676.708  0.0%  0.0039 + 0.001 0.1220 £ 00157 40800.0000 & 19959981 100.0% 91/99

Q-learning ( 0.90205 £ 00144 3000085000 & 21484727 0.0%  0.0029  0.0015 0.1653 +0.1300 554000000 £ 419242173 100.0% 91/2414

Q-learning ( 0.92180 £ 00105 3064871000 16102135 0.0%  0.0031 + 0.0011 0.2525 + 02590 853333333 = 87508 8331 60.0% 94/2698

Qulearning (p = 119079 £ 0.0177 5774000 £ 4572980 0.0%  0.0039 £ 0.0015 0.2220 £ 00162 765000000 + 13625.4996  100.0% 91/96

Qelearning (p = 117456 £ 0.0189  307570.2000 £ 5511620 0.0%  0.0040 £ 0.0020 0.1651 £ 00391 570000000 £ 13623.5001  100.0% 91/95

Q-learning (p = 119039 £ 0.0189 4014191000 £ 1175.2747  0.0%  0.0039 £ 0.0017 0.1491 £ 00725 504000000 = 24658.4671  100.0% 91/385

Glenming (02 000 120617 £ 0.0179 4093248000 £ 10423569 0.0%  0.0035 & 0.0019 03042 £ 04047 1341111111 £ 138336.5015  90.0% 91/1565

Q-learning (p = 0. 5 6058182000 + 1113.6285  0.0%  0.0065 + 0.0040 6 0.2190 + 00334 75800.0000 118304691 100.0% 91/96

Q-learning (p = 0. 599233.0000 + 15047020 0.0%  0.0052 + 0.0024 0.1783 £ 00362 625000000 = 12595.6342  100.0% 91/97

Q-learning (p = 0.9 6035032000 = 81L8044  0.0%  0.0037 £ 0.0018 0.1566 + 0.0432 100.0% 91/100002

Q-learning (p = 0. 170150 £ 0.0499 6104440000 £ 120,087 0.0%  0.0061 £ 0.0042 2183.9000 + 13820304 0.7486 + 056581 0 s0.0% 91/100002

Q-learning (p = 0. 348230 £ 00493 1220420.2000 £ 285714701 0.0%  0.0081 £ 0.0047 2880.0000 % 1585.0276 0.2669 = 0.0241  95500.0000 = §766.4132 100.0% 91/98

Q-learning (p = 0. 345873+ 00280 1221777.0000 = 4075.2041  0.0%  0.0087 +0.0052 32065000 + 1780.1007 0.2086 00217  74700.0000 = 842 100.0% 91/93

Q-learning (p = 0. 549219 £ 00454 12288012000 £ 31353444 0.0%  0.0127 £ 00050 44647000 + 21123342 0.2226 £ 0.0626  79900.0000 + 22 100.0% 91/1522

Q-learning (p = 0. 350311+ 00482 1236475.6000 + 5450.0068  0.0%  0.0076 £ 0.0042 2696.8000 & 1480.7171 14869 & 0.7030 5285714286 + 250881.2224  70.0% o1/7122

Q-learning (p = 0. S86108 £+ 0.0917  3163606.7000 = 19721 00% 0021200126 79246000 + 4719.8120 03157 = 0.0101 124300.0000 = 128804868 100.0% 6

Qrlearning (p = 0. 880460 £ 00740 B170117.5000 = 9883.4341  0.0%  0.0238 + 00136 8501.9000 + 4700.7420 0.2869 = 0.0421  103900.0000 = 156169779 100.0%

Q-learning (p = 0. 888675 £ 00045 31777214000 £ 266010311 0.0%  0.0165 £ 0.0101 5027.1000 + 3466.5689 0.3222 £ 00949 115800.0000 = 46173367 100.0%

Q-learning (p = 0. K8S070 £ 01101 31523200000 &+ 192465723 0.0%  0.0125 + 0.0085 4576.2000 + 3065.0236 2.8281 £ 19855 1008500.0000 = 707036.8005  100.0%

Q-learning (p = 0. ) 2027070 + 0.1993  8840980.5000 = 9751.2005  0.0%  0.1485 + 01418 53950.9000 + 500844462 1,565 + 03155 5741000000 + 1144250410 100.0%

Qlearning (p=07,c= 1) 20ST.5708 & 70855490 SSIOIT20000 = LOOSAISO  00% 00981 + 00521 BASSO8000 & 25057054 1IOST = 0218 00100.0000 + 110725155 100.0%

Q-learning (p = 0. ) 3091 88328102000 £ 14196.5001  0.0%  0.1154 £ 0.0731 41696.8000 & 26378.4637 1.0681  0.3153 372400.0000 + 1038356391 100.0%

Qelearning (p = 0.99,¢ = 1) 24 81772+ 0.1943 88315034000 & 139503930 0.0%  0.1373 £ 0.1126 49139.0000 = 38036.7101 4.4245 £ 4.4615 1577500.0000 = 13887847085 100.0%

Async Value Iteration 0.04747 + 0.0019 46380.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Value Iteration 0.08371 & 0.0031 78361.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Table 36. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 3). Two versions of value iteration are
also appended for contrast

Discover goal
time

Discover goal
Hactions

Optimal Tnitial
Cost2Go Time

Optimal Initial

Optimal Tnitial
Runtime Cost2Go #actions e

Convergence ComtaGo  Shortest/Longest

Algorithm (Problem 3)
(7 (mean £ std)

(mean =+ std)

(mean + std) (mean + std) (mean = std) (mean + std) Convergence
092300 £ 00137 3002750000 = 13.3128 00%  0.0023 £ 0.0007  735.3000 & 57,0200 0.1622 & 0.0085 __53000.0000 £ 0.0000 100.0% 91/93
0.89158 + 00111 2023853000 + 1129.4207  0.0%  0.0026 £ 0.0009  754.6000 £ 221.6552 01127 + 0.0029  37700.0000 & 640.3124 100.0% 91/93
0.88467 + 0.0109 288919.2000 £ 1479.9050  0.0%  0.0023 £ 0.0007 7423000 £ 175.9023 00924  0.0063 304000000  1624.8077 100.0% 91/94
0.88749 + 0.0165 200238.0000 £ 1683.4562  0.0%  0.0022 £ 0.0006  735.1000 £ 176.5794 01073  0.0300 353000000  9445.1046 100.0% 93/96
0.33719 + 00355 110853.4000 & 112860892 100.0%  0.0050  0.0022 16550000  690.3288 0.1819  0.0089 597000000 + 1268.8578 100.0% 91/91
0.35709 £ 01380 117570.6000 % 458504824 100.0% ~ 0.0039 £ 0.0018 12301000  543.7403 01335 + 0.0073 447000000 £ 3034.7982 100.0% 91/93
0.90321  0.3797 3036844000 + 128084.9031  40.0%  0.0028  0.0009 10663000  372.9850 0.1054  0.0070 356000000  1280.6248 100.0% 91/93
0.25) 1.13950 + 0.0080  386642.8000  535.2334 00%  0.0042 £0.0022 1452.9000 + 644.1227 0.1645 + 0.0830 56800.0000  28385.9120  100.0% 91/91
5) 0.25907 £ 0.0275  89297.4000 £ 9104.6975  100.0%  0.0057 £ 0.0035 20731000 + 1219.3274 0.2033 % 0.0078 69800.0000 = 1166.1904 100.0% 91/93
022204 2 0.0355  75587.1000 + 12552.5460  100.0%  0.0081 + 0.0049 2715.7000 % 17145618 0.1504 £ 0.0072 51500.0000 % 1360.1471 100.0% 91/92
119841 & 0.4680 416605.8000 4 1625647256 60.0%  0.0049 % 0.0024 1690.9000 + 744.8889 0.1320 % 0.0206 47100.0000 % 74625733 100.0% 91/91
169167 & 0.0139  587830.2000 + 10012304 0.0%  0.0069 % 0.0046 2479.2000 + 1649.8408 0.1796 % 0.0400 63000.0000 £ 13718.6005  100.0% 91/91
0.33701 + 00470 118399.0000 4 16698.0658  100.0% ~ 0.0080  0.0039 2672.7000 + 1375.4718 0.2548 + 0.0152 901000000 + 4085.3396 100.0% 91/91
0.34945 + 01720 123187.6000 % 585100831  100.0%  0.0107  0.0040 3766.2000 % 1390.1361 01912  0.0109 683000000 17916473 100.0% 91/91
5) 0.82516  0.3671 289907.2000 + 127240.3462  100.0%  0.0099  0.0060 3416.6000 £ 1975.4050 0.1838  0.0291 657000000  9022.7490 100.0% 91/93
= 0.75) 2.70835 & 1.0825 955920.9000 + 380635.6415  40.0%  0.0080 % 0.0052 28922000 + 1626.8171 0.1866 % 0.0403 66700.0000 + 14262.1878  100.0% 91/93
044541 £ 01079 159110.3000 & 304351220  100.0% ~ 0.0135  0.0058 4952.4000 % 1993.6882 0.3330  0.0210 119100.0000 % 6300.0000  100.0% 91/93
0.42875 + 01005 153042.4000 4 33703.6039  100.0%  0.0179 + 0.0095 6541.5000  3600.3277 0.2003 + 0.0347 103800.0000 + 11822.0134  100.0% 91/91
67 296035.1000 + 215822.0164  100.0%  0.0203 £ 0.0073 7183.3000 % 2602.6955 0.2693 £ 0.0450 96000.0000  16685.3229  100.0% 91/91
1035424.9000 + 501427.7863  100.0%  0.0187 £ 0.0090 6735.3000 % 3253.0074 02911  0.0999 1055000000 3695 100.0% 91/93
1.85509 & 0.4075 682548.3000 4 1489155058 100.0%  0.0859 % 0.0763 320551000 + 28241.9606 1.3763 - 0.1824 505900.0000 + 67 100.0% 91/91
67 + 02670 614939.0000 & 99674.4243  100.0% 01237  0.1109 45932.1000 % 40450.8210 1.2381 = 0.2881 455900.0000 = 1060824679 100.0% 91/93
: 540734.0000 & 1240102200 100.0%  0.0929  0.0926 34287.8000 & 34755.0378 1.0646 - 0.2174 302100.0000 = 52443.2532  100.0% 91/93
Grlearning (5 = 188713 & 0.7659 692405.6000 4 2788843892 100.0%  0.1848 & 0.2254 67403.0000  §2015.0070 1.0949 + 0.4034 400700.0000 + 147694.9898  100.0% 91/92
Async Value Iteration 0.03797 £ 0.0008 394560000 £ 0.0000 N/A N/A N/A N/A N/A N/A 91/92
Value Iteration 0.06558 + 0.0019 __ 66856.0000 = 0.0000 N/A N/A N/A N/A N/A N/A 91/91

Table 37. Comparing performance of Q-learning as we change the learning rate p in

stochastic problem with ~
appended for contrast

0.99 (Problem 4). Two versions of value iteration are also

Discover goal

Discover goal

Optimal Tnitial

Optimal Tnitial

Opti

al Tnitial

Algorithmﬁ(Pfublem 9 Rustine actions Comergence e o e oL il Shortest/Lonest
=0.99) (mean & std) (mean & std) (mean + std) (mean + std) (mean + std) (mean = std) ¢
040503 £ 00000 122056.5000 £ 1877150 0.0% 0.0060 & 0.0011 2000.6000 & 373.1660 0.1550 & 0.0085 474000000 & 1406.6630 100.0% 32733
035064 + 00079 115530.4000  244.0034 0% 0.0060 % 0.0009 1896.5000 = 3918556 0.1247 £ 0.0105 3 100.0% 32/305
470 £ 0.0158  113162.5000 = 7168 0.0% 0.0067 £ 0.0014 2067.6000 £ 565. 32 0.1120 £ 0.0 100.0% 32/34
037523 £ 00113 113020.0000 £ 8383514 0.0%  0.0062 £ 0.0017 1876.1000 £ 400.3562 0.1980 £ 0.0647 597500000 + 18646.3503 50.0% 32/36
050657 % 0.0146  156758.3000 £ 3199447 0.0%  0.0067 % 0.0010 2040.9000 = 284.5560 03191 = 0.1254  98375.0000 £ 35790.8421 50.0% 32/35
0.48630 + 0.0214  149218.7000 £ 394.3108 0.0% 0.0068 + 0.0020 1993.0000 + 406.1746 0.2626 + 0.1072  77714.2857 + 31033.2277 70.0%
047289 £ 00088 145750.9000 £ 426.4940  0.0%  0.0053 £ 0.0012 17635000 + 4074526 0.4269 £ 0.0000  133000.0000 & 0.0000 10.0%
0.46922 = 0.0170  144790.4000 £ 476.4599 0.0% 0.0056 £ 0.0012 1897.2000 + 448.9837 nan £ nan a 0.0%
0.71706 £ 0.0191  226451.1000 £ 900.6267 0.0% 0.0088 £ 0.0024 2726.7000 + 902.7455 0.5134 + 0.1309  161000.0000 + 39217.3431 40.0%
065687 £ 0.0193 2191921000 = 6835299 0.0%  0.0084 £ 0.0024 2698000 £ 7344039 0.5305 £ 0.0000  161000.0000 % 0.0000 10.0%
0.68526 + 0.0143  217004.3000 £ 510.3309 0.0% 0.0084 £ 0.0021 2612.2000 = 380.0742 0.4435 £ 0.0000 141000.0000 £ 0.0000 10.0%
067931 £ 0.0150 216135.7000 £ 11244547 0.0%  0.0088 % 0.0023 28454000 + 8193611 nan & nan nan + nan 0.0%
135001 £ 0.0350 4494011000 = 30934826 0.0%  0.0117 + 0.0041 3814.4000 & 1079.1925 0.6122 £ 0.3599 202333.3333 + 1104719865 60.0%
1.36619 £ 0.0221  442885.5000 + 3242.3715 0.0% 0.0126 + 0.0042 4226.3000 = 1147.5300 0.7837 £ 0.3400 4000.0000 £ 112000.0000 20.0%
135500 £ 0.0301 4431108000 £ 42240447 0.0%  0.0114 £ 0.0021 3675.4000 7974457 0.1750 £ 0.0000 570000000  0.0000 10.0%
6 £ 0.0316 316.7000 £ 2489.3804 0.0% 0.0109 = 0.0040 3 000 £+ 1071.8539  nan £ nan 0.0%
3.63487 £ 0.0620 1208587.4000 £ 15351.1565 0.0% 0.0140 £ 0.0082 4539.4000 + 2513 57 0.8028 + 0.4479 297571.4286 + 145528.4529 70.0%
366430 + 00541 1217459.5000 £ 93544082 0.0%  0.0084 £ 0.0038 2922.2000 & 1057.0239 17074 + 0.518 5612500000 + 265643.9111  40.0%
3.81922 + 0.0808 1267998.7000 + 14328.1010 0.0% 0.0115 £ 0.00 3860.5000 £ 1346.6014  nan =+ nan nan =+ nan 0.0%
410351 £ 0.0541 1364489.6000 £ 12287.0927  0.0%  0.0177 % 0.0080 6046.3000 & 2464.7909 nan & nan nan + nan 0.0%
710000 £ 0.6 SITTSAS000 & 400568863 O0%  0.00G3 & DOOAL 2209000 & 14262500 44260 & 4751 1o00222202 & LATOBIGI080  90.0%
0.0% 0.0092 + 0.0064 3279.9000 + 2093.3654 6.5277 + 4.7949 2203285.7143 + 1612919.4218 70.0%
0.0%  0.0100  0.0071 3113.5000 & 2549.6916 6.4427 £ 10813 2136500.0000 + 3925000000 20.0%
= 17.25979 + 0.2067 5853768.0000 = 70104.9362 0.0% 0.0142 = 0.0129 5047.7000 £ 4696.5863  nan £ nan nan =+ nan 0.0%
0.10939 % 0.0057  149072.0000  0.0000 N/A N/A N/A N/A 7 N/A
Value Tteration 014271 + 0.0047__191664.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
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Table 38. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 4). Two versions of value iteration are
also appended for contrast

Discover goal
time

Discover goal
Factions

Optimal Tnitial
Cost2Go Time

Optimal Tnitial

Algorithm (Problem 4) Cost2Go #actions

Runtime #actions

Opf "“:‘ g“““l Shortest/Longest

Convergence

(7 = 0.999) (mean  std) (mean  std) (mean = std) (mean = std) (mean = std) (mean = std) Convergence Path
Qrlearning (= 040398 00170 1210200000 T 1374531 0.0%  0.0060 & 0.0012 T510.0000  201.3884 0.1476 & 0.0064 444000000 £ 6633350 100.0% 33732
Q-learning (p = 0.7, 0.37363 + 0.0109 113288.0000 + 71.1632 0.0% 0.0063 £ 0.0013 1862.1000 £ 329.1220 0.1065 £ 0.0050 32000.0000 % 0.0000 100.0% 32/1130
Qlearning (p = 0 0.36194 £ 0.0089 1093758000 & 1903107 0.0%  0.0057 + 0.0014 1732.7000 2614330 0.0793 & 0.0060 216000000 £ 459.8979  100.0%

Qlearning (p 035485 £ 0.0136 1084616000 & 2184038 0.0%  0.0066 + 0.0016 15415000  342.7907 0.0734 & 0.0037  22000.0000  0.0000 100.0%
Q-learning (p = U 5 0.49504 + 0.0162  154348.3000 + 448.5671 0.0% 0.0069 £ 0.0017 2180.9000 =+ 425.9602 0.1603 + 0.0099  49700.0000 + 640.3124 100.0%
Qlearning (p 0.46898 £ 0.0135 1468977000 & 5740019 0.0%  0.0065 + 0.0014 19917000 + 3219975 0.1155 & 0.0089 360000000 £ 4472136 100.0%
Qlearning (p 0.46353 & 0.0130 1438214000 + 4812052 0.0%  0.0056 + 0.0010 1525.6000 + 395.4219 0.0894 + 0.0042 284000000 + 459.5979  100.0%
Q-learning (p = 0.99,¢ = 0.25) 0.46397 + 0.0113  144073.9000 + 520.8655 0.0% 0.0057 £ 0.0018 1761.4000 + 357.4555 0.0812 + 0.0044  25700.0000 + 458.2576 100.0%
Qlearning (p 5) 6+ 00182 2237849000 & 12797536 0.0%  0.0084 % 0.0032 2616.5000 & 762.0247 01786 + 0.0086 57500.0000 & T48.3315  100.0%
Qlearning (p 5) 0.69919 £ 0.0262 2195327000 + 13340115 0.0%  0.0074 + 0.0026 2464.5000 + 823.2115 0.1344 + 0.0063 420000000 + 5385165 100.0%
Q-learning (p = 0. q e=0.5) 0.69944 + 0.0101 219236.7000 £ 1706.7261 0.0% 0.0076 £ 0.0014 2390.3000 =+ 470.6778 0.1104 + 0.0050 34600.0000 £ 800.0000 100.0%
Q-learning (p = 0.99,c = 0.5) 0.69905 = 0.0148 2215813000 £ 627.877L  0.0%  0.0072 = 0.0015 2208.4000 4714453 0.0057 + 0.0058 31300.0000 £ 78LO250  100.0%
Qlearning (p = 0.5, = 0.75) 130208 £ 0.0279 4515964000 £ 5107.7125  0.0%  0.0086 + 0.0022 20088000 + 904.4703 0.2212 + 0.0092 72700.0000 + 1268.8578  100.0%
Q-learning (p = 0.7,¢ = 0.75) 1.44149 + 0.0325 464625.9000 =+ 3045.6726 0.0% 0.0107 £ 0.0037 3462.7000 £ 985.1840 0.1709 £ 0.0109 56300.0000 £ 1486.6069 100.0%
Q-learning (p = 0.9,c = 0.75) 148087 £ 0.0261 479659.4000 + 4032.2816  0.0%  0.0114 = 0.0038 3664.8000 & 1090.2903 0.1417 + 0.0055 46900.0000 £ 700.0000  100.0%
Qlearing (p =095, = 075) 151204 £ 00071 03800000 & 38761084 0% 00110+ 00033 5010000 + 10624562 01314 + 00060 432000000 & 1S3B07T0  1000%
Q-learning (p = 0.5,¢ = 0. (Y) 3.99713 93 1319832.5000 + 79436.8863 20.0% 0.0119 =+ 0.0084 4102.4000 + 2792.8856 0.2828 + 0.0127 95600.0000 + 3039.7368 100.0%
Qlearning (p 11002253000 + 218182 70.0%  0.0116  0.0053 3824.0000 + 1580.0028 0.2137 £ 0.0136 72500.0000 £ 3170.1735  100.0%
Qlearning (p 11761024000 + 263042.2913  70.0% 00154 + 0.0063 5068.5000 + 1926.3449 0.1860 & 0.0125 64100.0000 + 3590.2646  100.0%
Q-learning (p = 0.99,¢ = 0.9) X 575884.7000 + 212264.7682 100.0%  0.0102 + 0.0035 3479.4000 + 1287.8182 0.1818 + 0.0161 60500.0000 + 2291.2878 100.0%
Qlearning (p ) 120305 + 0.1918 4051127000 + 60689.9822  100.0%  0.0051  0.0044 1613.7000 + 1544.9670 0.6301  0.0550 213900.0000 £ 196817657  100.0%
Qlearning (p ) 102061 £ 01794 344552.6000 + 625634433 100.0%  0.0085 + 0.0076 2666.1000 + 2584.2665 0.4520 + 0.0719 1553000000 + 219091305  100.0%
Q-learning (p = 0.9,¢ = 1) 0.96460 + 0.2231  324083.5000 + 71469.0675 100.0%  0.0064 £ 0.0065 2042.1000 + 1891.6086 0.4776 + 0.0802 160000.0000 + 26164.8619 100.0%
Q-learning (p = 0.99,c = 1) 096650 % 02004 319446.0000 & 96412.0417  100.0%  0.0110 = 0.0095 38232000 & 338.0056 0.3749 + 0.0847 123500.0000 + 24422.3250  100.0%
Asyne Value Iteration 0.09035 £ 0.0026  125114.0000 = 0.0000 N/A N/A N/A N/A N/A N/A

Value Iteration 0.11383 + 0.0066 154396.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Table 39. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 5). Two versions of value iteration are also
appended for contrast

Discover goal

Discover goal _ Optimal Initial

Optimal Tnitial

Optimal Tnitial

Algorl “"”L(E"""*’“ Rl (m'z:‘;";': " (ran o " Convergence  time actions Cost2Go Time Cost2Go #actions o Shor L?;:/Ll;‘ongnt
(mean £ std) (mean £ std) (mean £ std) (mean = std) Convergence
114617.4000 + 187.8751 0.0% 0.0053 £ 0.0009 1517.0000 = 162.5! 98 + 0.0067  43000.0000 + 2280.3509 100.0% 31/31
1092399000 £ 6232713 0.0%  0.0045 £ 0.0005 1506.9000 + 2271913 0.0086 + 0.0083  30700.0000 + 2100.0000 100.0% 31/33
107828.4000 £ 1384.4830 0.0% 0.0050 £ 0.0007 1494.9000 + 151.1717 0.1082 + 0.0769  33200.0000 + 23990.8316 100.0% 31/100002
108514.1000 £ 1709.4866 0.0% 0.0056 £ 0.0012 1559.6000 + 204.3880 0.1860 + 0.0609  56600.0000 + 18704.0103 100.0% 31/296
1472048000 & 2073829 0.0%  0.0061 % 0.0016 1893.2000 = 277.2716 0.2288 & 0.0776  73857.1420 + 258812043 70.0% 31/31
0.46012 £ 0.0137  141311.8000 £ 289.5506 0.0% 0.0055 £ 0.0011 1711.8000 + 268.4846 0.2132 + 0.1013  66000.0000 + 29588.8493 40.0% 31/34
0.43303 + 0.0106  138488.2000 & 285.2051  0.0%  0.0060 % 0.0011 1913.9000 & 250.9574 0.3568 % 0.0631 114500.0000 4 16500.0000 20.0%
044265 + 00125 137993.9000 = 306.2262  0.0%  0.0052 = 0.0009 1595.2000 = 171.7066  nan = nan nan £ nan 0.0%
0.66724 £ 0.0156  214887.0000 £ 1162.4659 0.0% 0.0076 £ 0.0018 2378.4000 + 657.2575 0.3220 + 0.1674  105600.0000 + 56873.8956 50.0%
0.65335 + 0.0154 2094853000 & 6182669 0.0%  0.0066 = 0.0009 2187.1000 & 314.9376 0.3104 & 0.0783  102250.0000 + 26309.4565 40.0%
0.64415 £ 0.0115  207142.8000 £ 821.3853 0.0% 0.0075 £ 0.0024 2378.1000 + 482.4167 nan + nan nan + nan 0.0%
0.65736 £ 0.0098  208470.3000 + 881.3810 0.0% 0.0070 £ 0.0022 2325.8000 + 714.1581 nan + nan 0.0%
1.20698 = 0.0385  430024.7000 2 0.0%  0.0081 % 0.0027 27144000  799.0636 0.6333 + 0.2917  211000.0000 + 97382 8967 70.0%
1.30140 = 0.0282  427028.4000 + 2 0.0% 0.0085 £ 0.0029 2850.4000 + 819.9456 311400.0000 + 61856.6084 50.0%
130231 % 0.0223  429349.7000 + 2556.0207  0.0%  0.0078 + 0.0016 2563.7000 4619909 nan + nan 0.0%
133780 = 0.0157 4441450000 = 00%  0.0102 = 0.0026 000 = 9817009 nan £ nan 0.0%
1095264.3000 = 0.0% 0.0094 £ 0.005¢ 438500.0000 + 204011.6418 80.0%
11014265000 2 108784900 0.0%  0.0079  0.0044 23251000 & 1158.6¢ 518000.0000 + 317805.4961 60.0%
1168286.4000 £ 10096.5994 0.0% 0.0083 =+ 0.0050 3044.8000 + 1847.5530 885000.0000 £ 17000.0000 20.0%
14448.1124 0.0% 0.0090 £ 0.0026 2996.3000 + 920.3565 n 0.0%
546164952 0.0%  0.0050 & 0.0042 16184000 13245059 3.0011  3.1367 10229000000 & 10707873225 100.0%
)5089.2000 + 5137 01 0.0% 0.0036 £ 0.0021 1223.7000 + 618.9092 12 + 19902 932100.0000 + 680721.5951 100.0%
9.e=1) 1381819 & 0.1945 47603111000 = 478039988 0.0%  0.0067 & 0.0065 22514000  2306.8593 4.5475 + 3.5510 1559333.3333 & 12161616760  60.0%
Q-learning (p = 0.99,c= 1)  13.91682 + 0.1248 4774551.0000 + 32007.9805  0.0%  0.0060  0.0057 2078.2000 19742113  nan = nan nan £ nan 0.0%
Async Value Iteration 0.10508 + 0.0038 146190.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
Value Tteration 013854 = 0.0051 _ 188718.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Table 40. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 5). Two versions of value iteration are
also appended for contrast

- Discover goal  Discover goal  Optimal Titial _ Optimal Tuitial  Optimal Tuftial ;

Algorithm (Problem 5) Runtime #actions Convergence  time #actions Cost2Go Time o factions Cost2Go  Sortest/Longest
(v =0999) (mean & std) (mean & std) (mean  std) (mean  std) (mean  std) (mean + std) Jonvergence Pai

Qfearning 036513 £ 00125 112550.7000 £ 1162050 00% _ 0.0042 = 0.0005 1356.7000 = §1.0853 0.1251 £ 0.0053 39500.0000 £ 500.0000 _ 100.0% 3174396

Q-learning 106654.6000 £ 1021237 0.0%  0.0043 £ 0.0004 13151000 + 9.7514  0.0004 + 0.0045  25000.0000 + 0.0000 100.0% 31/31

Q-learning 103423.9000 + 88.7699 0.0% 0.0047 £ 0.0009 1319.7000 £ 31.8906 0.0716 £+ 0.0053  21800.0000 + 400.0000 100.0%

Q-learning 102 2000 = 145.6130 0.0% 0.0045 = 0.0005 1359.6000 £ 82.8869 0.0618 = 0.0022 19000.0000 + 0.0000 100.0%

Qlearning 0.25) 0.46203 £ 0.0119 1446505000 = 3613915 0.0%  0.0063  0.0017 19025000 = 4123419 0.1402 = 0.0063  41000.0000 £ 0.0000 100.0%

Qlearning 0.25) 044820 + 00182 139438.5000 = 349.4439  0.0%  0.0057 % 0.0008 1768.3000 + 253.4269 0.1018 = 0.0061 31800.0000 & 400.0000  100.0%

Qlearning 5) 043783 + 00168 137089.0000 = 610.6595  0.0%  0.0057 + 0.0012 1725.5000 + 282.0455 0.0796 = 0.0072 250000000 = 0.0000 100.0%

Q-learning .25) 0.44168 £ 0.0112  138299.0000 + 403.0796 0.0% 0.0058 £ 0.0011 1687.1000 £ 277.1907 0.0711 £ 0.0042  22200.0000 = 400.0000 100.0%

Qlearning 0.65731 £ 0.0154 212260.9000 £ 1550.9998  0.0%  0.0061 % 0.0006 1903.4000 % 192.7123 01594 £ 0.0072 51000.0000 £ 632.4555  100.0%

Qlearning 065121 £ 0.0184 210603.8000 = 1186.9124  0.0%  0.0062 = 0.0016 2094.3000 + 507.0217 0.1167 + 0.0039 37900.0000 + 300.0000  100.0%

Qlearning 0.65358 + 0.0157 211653.4000 + 8107327 0.0%  0.0065 + 0.0019 21211000 + 3636071 0.0055 + 0.0037 31100.0000 + 700.0000  100.0%

Q-learning 0.66664 £+ 0.0147 215614.9000 + 1171.6542 0.0% 0.0075 + 0.0018 2346.2000 + 651.0593 0.0845 + 0.0035 27700.0000 + 458.2576, 100.0%

Q-learning 3+ 0.0290 437144.7000 = 4931.2188 0.0% 0.0083 = 0.00: 2612.4000 £ 728.0974 0.2014 £ 0.0109 66000.0000 £+ 1612.4515 100.0%

Q-learning 137867 £+ 0.0164 4567524000 = 3104.0699  0.0%  0.0009 = 0.0037 3033.4000 £ TL6.6369 0.1510 = 0.0056 50200.0000 £ 979.7959  100.0%

Qlearning 143790 + 00255 4707402000 £ 31399116 0.0%  0.0087 % 0.0027 2831.7000 + 830.6499 0.1275 % 0.0072 42100.0000 £ 1920.9373  100.0%

Q-learning 147902 4 00222 493238.9000 + 2277.8657  0.0%  0.0084 + 0.0018 2776.1000 % 678.2003 0.1161 + 0.0044 35400.0000  1356.4660  100.0%

Q-learning 2.28¢ =+ 0.5074 775214.8000 £ 171212. 100.0%  0.0096 + 0.0054 3032.0000 £ 1662.5293 0.2548 =+ 0.0092 86900.0000 + 2981.6103 100.0%

Qlearning 193763 & 0.6133 6512274000 + 201436.2162  100.0%  0.0067 = 0.0044 2413.5000 + 1718.9781 0.2040 = 0.0151 68600.0000 = 4127.9535  100.0%

Qlearning 141624 + 04372 472450.5000 & 1426914930 100.0%  0.0107 = 0.0068 3725.7000 = 22381539 0.1762 = 0.0087 55700.0000 + 2100.0000  100.0%

Qlearning 093300 & 02051 BIGHISS000 £ 00456125 10D0%  G.007O = 0030 2630000 + 10172715 01017 & 0.000 542000000 42010552 1000%

Q-learning 100.0% 0.0046 + 0.0023 1498.6000 + 789.8309 0.5014 = 0.0546 174800.0000 + 17503 100.0%

Q-learning ) 100.0%  0.0044 £ 0.0021 1289.9000 + 793.1236 0.: = 0.0589 127200.0000 + 16587. 100.0%

Qilearning (p= 0.9, =1)  0.57472 £ 0.1143 1090518000 + 362234231 100.0%  0.0030  0.0019 1086.3000  796.4359 0.3153  0.0466 110300.0000 = 15691.0803  100.0%

Qilearning (p = 0.99,c = 1) 046894 + 0.0655 1604083000 + 228910345  100.0%  0.0045 + 0.0032 1582.0000 + 1197.7031 0.2859 + 0.0362 99200.0000 + 18454.2675  100.0%

Async Value Iteration 0.08566 + 0.0025 122268.0000 + 0.0000 N/A /. A N/A

Value Iteration 0.11020 =+ 0.0053 151506.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A
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Table 41. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 7). Two versions of value iteration are also
appended for contrast

P Discover goal  Discover goal  Optimmal Tnitial Optimal Tuftial  Optimal Inftial 5, — -
Algorithm (Problem 7) Rontime Hractions Convergence  time actions Cost2Go Time  Cost2Go #actions CostaGo  Shortest/Longest
=099) (mean £ std) (mean £ std) (mean = std) (mean = std (mean + sid) (mean = std) orge
Qrlearning (7 033427 £ 00122 1051257000 & 1681045 0.0%  0.0033 & 0.0005 1107.3000 + 147.3610 0.0960 & 0.0077 _30100.0000 + 1640.1210  100.0% 2751
Qleaming (» 032748 £ 00138 101730.0000 £ 1430.0031  0.0%  0.0030 % 0.0006 1015.1000 & 120.7131 0.0700 = 0.0045 21700.0000 + 1100.0000  100.0% 20/31
Q-learning (p 0.32981 £ 0.0112  102508.9000 + 1459.2476 0.0% 0.0032 + 0.0007 1013.0000 + 145 77 0.0863 £ 0.0586  27600.0000 £ 18900.7936 100.0% 29/37
Qleamning (» 033552 £ 00117 104173.0000 + 14825527 0.0%  0.0034 £ 0.0012 1029.0000 £ 118.5242 0.1318 = 0.0789 03888880 &+ 25435834 90.0% 20/35
Q-learning (/I 0.43405 + 0.0090  138928.2000 + 499.2035 0.0% 0.0040 £ 0.0011 1429.5000 + 311.4085 0.1782 £ 0.0679 573 33 + 21664.1024 90.0% 29/31
Qleamning (» 25) 041609 £ 00110 1338555000 £ 3610805 0.0%  0.0045 £ 0.0008 13149000 + 212.1652 02415 £ 0.1086 774285714 & 333628423 70.0% 20/30
Q-learning (p = 0. (‘ €=0.25) 0.40879 £ 0.0130  131461.9000 + 483.5714 0.0% 0.0036 + 0.0011 1102.2000 + 309.2872 nan + nan nan =+ nan 0.0%
Qleaning (0= 05, = 02 5] 040781 + 00077 1310729000 + 5963207 0.0%  0.0042 £ 0.0008 12192000 + 157.3818  nan & nan nan + nan 0.0%
Q-learning (p . 0.64501 £ 0.0140  210120.2000 + 559.0620 0.0% 0.0046 £ 0.0013 1592.5000 + 523.0178 0.5552 £ 0.0808 181600.0000 % 28302.6501 50.0%
Q-learning (p = 0.7,¢ = 0. 5) 0.62716 + 0.0080  204995.1000 + 470.7208  0.0%  0.0048 £ 0.0013 1485.7000 & 397.7974 0.3024 = 0.1961 1000000000 & 66000.0000  20.0%
Q-learning (p = 0. 0.62131 £ 0.0105  202853.4000 % 1130.9142 0.0% 0.0049 £ 0.0017 1574.0000 =£ 500 21 nan £ nan nan =+ nan 0.0%
Qlearning (s 062282 + 00120 2032448000 + 815.0984 0% 0.0044 £ 0.0012 1410.1000 £ 314.7696  nan % nan nan + nan 0.0%
Q-learning (p = 0. 67 £ 0.0148  459026.0000 + 2101.6706 0.0% 0.0069 £ 0.0037 5.3000 £+ 1079.9207 0.5004 £ 0.2531 169428.5714 £ 85780.2127 70.0%
Qlearning (p = 0.7 135292 £ 00245 4590122000 + IST7.8213  0.0% 00066 -+ 0.0034 2197.4000 + 1175474 0.6865 + 0.2734 229750.0000 + 94221 4811 40.0%
Q-learning (p 1. 63 £ 0.0268  455792.3000 £ 1940.4911 0.0% 0.0078 £ 0.0037 2449.2000 + 1051.0859 0.7965 £ 0.0000 266000.0000 £ 0.0000 10.0%
Qlearning (p = 0. 135708 £ 0.0132 459655.1000 & 18210703 0.0%  0.0073 £ 0.0040 2472.1000 & 13311790  nan + nan nan  nan 0.0%
Q-learning (p 4.10222 + 0.0447 1416290.2000 £ 13406.2110 0.0% 0.0072 £ 0.0058 2373.9000 + 1710.7167 0.6198 £ 0.5014 214400.0000 + 173779.8607 100.0%
9371 + 0.0362 1403505.6000 + 163304633 0.0%  0.0075 & 0.0041 2689.1000 4 16213430 1.0343 = 0.5157 356100.0000 & 1826113085 100.0%
416473 £ 00605 1425769.6000 £ 91621709 0.0%  0.0082 % 0.0045 2627.5000 + 1332.1414 L6117 = L1108 550250.0000 & 378253.8004  50.0%
4.22978 4 0.0746 1441110.6000 + 14152.2690 0.0% 0.0089 £ 0.0055 2772.5000 + 1824.4263 nan + nan an + nan 0.0%
17.30241 £ 0.1672 5971427.6000 £ 662641556 0.0%  0.0105 & 0.0099 3899.2000 £ 4044.8257 0.8476 = 0.3117 206100.0000 £ 105706.6223  100.0%
17.21702 -+ 0.2234 5933093.4000 + 5480: 57 0.0% 0.0050 + 0.0045 1572.8000 + 1801.3915 0.9488 =+ 0.6939 325300.0000 + 240383.4645 100.0%
1740180 & 0.1732 5991735.3000 + 409361980 0.0%  0.0071 & 0.0037 2606.7000  1454.0691 2.0168 = L9017 698100.0000 & 6598212182 100.0%
17.29445 + 0.1350 5979980.7000 + 45321.9834 0.0% 0.0079 £ 0.0051 2628.2000 + 1748.4152 14.1482 £ 0.0000  4837000.0000 £ 0.0000 10.0%
Async Value Tteration 0.10354 £ 0.0032 1532720000 £ 0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 0.15642 + 0.0028 228344.0000 = 0.0000 N/A N/A N/A N/A N/A N/A

Table 42. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 7). Two versions of value iteration are
also appended for contrast

Discover goal Discover goal _ Optimal Initial Optimal Tnitial

- Optimal Tnitial
Algorithm (Problem 7) Runtime actions Convergence time #actions Cost2Go Time  Cost2Go #actions ' 12Go  Snortest/Longest
(7 = 0.999) (mean  std) (mean  std) (mean = std) (mean = std) (mean = std) (mean = std) Convergence Pat
316 £ 0.0107 1032035000 & 07,8051 0% 0.0034 % 0.0001 591.0000 & 53.0835 0.0905 & 0.0071 _27900.0000 £ 300.0000  100.0% 20720
104 £ 0.0058 000 £ 169.5140 0.0% 0.0038 £ 0.0006  1050.7000 = 4.9000 0.0637 + 0.0026 20100.0000 £ 300.0000 100.0% 29/29
030551 £ 0.0091  96413.8000 + 16203815 0.0%  0.0033 + 0.0005 1046.6000 + 416370 0.0503 + 0.0020 160000000  0.0000 100.0% 20/31
0.30452 £ 0.0095  95497.2000 + 200.7593  0.0%  0.0032 + 0.0007 1015.1000 & 835146 0.0477 £ 0.0031 147000000 £ 43582576 100.0%
0. + 0.0088 36151.9000 + 5 0.0% 0.0047 £ 0.0008 1411.1000 £ 257.0659 0.0966 + 0.0037 0800.0000 £ 400.0000 100.0%
040466 + 0008 1308751000 + 6574162 0.0%  0.0046 + 0.0029 1373.0000 £ 3975077 0.0715 + 0.0023 226000000 & 459.8979  100.0%
040134 £ 0.0112 1251058000 + 3205128 0.0%  0.0039 + 0.0007 12514000 + 130.5214 0.0579 + 0.0032 181000000 £ 300.0000  100.0%
) 706 £ 0.0101  127570.9000 + 316.5042 0.0% 0.0039 £ 0.0009 1311.8000 =+ 203.7694 0.0518 + 0.0015  16800.0000 £ 400.0000 100.0%
0.63257 £ 0.0152 205380.9000 + 14045667 0.0%  0.0052 + 0.0019 1622.2000 £ 578.2848 0.1113 & 0.0068 355000000 £ 600.0000  100.0%
~05) 062017 £ 0.0214 200313.1000 + 1089.12 0.0%  0.0036 % 0.0015 1697.9000 & 377.1358 0.0845 + 0.0060 27200.0000 + 600.0000  100.0%
0.5)  0.60459 + 0.0116  199227.1000 £ 805.0397 0.0% 0.0041 £ 0.00 76.9000 £ 330.9065 0.0686 + 0.0038 00.0000 % 500.0000 100.0%
0.5) 0.60542 +0.0120 199838.4000 £ 13533196 0.0%  0.0054  0.0017 17212000 & 528.9037 0.0623 £ 0.0038 20200.0000 % 600.0000  100.0%
135722 £ 00182 4554516000 + 30523085 0.0%  0.0063 + 0.0040 2006.3000 + 1203.4328 0.1411 + 0.0052 47300.0000 + 900.0000  100.0%
3913 + 0.0179 0.0% 0.0060 <+ 0.00 2007.4000 £ 1127.2885 0.1116 £ 0.0055 000.0000 £ 1095.4451 100.0%
137123 £ 0.0180 0.0%  0.0073  0.0028 2533.5000 + 11788222 0.0033 £ 0.0061 31900.0000 £ 11357817 100.0%
Qlearning (p tone s 75) 137858 £ 0.0150 467527.5000 £ 3335.9965  0.0% 00052 + 0.0020 1786.7000 + 5333095 0.0851 + 0.0035 28400.0000 + 6633250 100.0%
Q-learning (p 0.9) 15838 + 0.0608 1426 1000 + 1894 0 10.0% 0.0072 £ 0.0041 2: 6000 + 1194.7¢ 0.2110 £ 0.0190 70900.0000 + 5374.9419 100.0%
Qlearning (p 40310 + 0.7200 11686088000 + 230906.4921  80.0%  0.0033 % 0.0045 1952.8000 + 13168030 0.1548 £ 0.0105 52900.0000 £ 3086.2263  100.0%
Qlearning (p = 0.9,¢ = 0.9)  2.64154 + 04819 100.0%  0.0071 % 0.0051 2274.9000 + 1536.3152 0.1330 + 0.0121 45500.0000 & 26923824 100.0%
Q-learning (p = 0.99,¢ = 0.9) 1 100.0%  0.0048 + 0.0020 1577.6000 + 557.6015 0.1184 + 0.0113 41700.0000 + 2609.5977 100.0%
carni ) 100.0% 00050 + 0.0037 1883.4000 -+ 13319621 0.6006 = 0.0763 207400.0000 £ 24670.6303  100.0%
260679 + 0.5753 100.0%  0.0082 % 0.0077 2664.7000 + 2314.6502 0.4190 + 0.0814 144900.0000 + 27005.3698  100.0%
1.98026 + 0. i g 100.0% 3578.7000 + 2836.1716 0.3622 + 0.0473 122700.0000 + 1403¢ 100.0%
T3 5 00705 TST7AAL000 & LSI05508 10007 0101 00066 3578000 820 201 01ET 0,040 1050000000 £ 16102650 100.0%
: 0.08177 £ 0.0025 1251200000  0.0000 N/A N/A
VBlIlP Iteration 0.12583 + 0.0071 181424.0000 + 0.0000 N/A N/r\ N/A N/A N/A

Table 43. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 8). Two versions of value iteration are also

appended for contrast

Discover goal | Discover goal  Optimal Initial _ Optimal Initial

Optimal Initial

Algorithm (Problem ) R““‘;‘"e‘ N #““i"“f o Convergence  time #actions  Cost2CGo Time  Cost2Go #actions  Cost2Go Sh""‘e;‘/ Longest
(¢ - (mean + std) (mean + std) (mean # std)  (mean + std)  (mean + std) (mean # std) Convergence “

Q Tearning (p = 0.5.¢ 0.01862 & 0.0022 15430.8000 & 22.0082 __ 0.0% _ 0.0000 % 0.0000 44.1000 % 5.5036 0.0040 = 0.0014 1200.0000 % 400.0000 _ 100.0% 6/6
Q-learning (p = 0.7,¢ 0.04577 & 0.0038 14974.1000  1325.0027  10.0%  0.0000 + nan  30.4000 % 1.6852 0.0034 + 0.0009 1100.0000 + 300.0000  100.0% 6/6
ng (p=0.9.¢ 0.05160 + 0.0036 16332.6000 = 1134.5385  0.0%  0.0010  0.0000 38.4000 % 1.8000 0.0035 + 0.0008 1000.0000 % 0.0000  100.0% 6/8
carning (p = 0.99,¢ = 0)  0.01507 £ 0.0203 5147.4000 & 6494.3600  80.0%  0.0012 & 0.0000 41.0000  2.8284 0.0034 & 0.0011 1100.0000 & 3000000 100.0% 6/8
carning (p = 0.5,¢ 0.01654 % 0.0050 5202.5000 + 1536.4006  100.0%  0.0010 = 0.0000 48.3000 % 9.7370 0.0041 + 0.0015 1300.0000 + 458.2576  100.0% 6/6
Qulearning (p = 0.7, ¢ 0.01100 % 0.0060 3603.8000 + 2050.5251  100.0%  0.0010 = 0.0000 47.1000  11.9202 0.0036 = 0.0006 1000.0000 % 0.0000  100.0% 6/6
Qulearning (p = 0.9,¢ = 0.25) 0.00631 4 0.0031 2002.8000 = 8951018 ~ 100.0%  0.0010 % 0.0000 49.1000 + 83241 0.0031  0.0007 1000.0000 + 0.0000  100.0% 6/7
Qlearning (p =099, = 0.25) 0.00462 = 00020 1404.8000 % 6623947 1000% ~ 0.0010 = 0.0000 47.5000 % 36946 00039 + 0.0012 1100.0000 + 3000000 100.0% 6/6
Q-learning (p = 0.5, 0.00857 & 0.0020 3004.4000 + 1001.0057  100.0%  0.0010 = 0.0000 53.9000  18.0813 0.0034 + 0.0012 1200.0000 % 400.0000  100.0% 6/6
Q-learning (p = 0.7, .r) 0.00556 % 0.0019 1803.7000 = 600.2493  100.0%  0.0010  0.0000 64.7000  12.0310 0.0032 = 0.0009 1100.0000 % 300.0000  100.0% 6/7
Q-learning (p = 0.9, = 05)  0.00613 + 0.0032 2107.8000 £ 1220.1192  100.0%  0.0010 = 0.0000 47.2000 % 8.5065 0.0035 + 0.0011 1200.0000 = 400.0000  100.0% 6/6
Qulearning (p = 0.99,¢ = 0.5) 0.00371 4 0.0014 13041000 = 457.7640  100.0%  0.0010 % 0.0000 55.8000 = 15.1578 0.0030  0.0000 1000.0000 + 0.0000  100.0% 6/6
Q-learning (p = 0. .75) 0.00825 & 0.0030 2613.4000 = 800.3720  100.0%  0.0000 = 0.0000 62.2000  12.0445 0.0036 = 0.0015 1100.0000 = 300.0000  100.0% 6/8
arning (p = 0. 0.00610 & 0.0023 2014.0000 = 638.2051  100.0%  0.0013 = 0.0004 58.4000  22.2225 0.0033 + 0.0012 1100.0000 = 300.0000  100.0% 6/7
arning (p = 0. 0.00430 & 0.0019 1310.4000 £ 4617654 100.0%  0.0010 = 0.0000 42.9000  27.5770 0.0031 < 0.0010 1000.0000 & 0.0000  100.0% 6/8
arning (p = 0. 5) 0.00348 4 0.0012 12118000 = 4041685  100.0%  0.0010 % 0.0000 48.4000 = 22.7473 0.0030  0.0005 1000.0000 + 0.0000  100.0% 6/6
arning (p = 0. . 0.00812 £ 0.0030 3022.0000 + 1180.4918 100.0%  0.0010 = 0.0000 29.3000 + 12.1083 0.0032 =+ 0.0012 1100.0000 + 300.0000 100.0% 6/6
arning (p = 0. 7 €=0.9) 0.00472 + 0.0034 1617.3000 + 796.8305 100.0%  0.0010 = 0.0000 56.1000 + 15.6042 0.0031 =+ 0.0007 1000.0000 =+ 0.0000 100.0% 6/6
arning (p = 0.9, .9)  0.00632 + 0.0032 2119.6000 + 1143.0843 100.0%  0.0010 = 0.0000 37.1000 + 25.3316 0.0033 =+ 0.0010 1100.0000 =+ 300.0000 100.0% 6/6
arning (p = 0. 0.00412 £ 0.0034 1420.0000 + 1217.0481 100.0%  0.0000 = 0.0000 44.6000 £ 30.2000 0.0030 + 0.0004 1000.0000 =+ 0.0000 100.0% 6/7
Q-learning (p = 0. 0.01071 £ 0.0023 3549.3000 £ 790.8906 100.0%  0.0010 = 0.0000 48.4000 + 27.1926 0.0030 + 0.0003 1000.0000 + 0.0000 100.0% 6/6
Q-learning (p = 0. 0.00690 £ 0.0020 2438.4000 £ 775.0199 100.0%  0.0009 = 0.0000 46.8000 + 33.4987 0.0032 + 0.0006 1000.0000 =+ 0.0000 100.0% 6/8
Q-learning (p = 0. 0.00725 £ 0.0030 2455.4000 + 1011.8974 100.0%  0.0010 = 0.0000 76.6000 + 45.0981 0.0034 + 0.0009 1100.0000 + 300.0000 100.0% 6/6
Q-learning (p = 0. 0.00497 £ 0.0023 1736.9000 £ 760.3822 100.0%  0.0000 = 0.0000 46.8000 + 33.7485 0.0034 =+ 0.0011 1100.0000 = 300.0000 100.0% 6/6
Async Value Iteration 0.00405 £ 0.0001  1700.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A 6/6
Value Iteration 0.00645 + 0.0009  2516.0000 % 0.0000 N/A N/A N/A N/A N/A 6/6
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Table 44. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 8). Two versions of value iteration are
also appended for contrast

Discover goal _ Discover goal  Optimal Initial _ Optimal Initial _ Optimal Initial

Algorithm (Problem §) Runtime actions Convergence  time factions  Cost2Go Time  Cost2Go #actions  Cost2Go > hortest/Longest
(7= 0.99) (mean £ std) (mean £ std) (mean +std) (meanstd) (meanstd)  (meantstd)  Convergence Path
Q-learning (p = 0.5,¢ = 0) 0.04766 £ 0.0023 15213.5000 £ 10.1415 0.0% 0.0010 £ 0.0000 39.4000 £ 1.2000 0.0032 £ 0.0004 1000.0000 =+ 0.0000 100.0% 6/6
Q-learning (p = 0.7,¢ = 0) 0.04846 4+ 0.0017 15174.0000 + 4.1473 0.0% 0.0000 £ 0.0000 39.6000 + 1.8000 0.0034 4+ 0.0007 1000.0000 <+ 0.0000 100.0% 6/6
Q-learning (p = 0.9,¢ ) 0.05209 + 0.0035 15185.0000 + 78.5519 0.0% 0.0010 £ 0.0000 39.0000 £ 0.0000 0.0035 % 0.0005 1000.0000 £ 0.0000 100.0% 6/6
Q-learning (p = 0.99.¢ = 0) 0.01063 £ 0.0052 3200.9000 + 1536.6980 100.0%  0.0010 + 0.0000 39.5000 + 1.0247 0.0039 + 0.0015 1200.0000 + 600.0000 100.0% 6/7
3 25) 0.01759 £ 0.0087 5703.0000 + 2865.5200 100.0%  0.0010 £ 0.0000 3 9.7082 0.0033 £ 0.0007 1000.0000 £ 0.0000 100.0% 6/6
. 25) 0.01216 & 0.0064 4103.7000 + 23429184 100.0% 00000 & 0.0000 47.5000  8.0654 0.0030 & 0.0006 1000.0000 + 0.0000  100.0% 6/6
Q Jlearning (p — 0.9,¢ — 0.25) 0.00946 + 0.0095 3002.1000 + 3194.1199  100.0%  0.0012 & 0.0002 47.4000 + 8.2849 0.0035 + 0.0006 1000.0000 + 0.0000  100.0% 6/6
Qeoming (p = 090, =05 00520 & 00035 16029000 £ 10101657  1000% 0010+ 00000 45,0000 & 73102 00034 & 0.000G 10000000 +00000  100.0% 6/6
Qlearning (p = 0.5,¢ = 05)  0.00905 + 0.0076 20055000 & 2425.9663  100.0% 00010 & 0.0000 52.8000 & 20.3263 0.0035 + 0.0012 1100.0000 + 300.0000  100.0% 6/6
Qrcarning (»— 07« 0.00372 £ 0.0010 1306.9000 + 456.8458  100.0% 00010 & 0.0000 54,4000 & 15.8569 0.0034 & 0.0007 1000.0000 + 0.0000  100.0% 6/6
Q-learning (p = 0.9,¢ = 0 5)  0.00515 £ 0.0054 1506.5000 + 1206.1261 100.0%  0.0010 + 0.0000 46.8000 + 11.8474 0.0030 + 0.0005 1000.0000 £ 0.0000 100.0% 6/6
Q-learning (p = 0.99,¢ = 0.5) 0.00411 + 0.0030 1406.5000 + 915.7572 100.0%  0.0000 £ 0.0000 56.2000 £ 10.8517 0.0031 + 0.0003 1000.0000 £ 0.0000 100.0% 6/6
Q-learning (p = 0.5,¢ = 0.75) 0.00619 + 0.0027 1912.7000 + 702.8627 100.0%  0.0000 £ 0.0000 65.1000 £ 26.7000 0.0033 £ 0.0007 1000.0000 £ 0.0000 100.0% 6/6
Q-learning (p = 0.7,¢ 75) 0.00425 £ 0.0016 1410.6000 + 487.8080 100.0%  0.0010 + 0.0000 63.2000 + 31.5144 0.0032 + 0.0004 1000.0000 + 0.0000 100.0% 6/6
Q— carning (p = 0.9, € 75) 0.00386 £ 0.0021 1218.3000 + 596.5878 100.0%  0.0000 £ 0.0000 50.4000 + 21.1858 0.0032 + 0.0011 1000.0000 £ 0.0000 100.0% 6/6
Qlearning (p — 0.99,¢ — 0.75) 0.00419 £ 0.0019 1309.7000 + 4359520  100.0%  0.0010 & 0.0000 44.0000 & 26.6571 0.0033 & 0.0011 1100.0000 + 300.0000  100.0% 6/6
Qlearning (p— 0.5, = 0.9)  0.00768 + 0.0027 2624.7000 + 9189460  100.0%  0.0010 & 0.0000 55.6000 & 25,3116 0.0029 + 0.0003 1000.0000 + 0.0000  100.0% 6/7
Qlearning (p = 0.7, = 09)  0.00620 + 0.0027 2027.3000 + 8344308 100.0%  0.0010 4 0.0000 45.2000 + 27.4401 0.0031 & 0.0005 1000.0000 + 0.0000  100.0% 6/6
Qlearning (p = 0.9, = 0.9)  0.00440 + 0.0023 1416.8000 + 6621282 100.0%  0.0000 & 0.0000 55.3000 & 314517 0.0031 + 0.0007 1000.0000 + 0.0000  100.0% 6/8
Qlearning (p = 0.99,¢ = 0.9) 0.00406 + 0.0023 1336.2000 + 4714076 100.0%  0.0010 & 0.0000 38.8000 + 18.9832 0.0029 + 0.0006 1000.0000 + 0.0000  100.0% 6/6
Q-learning (p = 0.5,¢ ) 0.01071 4 0.00: 3640.6000 + 914.5519 100.0%  0.0010 £+ 0.0000 24.0000 + 1: 93 0.0033 £+ 0.0017 1100.0000 £+ 300.0000 100.0% 6/6
Q-learning (p = 0.7,¢ 0.00691 + 0.0027 57.1000 + 906.2989 100.0%  0.0010 + 0.0000 46.4000 + 30.9587 0.0031 + 0.0003 1000.0000 £ 0.0000 100.0% 6/6
Q-learning (p = 0.9,¢ 0.00631 4 0.0026 2130.9000 + 832.7856 100.0%  0.0010 £+ 0.0000 43.8000 + 42.2488 0.0033 + 0.0010 1100.0000 £ 300.0000 100.0% 6/6
Q-learning (p 0.00321 & 0.0016 1123.8000 + 297.6692 100.0%  0.0010 £ 0.0000 39.0000 £ 27.1735 0.0028 £ 0.0006 1000.0000 £ 0.0000 100.0% 6/6
Asyne Value I 000325 4 00004 1224.0000  0.0000 N/A N/A N/A N/A N/A N/A 6/6
Value Iteration 0.00489 + 0.0005  1836.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A 6/6

Table 45. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 9). Two versions of value iteration are also
appended for contrast

- N N Discover goal Discover goal Optimal Titial Optimal Tnitial Optimal Titial - N
Alg"”'{{““f‘ “’gblem 9 ("f::‘l“:‘em) (nt:ﬁ"tm:d) Convergence time. Factions Cost2Go Time Cost2Go #actions Cost2Co Sh""e;:/‘ 'l"""gm
r= s i (mean =+ std) (mean =+ std) (mean + std) (mean =+ std) Convergence
Qrlcarning 083249 = 00195 264779.6000 = 2639455 0.0% _ 0.0048 = 0.0013 16654000 & 512.5080 0.2256 & 0.0078 71100.0000 = 29478806 100.0% T[T

0.83544 & 0.0509 255190.2000 & 2224.9005  0.0%  0.0047 £ 0.0024  1359.1000 + 475.6046 0.1622 & 0.0120 49400.0000 + 2615
0.82218 % 0.0200  261503.5000 + 3

394 100.0% 73/100002
59.2702  0.0%  0.0047 + 0.0021 13038000 + 598.0062 0.2267 + 0.1634 72666.6667 + 534415569 90.0%
0.84707 & 0.0107  268361.8000 = 23794301 0.0%  0.0040 % 0.0012 1213.7000 + 379.1628  0.2129 & 0.0995 67000.0000 = 32000.0000 20.0%
1.09374 £ 00134 354101.8000 + 595.4437 0.0%  0.0061 % 0.0028 1890.3000 + 947.1300 98900.0000 + 26032.4797 100.0%
1.06019 £ 0.0180  343039.1000 + 667.8831 0.0%  0.0048 % 0.0041 1465.0000 £ 1181.4844 117200.0000 + 57875.3834  100.0%
1.05142 £ 0.0180  340876.0000 + 678.3694 0.0%  0.0034 %+ 0.0015  1193.4000 + 514.9717 109000.0000 + 46566.0821  100.0%
1.04891 £ 0.0169  343243.7000 + 1504 0.0%  0.0100 % 0.0055 3310.6000 £ 1792.9504 0.3729 + 0.2300 121200.0000 + 75744.0427  100.0%
167280 £ 00291 542591.1000 + 1717, 0.0%  0.0102  0.0056 3367.6000 £ 1941.9648 0.5211 + 0.1822 170300.0000 £ 59008.5587  100.0%
1.62994 + 0.0320 6000 + 1110.4212  0.0%  0.0091 + 0.0044 3012.5000 % 1418.1769 03953 £ 0.1658 131400.0000 + 52442.7307  100.0%
1.62375 £ 00113 532702.9000 + 1277.0390  0.0%  0.0104 + 0.0071 3473.3000 & 2392.1237 05561 + 0.2936 180500.0000 + 93570.5616  100.0%
1.70275 £ 01623 532676.4000 + 1119.3726  0.0%  0.0081  0.0037 2570.8000 % 1323.9925 0.4862 + 0.3775 147000.0000 + 113822.6691  100.0%
47534 4 0.0379  1170012.2000 + 5296.8401  0.0%  0.0202 £ 0.0082 6715.7000 + 2639.9858 0.6041 & 0.2729 203900.0000 + 92684.8963  100.0%
46982 £ 0.0314  1166264.4000 = 3635 0.0%  0.0166 = 0.0090 5640.8000 £ 2844.1041 0.4409 % 0.1569 149900.0000 £ 54725.5882  100.0%
3218 + 01073 1171866.5000 & 2795.7716  0.0%  0.015d = 0.0091 4989.2000 £ 2665.4561 0.4960 + 0.3073 166900.0000  103700.0000  100.0%
352646 % 0.0584 11741157000 £ 4024.4103  0.0%  0.0144 £ 0.0078 5075.6000 + 2686.6880 0.9399 & 0.8252 310200.0000 % 262033.8909  100.0%
9.95711 = 0.1040 3383447.3000 = 13848.9996  0.0%  0.0373 £ 0.0210 12458.1000 % 6668.1589 0.9189 & 0.3207 314700.0000 = 113260.8052  100.0%
0.0%  0.0350 % 0.0145 12192.7000 + 4719.8426 0.8740 + 0.3548 296700.0000 + 122547.9906  100.0%
0.0%  0.0365  0.0253 12366.9000 + 8340.2219 0.9264 + 0.3555 311400.0000 1187663252 100.0%
10.07967 = 0.0874 3425728. 81818 0.0%  0.0306 + 0.0195 104822000 + 6587.8251 0.8221 + 0.4847 2812000000 + 167865.3031  100.0%
25.73975 + 0.1861 8858992.2000 £ 16766.6485  0.0%  0.1131  0.1542 38799.6000 & 53747.2304 2.2514 £ 0.6671 779100.0000 + 227674.9657  100.0%
25.85669  0.2058 88668335000 £ 105243605 0.0%  0.1203  0.1520 41029.9000 % 50871.7990 2.0149  0.5291 697000.0000  181209.8231

=09,

100.0%
25.93604 £ 0.2182 88661 2000 £ 10242.8182 0.0% 0.1469 £ 0.0673 51328.8000 + 24185.7968 1.8719 + 0.6408 642100.0000 67 100.0%
) 28.05989 £ 1.7915 8866733.9000 £ 15794.0405 0.0% 0.1936 £ 0.1284 62289.1000 £+ 42245.4083 1.4471 £ 0.2528 468700.0000 £+ 95596. 100.0%
Asyne Value Iteration 0.08066 + 0.0043  85158.0000  0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 0.16040 =+ 0.0039 180774.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 73/75

Table 46. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 9). Two versions of value iteration are
also appended for contrast

Algorithm (Problem 9) Runtime #actions Discover goal Discover goal Optimal Initial Optimal Initial Optimal Initial g) o /L ongest
oy 0000y (o & ) P s lonvergence  time factions Cost2Go Time  Cost2Go #actions Cost2Go
= (mean + std) (mean :+ std) (tmean = std) (mean £ std) Convergence

0.82003 = 0.0115  260739.3000 + 48.6149 0.0%  0.0048 = 0.0006 1444.3000 + 106.8673

°

8 £ 0.0073  68900.0000 + 5385165 100.0% T3/73

0.78513 + 0.0115  248408.2000 + 444.7241 0.0%  0.0046 % 0.0005  1387.9000 + 38.0301  0.1591 + 0.0056  49300.0000 + 458.2576 100.0% 73/75
0.78944 = 0.0456  244120.9000 % 1452.0210 0.0%  0.0038 = 0.0010 1394.2000 + 314.9079 0.1201 # 0.0053  37800.0000  400.0000 100.0% 73/17210
0.77546 + 0.0195  243783.2000 + 1594.2847 0.0%  0.0045 % 0.0005 1388.3000 + 25.8061  0.1078 + 0.0034 00.0000 + 458.2576 100.0% 73/77
1.07721 £ 0.0084  348343.1000 + 651.3309 0.0%  0.0073  0.0034 2198.8000 £ 10116971 0.2361 + 0.0089  75600.0000 + 663.3250 100.0% 73/73
1.04090 £ 0.0155  337002.8000 = 650.3260 0.0%  0.0048 = 0.0040 1353.2000 £ 1037.7931 0.1665 + 0.0042  55100.0000 + 943.3981 100.0% 73/75
1.01295 + 00125 331276.5 9.6087 0.0%  0.0035 % 0.0011  1161.5000 + 269.6792 0.1365 + 0.0062  43700.0000 + 640.3124 100.0% 73/74
1.01541 £ 00141 328914.1000 + 564.6745 0.0%  0.0036 % 0.0020 1099.6000 + 609.2000 0.1227 + 0.0087 39500.0000 £ 20615528 100.0% 3/73
1.62366 = 0.0177  535649.3000 + 1398.5836 0.0%  0.0077 % 0.0038 2564.1000 + 13063817 0.2717 + 0.0077 86400.0000 + 1113.5520 100.0% 73/75
159911 £ 0.0211 527009.5 0.0%  0.0094 % 0.0062 29314000 + 1956.7226 0.2041 + 0.0055 ~ 65800.0000 + 8717798 100.0% 73/
152830 + 01005 5025683000 = 205725745 40.0%  0.0062 + 0.0038 1965.0000 + 10742367 01654 = 0.0064 53600.0000 + 500.0000 100.0% 3/
=09 1.42686 £ 0.1613 470006.9000 + 52303.9108  60.0%  0.0063 = 0.0031 2075.1000 £ 10910605 0.1506 + 0.0060  49600.0000 + 800.0000 100.0% 73/74
0.62042 + 0.0825 208820.0000 + 27455.5621  100.0%  0.0184  0.0063 6124.3000 % 2295.8321 0.3350 £ 0.0088 113500.0000 + 1910.4973 100.0% 73/75
042093 =+ 0.0514 144077.7000 + 177881487 100.0%  0.0127 £ 0.0059 4394.3000 + 2039.2830 0.2601 & 0.0091 87200.0000  1833.0303 100.0% 73/73
75) 035981 + 0.0913 120633.2000 + 30433.5692  100.0%  0.0198 + 0.0083 6789.5000 + 2892.4318 0.2239 £ 0.0104  74900.0000 + 2624.8809 100.0% 73/75
0.75) 0.29206 + 0.0452  97167.5000 & 13056.1704  100.0%  0.0134 £ 0.0081 4290.8000 + 2428.5683 0.2080 4 0.0082 69200.0000 + 2357.9652 100.0% 73/75
9)  0.52048 £ 0.1420 181915.9000 + 48434.5347  100.0%  0.0208 = 0.0120 6859.9000 + 4023.1146 0.4311 + 0.0153 148400.0000 + 5122.4994 100.0% 73/73
0.36716 + 0.0216  124905.9000 + 6861.0892  100.0%  0.0311  0.0171 10556.1000 = 5940.0527 0.3574 = 0.0207 121500.0000 % 5500.0000 100.0% 73/
0.33836 = 0.0547 1182324000 + 166031386 100.0%  0.0281 £ 0.0152 9606.0000 % 4959.5078 0.3017 £ 0.0132 106100.0000 + 4060.7881 100.0% 73/73
0.31871 & 0.0554 110124.3000 + 160294892 100.0%  0.0300 £ 0.0199 9923.9000 + 6207.7764 0.3001 =+ 0.0240 103900.0000 + G: 04 100.0% 73/73
2.99005 % 0.6431 1037520.5000 + 224749.2626  100.0%  0.1704  0.1517 58870.9000 % 50659.1635 2.3729 + 0.3603 824700.0000 + 129351.4979  100.0% 73/75
3.03786 = 1.2796 1046223.6000 + 440196.1127  100.0%  0.0746  0.0425 25056.4000 % 13471.0723 1.9613 £ 0.3731 673400.0000 £ 122196.7266  100.0% 73/73
2.05488 & 0.8177 711559.7000 = 284247.7162  100.0%  0.1607  0.1877 55020.2000 + 6321 88 574500.0000 + 120845.5626  100.0% 73/75

Qlearning (p=0.99, 150392 + 0.3695 550156.6000 + 124750.5125  100.0%  0.0639 + 0.0364 22644.3000 £ 13536.2447 1.4103 + 0.3308 4873000000 & 112501.2666  100.0% 3/74
Asyne Value Iteration 0.05407 £ 0.0031  68724.0000  0.0000 N/A N/A N/A N/A N/A N/A 73/73
Value Iteration 0.12356 + 0.0066 152388.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 73/75




Relating RL to Planning

41

Table 47. Comparing performance of Q-learning as we change the learning rate p in

stochastic problem with v

also appended for contrast

0.99 (Problem 12). Two versions of value iteration are

Algorithm (Problem 12) Runtime #actions ) Discover goal Discover goal Optimal Initial Optimal Initial Optimal Initial g) ot /1 ongest
(e R Comvergence  time #actions Cost2Go Time  Cost2Go #actions Cost2Go Gy
(mean £ std) (mean £ std) (mean = std) (mean £ std) Convergence
Q-learning (p = 1.35049 £ 0.1266  349487.5000 £ 371.1585 0.0% 0.0154 £ 0.0096  3049.8000 £ 975. 0.4556 £ 0.0755  116300.0000 £+ 22825424 100.0% 91/420
Q-learning (p 1.21918 + 0.0737  330855.7000 = 1200.4179 0.0% 0.0093 £ 0.0027  2602.5000 £ 715.6272  0.3117 £ 0.0414  84100.0000 + 3112.8765 100.0% 91/99
Q-learning (p 1.18828 + 0.0713  330840.3000 2305.193( 0.0% 0.0092 £ 0.0034  2725.0000 + 1024.8644 0. 5 £ 0.1566  86700.0000 + 46456.5388 100.0% 93/99
Q-learning (p K 118778 £ 0.0537 67.3000 £ 1915.6908 0.0% 0.0081 £ 0.0027  2486.8000 + 815.5651 0.2972 £ 0.2505  85900.0000 + 72693.1221 100.0% 96,/100002
Q-learning (p = 0.5, 1.57223 £ 0.0228  452201.9000 + 558.4995 0.0% 0.0116 + 0.0089  3039.6000 + 2594.0057  0.5420 + 0.0761 154800.0000 + 21198.1131 100.0% 91/614
Q-learning (p 1.49643 + 0.0211  432826.5000 + 286.9872 0.0% 0.0099 £ 0.0043  3053.5000 + 1180.2092  0.6327 + 0.2000 183000.0000 + 596 342 100.0% 01/94
Qlearning (p 158308 £ 0146 426325.3000 £ 997.9512  0.0%  0.0116 + 0.0070 2836.6000 + 14047156 0.5250 + 02234 136100.0000 & 499028055 100.0%
Qlearning (p = 0. 99 €S020) 1T 000I5 OTIOLSO £ 10720207 0% 00002+ 00057 23176000 £ OTBAGS 002 03001 184380 & SEELAIL G0
i 0.5)  2.26246 + 00669 0.0% 00173+ 00077 52403000 & 22918347 0.6606 + 0.1445 196500.0000 & 389339184 100.0%
217321 £ 0.0559 0.0%  0.0156 + 00066 4726.7000 &+ 1790.8730  0.7594 + 0.4649 220500.0000 + 142064.6332  100.0%
220964 £ 0.0: 642264.3000 £ 1757.2241 0.0% 0.0134 £ 0.0083  3833.0000 £ 2582.2064  1.0991 £ 0.7577 317857.1429 + 215001.2814 70.0%
219196 £ 0.0: 640818.9000 £ 2028.4827 0.0% 0.0168 £ 0.0107  4567.4000 £ 2815.3857  1.5732 £ 0.0000 468000.0000 £ 0.0000 10.0%
4.43949 £ 0.1305 1399.1000 + 4435.1527 0.0% 0.0272 £ 0.0142  7816.0000 + 3692.5878  0.7407 £ 0.1363 220800.0000 = 30514.9144 100.0%
4.25523 £ 0.0747 1336149.6000 + 2826.8964 0.0% 0.0279 £ 0.0157  8969.9000 + 5389.6546  0.7795 + 0.3274 246800.0000 + 99628.1085 100.0%
4.24001 £ 0.0731 1334894.4000 + 4073.3894 0.0% 0.0310 £ 0.0157  10006.7000 £ 4786.0015 1.5722 + 0.9591 491800.0000 + 297310.2084 100.0%
4.28582 £ 0.0528 1335586.1000 + 4076.28: 0.0% 0.0261 + 0.0060 09.5000 £ 1956.4541  2.4463 + 1.4139 763000.0000 + 424209.8537 30.0%
10.90180 + 0.3767 3702959.7000 + 2.6419 0.0% 0.0586 + 0.0249  20067.2000 + 8975.6377 0.9018 + 0.1545 307800.0000 + 46807.6917 100.0%
10.73192 + 0.07: llQQlﬂ 1000 + 25247.8884 0.0% 0.0323 + 0.0182 1.0070 + 0.3160 353100.0000 + 109684.5021 100.0%
10.73638 + 0. |~l4| 7 17669.6110 0.0% 0.0499 + 0.0196 2.4042 £ 2 949126.5932 100.0%
10.77606 & 0.1157 3737649.6000 £ 22348.5651  0.0%  0.0415 + 0.0264 40375 22 TTS £ TOS2TT6O85 90.0%
2558737 + 04112 80492394000 = SI55.9157  0.0%  0.2668 + 02004 75007 + 15750 2623700.0000 + 669599.1043  100.0%
2540030 % 0.2116 $9523995000 £ TI6GTI  0.0% 03938 = 0.4652 1390074000 & 164452 4481 48250 + 09852 1681300.0000 3399194169 100.0%
b: 3 0.0% 0.4111 £ 0.2980 146740.3000 £ 105196.9891 4.3187 £ 1.0141 1525900.0000 + 358173.8265 100.0%
126 8949491.3000 £ 7905.9290 0.0% 0.3717 £ 0.4225 131063.6000 £ 147018.7102 6.5359 + 1.8032 2301600.0000 + 641303.8593 100.0%
Async Value Iteration 0.13077 £ 0.0088 153850.0000 + 0.0000 N/A N/A N/A
Value Iteration 0.22881 & 0.0077  276930.0000 + 0.0000 N/A N/A N/A N/A N/A N/A 91/94

Table 48. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 12). Two versions of value iteration are
also appended for contrast

Discover goal Discover goal Gptimal Tnitial

Gptimal Tmitial

- Optimal Titial - _
Algorithm (P:?I?lcm 12) gn.lz;n]i # Haction Convergence  time #actions Cost2Go Time  Cost2Go #actions Cost2Go Sh°“°;‘/ Longest
( 99) (mean = std) (mean 2 std) (mean  std) (mean + std) (mean + std) (mean + std) Convergence “

1.21094 £ 0.0463 344046.1000 + 102.2814 0.0% 0.0084 £ 0.0012 51,4000 £ 110.7729  0.4106 £ 0.0192 117600.0000 £ 1685.2300 100.0% 91/91
1.10425 £ 0.0174 323271.1000 + 485.7095 0.0% 0.0112 + 0.0019 3 2.7379  0.2849 + 0.0118  83300.0000 + 2002.4984 100.0% 91/94

1.10495 £ 0.0342  314963.3000 £ 2060.9715 0.0% 0.0098 + 0.0019 2851 3000 + 469.4173  0.2285 + 0.0140  64300.0000 + 1100.0000 100.0% 91/3322

1.13159 £ 0.0396  312640.0000 £ 1307.9674 0.0% 0.0112 £ 0.0040  2865.7000 £ 53 0.2073 £ 0.0200  57800.0000 + 871.7798 100.0% 91/11470
1.55639 £ 0.0474 4447689000 £ 672.7366 0.0% 0.0133 £ 0.0072 3!80 6000 £ 2061.8938  0.4470 & 0.0217  128900.0000 £ 2022.: 100.0% 91/91
1.47309 £ 0.0541 425557.3000 + 477.7305 0.0% 0.0074 £ 0.0016 2 7.093 0.3191 £ 0.0183  93600.0000 £ 1356.4660 100.0% 91/91
145958 £ 0.0053 4151180000 = 1083.8050  0.0%  0.0115 % 0.0070 0.2585 + 0. 74000.0000 + 8944272 100.0% 91/93
143543 £ 0.0305  412530.3000 + 690.9857 0.0%  0.0119 + 0.0070 0.2363 + 0.0160  67400.0000 + 13564660 100.0% 91/91
224574 £ 00475 6349714000 £ 14052715 0.0%  0.0150 + 0.0106 0.4980 £ 0.0205  145700.0000 % 1900.0000  100.0% 91/91
217102 £ 0.0289  640450.2000 £ 1371.2788 0.0% 0.0158 + 0.0057 0.3724 £ 0.0069  111100.0000 + 1374.7727 100.0% 91/92
2.16785 £ 0.0543  631810.6000 £ 1227.3894 0.0% 0.0175 £ 0.0071  5026.0000 £ 1940.3128  0.3151 & 0.0172  90500.0000 £ 1204.1595 100.0% 91/91
2.11225 £ 0.0409  627377.9000 £ 1655.9167 0.0% 0.0151 £ 0.0062  4572.4000 £ 1658.9468  0.2787 & 0.0118  82900.0000 + 1300.0000 100.0% 91/93
4.47757 £ 01016 1345727.5000 + 3977.2152 0.0% 0.0328 £ 0.0141  9890.0000 £ 4365.4134  0.6339 & 0.0323  188600.0000 £ 3720.2150 100.0% 91/91
4.43670 £ 0.1067  1333023.2000 £ 4511.8552 0.0% 0.0229 £ 0.0132  7162.9000 £ 4239.4070  0.4808 £ 0.0169  146600.0000 £ 3104.83 100.0% 91/93
4.52178 £ 0.1643  1330597.8000 £ 1147 0.0% 0.0263 £ 0.0160  7498.3000 £ 4079, 0.4121 £ 0.0219  123200.0000 + 1661, 100.0% 91/91
448330 £ 00950 13212326000 £ 4239.8322  0.0%  0.0246 + 0.0126 70533000 = 35040261 03902 + 0.0200 114900.0000 £ 25079572 100.0% 91/91
8073213000 + 1757013814 1000%  0.0530 4 0.0272 162417000 & 8263.0520 0.8684 = 0.0333  254400.0000 + T450.225  100.0% 91/93
1490325.2000 + 9554581602 90.0%  0.0490 + 0.0256 14057.6000 + 7212.0513 07160 + 0.0281 204600.0000 & 100419122 100.0% 91/91
10.40519 + 2.8531 3044238.7000 + 808067.4336 50.0% 0.0639 £ 0.0330  18087.4000 + 8803.0574 0.6247 £ 0.0540 182200.0000 + 9378.6993 100.0% 91/91
12.12238 + 0.1392  3727107.8000 + 25514.4807 0.0% 0.0660 + 0.0335 20051.8000 £ 10664. 1‘17? 0. SZXQ =+ 0. OZRZ 163800.0000 + RB 52.1184 100.0% 91/92
12.78287 -+ 3.3036 3996847.8000 + 1030511.9982  100.0% 100.0% 91/93
10.58299 + 2.2827 3299660.7000 + 713682.8484 100.0% 100.0% 91/91
8.27295 + 1.7336  2561736.4000 £ 526837.9684 100.0% 93 126615.4000 + 828587311 5.3974 & 1.8055 1678400.0000 £ 563602.3776 100.0% 91/92
Q learning (p = 0.99,¢ = 1) 10.17175 + 4.4533 $25U$lﬂ 2000 + 1461986.1491  100.0% 60 1745200.0000 + 650229.7748 100.0% 91/93
Async Value Iteration 0.12174 £ 0.0075 )320.0000 £ 0.0000 N/A N/A 91/91
Valne Iteration 0.22499 & 00142 920,000 = 0.0000 N/A N/A N/A N/A N/A 91/93

Table 49. Comparing performance of Q-learning as we change the learning rate p in

stochastic problem with ~
also appended for contrast

0.99 (Problem 13). Two versions of value iteration are

actions
(mean = std)

Runtime

Algorithm (Problem 13)
(7 = 0.9 (mean = std)

Convergence

Discover goal
time
(mean + std)

Discover goal
#actions
(mean = std)

Optimal Tnitial
Cost2Go Time
(mean = std)

Optimal nitial
Cost2Go #actions
(mean = std)

Optimal Tnitial
Cost2Go,

Convergence

Shortest,/Longest
Path

041708 £ 0.0074 130207.0000 + 1145111 0.0%  0.0054 % 0.0008 15923000 & 2152181 0.1329 £ 0.0121 41500.0000 + 1886.7962 100.0%
0.41080 - 0.0134  126811.0000 = 1870.6015 0% 0.0048 + 0.0014 1537.0000 + 238.6487 0.1109 & 0.0246 14.4444  T917.7874 90.0%
0.41992 + 0.0111  130207.7000 =+ 2948.2521 0.0%  0.0048 % 0.0012 15333000 + 207.4283 0.1099 + 0.0487 34666.6667 + 14204.8505 90.0%
0.42076 £ 0.0123  131368.2000 + 2567.8135  0.0%  0.0046 = 0.0008 1552.9000 + 252.3705 0.1010 & 0.0089 32666.6667 + 2357.0226 30.0%
0.54763 £ 0.0160  173912.5000 + 487.3506 0.0%  0.0048 % 0.0015 1512.5000 & 238.4438 0.1504 + 0.0287 48500.0000 + 7826.2379 100.0%
0.52066 = 0.0093  165434.7000 + 493.1110 0.0%  0.0051 % 0.0010 15053000 + 227.6686 0.1328 + 0.0261 42300.0000 + 9121.9515 100.0%
0.51072 £ 0.0110  162109.3000 + 907.4319 0.0%  0.0047 % 0.0014 15304000 & 374.2005 0.1623 + 0.0894 52000.0000 + 29492.3719  100.0%
0.50824 + 0.0139  160895.5000 + 779.379 0.0%  0.0053 % 0.0008 1665.0000 + 273.3050  nan + nan nan + nan 0.0%
0.81460 + 0.0118  265634.6000 + 675.8023 0.0%  0.0061 % 0.0018 2090.8000 + 543.4166 0.1639 + 0.0126 539 100.0%
0.79613 £ 0.0191 2575951000 £ 1356.6870  0.0%  0.0057  0.0013 1858.4000 + 362.2282 0.1466 & 0.0282 48000.0000 £ 7758.8659 100.0%
0.79041 £ 0.0325  253944.2000 & 1311.6118  0.0%  0.0057  0.0021 1908.2000 + 647.3598 0.2370 = 0.1439 74700.0000 + 39709.0670  100.0%
0.78437 £ 0.0100  253555.1000 + 802.9506 0.0%  0.0055 % 0.0009 1853.8000 + 265.7265  nan + nan nan + nan 0.0%
171005 + 0.0112 5728380000 & 2249.6028  0.0%  0.0100 £ 0.0032 3297.9000 + 922.6598 0.2122 % 0.0196 73400.0000 + 6545.2273 100.0%
171742 £ 0.0165  570048.0000 + 4754.1227  0.0%  0.0095 % 0.0028 3087.4000 4 902.2534 0.1788 + 0.0213 60300.0000 + 7603.2888 100.0%
171999 £ 0.0195 568907.4000 & 2242.6088  0.0%  0.0091 + 0.0030 2924.0000  1067.4881 0.2768 % 0.0793 93800.0000 + 26006.9222  100.0%
1.73093 £ 0.0150 5730883000 & 4372.8594  0.0%  0.0094 + 0.0035 3057.7000 £ 1176.1283 1.2025 % 0.0000  397000.0000 £ 0.0000 10.0%
4.90308 - 0.0998 1648811.3000 & 21705.7912  0.0%  0.0113 # 0.0057 3674.2000  1768.6525 0.3200 = 0.0605 109400.0000 -+ 20085.8159  100.0%
4.92352 £ 0.0782 16624914000 + 17743.7073  0.0%  0.0061 + 0.0031 2356.7000 + 1105.4382 0.2610 & 0.1042 92100.0000 + 36911.9222  100.0%
5.01483 + 0.0545 1695821.1000 + 14854.3833  0.0%  0.0118 = 0.0063 3860.2000 % 2460.5013 0.3561 + 0.2383 123100.0000 + 81007.9626  100.0%
5.17860 4+ 0.0722 1749412.8000 + 17880.0877  0.0%  0.0095 & 0.0063 3261.4000 % 1945.5436  nan + nan 0.0%
20.19759 + 0.2087 6935698.3000 + 59030.1047  0.0%  0.0140  0.0123 4713.7000 = 4234.9662 0.7662 + 0.07: 100.0%
20,2516 + 02520 6959126.6000 + 602213020  00% 00072 + 0.0051 2533.0000 + 16685765 0.6349 + 0.1335 219100.0000 & 44650.7550  100.0%
20.19583 + 0.1558 69688893000 + 544695879 0.0%  0.0139 = 0.0092 4875.1000 + 2973.4560 0.6057 4 0.1479 212100.0000 + 49383.0943  100.0%
= 2 6978691.0000 + 50001.2043  0.0% 4621.0000 + 4342.0776  man + nan nan + nan 0.0%
Asyne Value lu.muun 0.09685 £ 0.0033  137088.0000 % 0.0000 N/A N/A N/A N N/A N/A
Value Iteration 0.14306 £ 0.0030 _ 204288.0000 = 0.0000 N/A N/A N/A N/A N/A N/A
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Table 50. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 13). Two versions of value iteration are
also appended for contrast

Algorichm (Problom 19) untime fhactions Discover goal Discover goal _ Optimal Initial Optimal Taitial —— Optimal Tl g 00

§ Convergence time F#actions Cost2Go Time Cost2Go #actions Cost2Go
(7 =0.999) (mean £ std) (mean = std) (mean + std) (mean = std) (mean = std) (mean + std) Convergence Path

Q-learning (p 0.42100 = 0.0143 0.0% 0.0047 £ 0.0008 000 + 76.6022 0.1265 £ 0.0068 39100.0000 £ 300.0000 100.0%

Q-learning (p 0.38638 £ 0.0109 0.0% 0.0042 = 0.0007 1313.6000 £ 65.3578 0.0914 £ 0.0029  28400.0000 £ 489.8979 100.0%

Q-learning (p 0.37736 £ 0.0127 117003.6000 + 131$ 0820 0% 0.0044 = 0.0008 1309.9000 £ 33.8274 0.0727 £ 0.0038  22800.0000 £ 600.0000 100.0%

Q-learning (p 0.36804 £ 0.0097 115982.0000 + 1690.8937 0.0% 0.0042 = 0.0007 1369.4000 + 153.5579 0.0646 £ 0.0044  20800.0000 + 871.7798 100.0%

Q-learning (p = 0.5,¢ = 0.25) 0.53299 + 0.0136 170583.4000 + 373.3465 0.0% 0.0051 + 0.0016 1629.0000 + 322.1391 0.1338 £ 0.0029  42900.0000 £ 300.0000 100.0%

Q-learning (p 0.50840 £ 0.0103 161753.3000 + 484.6933 0.0% 0.0049 + 0.0008 1532.1000 + 224.2046 0.1000 £ 0.0029  32100.0000 £ 300.0000 100.0%

Q-learning (p 0.49029 £ 0.0129 156851.3000 + 651.1839 0.0% 0.0053 £ 0.0012 1599.5000 + 332.4681 0.0806 £ 0.0070 25400.0000 =+ 489.8979 100.0%

Q-learning (p = 0.99,¢ = 0.25) 0.48949 + 0.0121 549.2000 + 427.4459 0.0% 0.0045 + 0.0011 1478.0000 £ 309.7082 0.0749 + 0.0037 24100.0000 =+ 538.5165 100.0%

Q-learning (p ) 0.80326 + 0.0161 1210.8000 + 1509.3220 0.0% 0.0062 £ 0.0016 2006.1000 £ 345.7610 0.1541 £ 0.0074  49700.0000 £ 640.3124 100.0%

Q-learning (p ) 0.77900 £ 0.0185 )8.5000 £ 19 094 0.0% 0.0068 £ 0.0020 2069.7000 £ 648.0762 0.1176 £ 0.0058 37800.0000 £ 400.0000 100.0%

Q-learning (p = 0.9, = 0.5)  0.76413 £ 0.0141 248537.1000 + 1056.6522 0.0% 0.0057 = 0.0014 2003.1000 + 303.4526 0.0934 £ 0.0028  31000.0000 = 0.0000 100.0%

Q-learning (p = 0.99,¢ = 0.5) 0.77291 + 0.0190 247948.2000 + 1162.4237 0.0% 0.0061 = 0.0019 1859.1000 £ 547.9541 0.0910 £ 0.0072  29000.0000 + 447.2136 100.0%

Q-learning (p = 0.5,¢ 75) L71760 £ 0.0251 573371.0000 £ 6643.6816 0.0% 0.0083 + 0.0020 2860.5000 + 685.0938 0.1896 £ 0.0083 64300.0000 £ 1100.0000 100.0%

Q-learning (p = 0.7,¢ = 0.75) 1.76432 £ 0.0306 585333.7000 + 5937.4857 0.0% 0.0070 £ 0.0021 2409.1000 £ 629.4284 0.1503 £ 0.0055 50700.0000 £ 1791.6473 100.0%

5) 1.79295 + 0.0416 592897.9000 + 6914.9360 0.0% 0.0091 £ 0.0031 2858.0000 £ 817.7569 0.1283 £ 0.0073  42600.0000 = 800.0000 100.0%

75) 1.74500 £ 0.0173 587144.2000 + 4339.3984 0.0% 0.0064 £ 0.0016 2172.8000 £ 602.0843 0.1150 £ 0.0054 40100.0000 £ 1513.2746 100.0%

9)  0.55173 £ 0.0504 1895 5. 100.0%  0.0103 + 0.0053 3651.0000 + 1959.4914 0.2617 + 0.0102 2 100.0%

) 0.45882 + 0.0514 100.0%  0.0104 % 0.005: 641.1000 £ 1702.7189 0.2070 £ 0.0162 100.0%

) 0.42473 £ 0.0747 14: 100.0%  0.0127 + 0.0065 4168.0000 + 215 10.1819 + 0.0126 100.0%

0.35403 £ 0.0764 119543 8000 + 25616.2213  100.0%  0.0107 + 0.0045 3898.7000 + 1632.3342 0.1696 + 0.0126 100.0%

1.14662 + 0.2058 400989.4000 + 71658.6692  100.0%  0.0146 + 0.0141 5338.0000 + 5032.0724 0.7876 + 0.1240 275900.0000 + 44468.9780 100.0%

0.99436 + 0.1848 346500.0000 + 61741.7089  100.0%  0.0128 + 0.0110 4797.6000 + 4424.0289 0.6524 + 0.0992 227700.0000 + 32972.8676 100.0%

Q-learning (p 0.76700 + 0.1771 265314.4000 + 60957.6632  100.0%  0.0081 + 0.0051 2921.1000 + 1713.3967 0.4927 + 0.0841 170200.0000 + 28424.6372 100.0%

Q-learning (p 0.62492 + 0.1279 218100.4000 + 43522.9246  100.0%  0.0106 + 0.0065 3915.7000 + 2612.0314 0.4177 + 0.0718 145400.0000 + 26131.2074 100.0%
Async Value Iteration 0.07626 + 0.0034  112896.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 0.11517 = 0.0051  163968.0000 + 0.0000 N/A N/A N/A N/A N/A N/A

Table 51. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 14). Two versions of value iteration are
also appended for contrast

Discover goal
time

Discover goal
#actions

Optimal Titial
Cost2Go

N Optimal Tnitial
Algorithm (Problem 11) Runtime #actions Cout2Go stactions

Optimal g““‘“ Shortest,/Longest

Convergence

=099 (mean  std) (mean  std) (mean =+ std) (mean = std) (mean = std) (mean = std) Convergence
Qrlearning (7= 05 030070 & 0.0001  06328.6000 & 176,501 0.0%  0.0040 & 0.0009 1252.6000 & 265.3127 0.1077 + 0.0078 31800.0000 & 15330303 100.0% 2732
Q-learning (p = 0.7,¢ = 0.29002 £ 0.0048 91828.5000 + 931.1332 0.0% 0.0049 £ 0.0014 1435.9000 £ 234.8917 0.0769 + 0.0081 24600.0000 + 2107.1308 100.0% 24/25
Qlearning (p = 0.9, ¢ 030375 £ 0.0170  93267.8000 & 15014346 0.0%  0.0046 % 0.0012 1352.2000 + 270.5168 0.0645 + 0.0050 20000.0000 + 25298221 50.0% 24/28
i 031794 £ 0.0230  94536.9000 + 16588502 0.0%  0.0044 % 0.0008 1390.3000 & 218.5599 01913 + 0.0751 57666.6667 + 20717.6790  60.0% 21/239
0.40410 £ 0.0155  126466.8000 + 334.4978 0.0% 0.0063 £ 0.0008 1860.4000 £ 358.0489 0.1197 £ 0.0136 38000.0000 + 3768.2887 100.0%
038591 £ 0.0115 1201498000 £ 2001523 0.0%  0.0030 % 0.0014 1568.2000 & 362.5719 0.1007 + 0.0166 32100.0000 & 51662365  100.0%
036089 & 0.0113 1171206000 & 6033306 0.0%  0.0047 % 0.0013 1479.7000 & 204.5665 0.1410 + 0.0746 46300.0000 + 257722719 100.0%
Q-learning (p = 0. 0.38105 + 0.0138  116433.2000 + 451.0545 0.0% 0.0063 £ 0.0015 1825.3000 £ 231.3846 0.1326 + 0.0000 42000.0000 % 0.0000 10.0%
Qlearning (p 059012 £ 0.0191 1905928000 & 2400416 0.0%  0.0071 % 0.0019 2195.3000 & 402.9462 01289 + 0.0045 41400.0000 & 1496.6630  100.0%
Qlearning (p = 0.7, 056367 & 0.0122  184919.0000 & 5610007  0.0%  0.0065 % 0.0014 2107.4000 & 306.1615 0.1137 + 0.0268 37000.0000 & 75495344 100.0%
Q-learning (p = 0.9, 0.55118 & 0.0081  182080.0000 + 618.4603 0.0% 0.0059 £ 0.0018 1922.5000 + 459.6375 0.1083 + 0.0255 35700.0000 + 8343.2608 100.0%
Qlearning (p 055182 £ 0.0097 1514456000 & 8720140 0.0%  0.0065 % 0.0014 2058.4000 4 397.7271 0.2850 £ 0.2007 96000.0000 + 67000.0000  20.0%
Qlearning (p = 0.3, ¢ L1889 £ 001 070770 L TIGAB1  00% 0067 £ 00021 22071000 + BIG.I00 01501 £ 0.0000 SI000NND £ 010U I000%
Q-learning (p = 0.7, 117601 £ 0.0220 0.0% 0.0079 £ 0.0032 2682.2000 £ 1006.5925 0.1436 + 0.0217 48500.0000 + 5852.3500 100.0%
Qlearning (p 1160 £ 00334 90143.3000 + 24% 0.0%  0.0067 % 0.0021 2280.6000 & 6211773 0.1828 + 0.0843 61200.0000 + 250991103 100.0%
Qlearning (p = 0.99, 116542 £ 0.0128 3947941000 + 2573.2271  0.0%  0.0085 + 0.0036 25610000 + 520.6588  nan + nan nan + nan 0.0%
Q-learning (p = 0.5, 3.08581 £ 0.0616 1040344.3000 + 9700.2659 0.0% 0.0073 £ 0.0054 2100.6000 £ 1351.0389 0.2479 + 0.0600 81300.0000 + 16174.3624 100.0%
Qlearning (p = 0.7, ¢ 04500 £ 0.0401 1042682.5000 £ 85165642 0.0%  0.0061  0.0034 2100.2000 + 12572713 0.1948 £ 0.0451 66100.0000 + 137945641  100.0%
Qlearning (p = 0.9, = 0.9) 307272 + 0.0809 1043268.7000 & 13685.6012  0.0%  0.0100  0.0045 3357.6000 + 1384.5272 0.2213 & 0.1023 76000.0000 & 355471518 100.0%
Q-learning (p = 0.99,¢ = 0.9)  3.15766 % 0.0590 1075696.7000 £ 10863.5693 0.0% 0.0082 £ 0.0058 2911.9000 £ 1920.4674 nan + nan nan £ nan 0.0%
Qlearning (p ) 13.48848 + 0.2020 46275044000 & 42637.9797  0.0%  0.0060  0.0042 1833.1000 + 1449.0891 0.3200 £ 0.0742 112000.0000 £ 210902821 100.0%
Qrlearning (p = 0.7,¢ = 1) 0.0%  0.0054 % 0.0029 2101.6000 + 1352.8404 0.2844 + 0.0377 100400.0000 + 13792.7517  100.0%
Q-learning (p = 0.9,¢ = 1) 0.0% 0.0060 £ 0.0046 2046.6000 + 1783.7949 0.3926 + 0.1898 136600.0000 + 62220.8968 100.0%
Qrlearning (p = 0.99,c = 1) 1334453 £ 01413 4619388.6000 £ 243550382 0.0%  0.0042 £ 0.0020 1506.4000 £ 885.7109  nan + nan nan £ nan 0.0%
Asyne Value Iteration 0.10068 £ 0.0071  120685.0000  0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 0.13079 + 0.0037 167098.0000 £ 0.0000 N/A N/A N/A N/A N/A N/A

Table 52. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 14). Two versions of value iteration are
also appended for contrast

Discover goal Discover goal opuml Toitial Optimal Tnitial

- Optimal Tnitial o —— g
A"“°"‘h"l<§§;};1)°“‘ 19 R““‘;"‘_“ " Hact T Convergence time #actions ime  Cost2Go #actions ostaGo  Shortest/Longest
(7= 099 (mean + std) (mean & std) (mean + std) (mean + std) (mean + std) (mean + std) Convergence
Qlearning (p 030500 £ 0.0127 0.0% 00018 = 0.0008 1555.1000 0.1033 £ 00033 _32000.0000 = 0.0000 100.0%
Q-learning (p 027763 £ 00110 877020000 £ 163,811 00% 00040 £ 0.0008 1311.1000 % 38.2164 0.0720 £ 0.0036 23200.0000  400.0000 100.0%
Q-learning (p 027524 & 00138 85869.9000 14267016 0.0%  0.0042 = 0.0011 1297.5000 % 41.6371 0.0582 % 0.0070  18000.0000 = 0.0000 100.0%
Qlearning (p 0.26803 + 0.0060 85089.9000 + 12888214 0.0%  0.0042 = 0.0005 1305.5000 & 49.4131 0.0529 + 0.0018  17000.0000 = 0.0000 100.0%
0.38798 & 0.0101 124627.3000 3166519 0.0%  0.0060 % 0.0014 2001.7000  475.6738 0.1090 & 0.0040 35100.0000 & 538.5165 100.0%
0.37066 & 0.0159 117827.2000 + 399.2553  0.0%  0.0049 % 0.0011 1600.8000  273.2595 0.0810 4 0.0037 26100.0000 & 830.6624 100.0%
114754.0000 + 408. 0210 0.0% 0.0051 £ 0.0020 1632.0000 = 420.1623 0.0643 £ 0.0020 20800.0000 =+ 600.0000 100.0%
.25 114243 0.0% 0.0047 £+ 0.0011 1510.6000 + 255.3500 0.0609 £ 0.0037  19200.0000 =+ 400.0000 100.0%
5)  0.56919 + 0.0057 187718.5000 + 12! 0.0% 0.0062 £ 0.0014 1978.8000 + 378.8931 0.1217 £ 0.0038 40400.0000 + 66 50 100.0%
) 055801 + 0.0108 1825112000 £ 9911749 0.0%  0.0057  0.0019 1979.6000 % 470.0022 0.0922 % 0.0076 305000000 = 806.2258 100.0%
5) 054539 = 00124 1808003000 £ 10824676 0.0%  0.0072 = 0.0011 2337.0000 + 276.2238 0.0740 % 0.0043 24700.0000  640.3124 100.0%
Qlearning (p = .5) 0.55363 + 0.0083 181992.7000 + 7349201 0.0%  0.0068 = 0.0012 2221.6000 £ 380.8276 0.0698 % 0.0025 23400.0000 & 489.8979 100.0%
Qulearning (p = 0.5,¢ = 0.75) 1.18523 £ 0.0191 399329.6000 £ 4719.2824  0.0%  0.0083 £ 0.0028 3095.4000 4 924.0041 0.1487 & 0.0047 50500.0000 % 12041505 100.0%
Qlearning (p = 0.7, = 0.75) 1.20939  0.0309 402571.2000  2161.2340  0.0%  0.0074  0.0032 2653.8000  1238.6876 0.1212 + 0.0071 40600.0000 % 1200.0000  100.0%
Q-learning (p 0.75) 1.21022 + 0.0218 408583.6000 + 3 0.0% 00070  0.0033 2565.7000 + 1113.2647 0.0984  0.0052 33600.0000 £ 1200.0000  100.0%
Q-learning (p 0.75) 1.23702 + 0.0155 414506.0000 + 0.0% 0.0068 + 0.0029 2220.9000 + 735.6789 0.0947 =+ 0.006 31500.0000 + 1024.6951 100.0%
Q-learning (p = 0.5, ) 1.24375 + 0.2250 428780.2000 + 75699.6203  100.0%  0.0060 =+ 0.0045 2044.9000 + 1605.6018 0.1940 + 0.0089 68400.0000 + 2244.9944 100.0%
0. ) 0.77661  0.1855 2633 9 1000%  0.0068 £ 0.0042 2432.7000 + 1644.0220 0.1567 £ 0.0110 543000000 £ 3579.1060  100.0%
) 0.68355  0.1465 237633.9000 £ 52024.9411  100.0%  0.0074  0.0029 2495.0000 % 896.0204 0.1376 % 0.0075 46400.0000 + 2537.7155  100.0%
.9) 0.44536  0.0739 154420.1000 £ 24849.9184  100.0%  0.0060 = 0.0036 2145.6000 + 1170.3625 0.1210 % 0.0092 42000.0000  2489.9799  100.0%
0.49448 & 0.0793 1737481000 + 276155621 100.0%  0.0045 = 0.0028 1543.5000 4 10515644 0.2047 + 0.0408 1044000000 + 114995652 100.0%
0.39330 & 0.0187 139320.9000 & 9283.7602  100.0%  0.0069 % 0.0049 2119.8000 4 1404.8083 0.2316 4 0.0306 §2100.0000 & 10300.0000  100.0%
0.33914 & 0.0224 121377.5000 & 74414884 100.0%  0.0039 & 0.0029 1332.8000 & 1053.2151 0.1998 & 0.0115 70900.0000 & 4482.1870  100.0%
0.35365 + 0.0521 124311.0000 + 16302.3570  100.0%  0.0070 + 0.0048 2020.3000 + 1504.0803 0.1803 =+ 0.0203 63700.0000 + 8100.0000 100.0%
Async Value Iteration 0.08128 £ 0.0039  107242.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
Value Iteration 010199 & 0.0044__132182.0000 = 0.0000 N/A N/A N/A N/A N/A N/A
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Table 53. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.99 (Problem 15). Two versions of value iteration are
also appended for contrast

Algorithm (Problem 15) Runtime #actions D"L;"‘I:;g"“l D';‘:::‘:’:i’“l gﬁt:‘z"(‘,‘;l,‘;::‘“: o"’;‘(,"::‘;::';:‘:‘]m DP"‘"_‘:;E‘:‘“I Shortest/Longest

(7 =099 (mean = std) (mean  std) (mean = std) (mean = std) (mean + std) (mean = std) Convergence ath

Q-learning (| U 28852 & 0.0117 89028.3000 + 184.7880 0.0% 0.0048 + 0.0007 1428.2000 + 129.3706 0.1241 + 0.0113  38600.0000 + 3261.9013 100.0% 22/24

Qlearning 700100 83249.1000 £ 3217780 0.0% 00053 £ 0.0012 1495.4000 + 203,842 0.0940 £ 0.0080 29900.0000 £ 2426.9322  100.0% 22/25

Q-learning ( 020301 £ 00080 SITPL000 4 124063  00% 0.0 & 0.0008 1565:3000 £ 1790043 00875 £ 0.0135 270000000 £ MOLHHT 10005

Q-learning (| 0.26566 = 0.0046  81982.9000 = 1051.3302 0.0% 0.0049 £ 0.0012 1413.1000 + 133.2039 0.1278 & 0.0369 40000.0000 £ 11175.3697 90.0%

Qlcarming (p— 036001 £ 0.0117 113791.9000 + 352.0361  0.0%  0.0038 & 0.0018 1701.5000 & 3145973 0.1777 % 0.0603 56000.0000 + 18157.5338  100.0%

Q-learning (| 0.34671 £ 0.0133  107591.1000 + 295.7453 0.0% 0.0050 £ 0.0013 1596.3000 + 309.2633 0.2 + 0.0689 703 + 19595.9179 90.0%

Qlearning 033285 £ 0.0086 1042825000 + 3017327 0.0%  0.0052 % 0.0010 1704.4000 & 2639326 0.2373 £ 0.0904 7T3750.0000 + 28145.5256  40.0%

Q-learning (| 0.32981 £ 0.0066 1036 000 + 399.7337 0.0% 0.0055 + 0.0020 1! nan + nan nan + nan 0.0%

Qlearning 051373 + 0.0124  165242.8000 £ 657.2284  0.0%  0.0073 % 0.0016 2 02117 £ 0.0821 69200.0000 & 267947756 100.0%

Q-learning ( 0.49143 £ 0.0062 159776.7000 + 586.9612  0.0%  0.0055 + 0.0015 1763.9000 + 4095542 0.1953 + 0.0493 62900.0000 & 15712.7337  100.0%

Q-learning (| 0.48423 + 0.0164  156980.0000 + 740.5661 0.0% 0.0057 & 0.0017 1920.3000 + 280.7729 0.2244 + 0.0650 75250.0000 + 23413.4043 40.0%

Qearning = 5500111 156709.0000 £ 7117792 0.0% 00045 + 0.0011 1662.9000 + 376.2540  nan + nan nan + nan 0.0%

Q-learning (| 0.98409 £ 0.0171  329468.7000 + 2534.9306 0.0% 0.0076 £ 0.0021 2541.0000 + 668.8504 0.2437 £ 0.0631 83200.0000 + 22076.2316 100.0%

Qlearning 0.08745 £ 0.0149  326236.2000 = 2648.0536  0.0%  0.0039 & 0.0022 2039.6000 & 6313889 0.3675 & 0.2203 122700.0000 + 702183025 100.0%

Q-learning (| 0.97015 £ 0.0175  324972.7000 + 1958.8229 0.0% 0.0055 4 0.0025 1835.6000 + 908.8369 0.4076 + 0.1862 137500.0000 -+ 60864.6038 80.0%

Qlearning ( 0.96860 + 0.0149 324020.9000 + 2793.0568  0.0%  0.0063 = 0.0010 2181.8000 £ 393.4130  nan = nan nan £ nan 0.0%

Q-learning ( 230901 £ 0.0339 SI6977.1000 £ $385.0337  0.0%  0.0061 + 0.0044 20025000 + 13778644 0.4464 £ 0.2158 153400.0000 + 758712067 100.0%

Q-learning (| 2.41486 £ 0.0513  816467.0000 £ 6914.5546 0.0% 0.0051 £ 0.0028 1678.7000 + 853.0287 0.6450 £ 0.5411 219100.0000 + 181662.5718 100.0%

Qlearning (p = 240087 + 0.0333 5208751000 & 48428374 0.0% 436.5000 £ T37.5300 11962 + 0.6652 4102222222 4 2201485582 90.0%

Q-learning (| 2.48184 £ 0.0243  840100.2000 + 8147.4014 0.0% . 317.6898  nan + nan nan + nan 0.0%

Qlearning (p 10.01520 & 0.1727 3441286.8000 & 42249.9373  0.0%  0.0024 % 0.0013 7073000 £ 357.3637 0.7493 % 0.4824 260100.0000 & 167507.2834  100.0%

Q-learning (p = 0.7, 10.01022 + 0.0884 3453719.7000 + 35047.7117 0.0% 0.0044 £ 0.0030 1478.9000 + 956.0314 1.3257 + 0.9365 464000.0000 + 325482.7184 100.0%

Qlearning (p = 0.9, 9.96116 + 0.1227 3120200.0000 + 43046.5147  0.0% 00042 % 0.0037 13815000 = 1143.0474 12725 £ 10050 437700.0000 + 344933.9212  100.0%

Q-learning (, 99,¢=1) 9.92413 £ 0.1156 3417322.0000 + 31567.4616 0.0% 0.0041 £ 0.0047 957.2000 £ 1273.1382 nan £ nan nan -+ nan

Async Value Iteration 0.11313 = 0.0060 161800.0000 £ 0.0000 N/A N/A N/A N/A

Value Tteration 0.15098 £ 0.0044__ 213576.0000 & 0.0000 N/A N/A N/A N/A N/A

Table 54. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 15). Two versions of value iteration are
also appended for contrast

Discover goal Discover goal _ Optimal nitial _ Optimal Tnitial

Optimal Tnitial

1

A'@""‘(""‘_(é’;“g’;‘;"‘ 15) ¢ R““‘;’“i 4 ( #"“i"ff 9 Convergence  time #actions Cost2Go Time  Cost2Co #actions Cost2Go ”““"t;‘/t"“"“g“’
= mean £ 5 mean £ stc (mean + std) (mean + std) (mean =+ std) (mean = std) Convergence ah
Qrlcarning (p = 05,c = 0) 020376 £ 0.0114 _§7332.2000 £ 1308012 0.0%  0.0041 = 0.0006 1229.7000 & 55.2323 0.1200 £ 0.0058 355000000 = 400.0000 0.0% 22723
Q-learning (p = 0.7 0.25831 + 0.0102  80872.8000 + 135.5838 0.0% 00040 £ 0.0007 1255.4000 % 68.8421 0.0817 + 0.0078 25600.0000 = 489.8979  100.0% 22/22
Q-learning (p ) 0.25036 % 0.0083  77700.9000 + 434.0469 0.0% 00038 £ 0.0009 1217.4000 & 47.3861 0.0654 £ 0.0032 200000000 = 0.0000 100.0% 22/24
Q-learning (p = 0.99,¢ = 0) 0.24895 £ 0.0086  76801.6000 + 144.6556 0.0% 0.0036 + 0.0009 1220.8000 + 49.0649 0.0562 + 0.0015  18000.0000 =+ 0.0000 100.0% 22/22
2 0.35408 £ 0.0148  111584.0000 + 412. 6 0.0% 0.0051 £ 0.0006 1864.1000 + 289.8: 0. . 00.0000 £ 458.2576 100.0% 2
0.33255 + 0.0036 107 000 + 443.6337 0.0% 0.0046 £ 0.0009 7.0000 £ 217.0396 0.0906 £ 0.0045 28700.0000 £ 458.2576 100.0%
032478 + 0,012 102077.8000 & 445.8761  0.0% 00052 % 0.0010 1663.0000 % 226.2830 0.0724  0.0037  23000.0000  0.0000 100.0%
0.25) 032277 + 0.0001 102165.3000 & 2808501 0.0%  0.0051  0.0013 1641.7000 % 245.3341 0.0625 £ 0.0023 20300.0000 = 458.2576  100.0%
Q-learning (p 051147 £ 0.0194  161853.1000 + 806.6378  0.0%  0.0066 + 0.0014 1961.0000 + 305.9297 0.1420 + 0.0061 463000000 = 458.2576  100.0%
Q-learning (p 0.48351 + 0.0082 156950.0000 £ 1504.6035  0.0%  0.0058 + 0.0021 2019.1000 + 561.3444 0.1063 + 0.0051 344000000 = 489.8979  100.0%
Qlearning (p 0.47548 + 0.0124 1548488000 & 1231.80: 0.0% 00059 £ 0.0017 1840.0000  576.0533 0.0844 £ 0.0030 250000000 £ 6324555  100.0%
Qlearning (p 158697.0000 & 1032.645 0.0% 00071  0.0023 2187.3000 + 527.6387 0.0792  0.0069 250000000 + 4472136 100.0%
Q-learning (p 328269.6000 + 2378.9721 0.0% 0.0062 + 0.0028 2125.7000 + 859.0931 0.1737 =+ 0.0042 59300.0000 £ 781.0250 100.0%
Q-learning (p 22805.7000 + 3815.3383 0.0% 0.0065 £ 0.0037 2080.7000 + 1144.6155 0. 8 £ 0.0066 45800.0000 =+ 600.0000 100.0%
Qlearming (p— 09,¢ — 0.75) 100538 £ 00281 3315164000 £ 27838505 0.0% 00070 £ 00021 23503000 £ 7130061 01137 £ 0.0060 38100.0000 £ 7000000 100.0%
Qulearning (p = 0.99,c = 0.75) 1.03605 = 0.0168 345653.4000 & 21735444 0.0%  0.0075 £ 0.0020 2409.6000 + 652.0138 0.1027 = 0.0073 35000.0000 + 1612.4515  100.0%
Qlearning (p = 0.5, = 09) 241348 £ 0.0200 823790.2000 & 69854138 0.0%  0.0057 £ 0.0024 1960.4000  799.8494 0.2159 = 0.0126 74400.0000  2576.8197  100.0%
Qulearning (p = 0.7,c = 0.9)  2.32536 + 0.1829 790112.1000 + 61638.2405  30.0%  0.0064 + 0.0038 2255.6000 % 1445.1619 0.1717  0.0096 59900.0000 + 3112.8765  100.0%
Q-learning (p = 0.9,¢ 241103 + 0.3058 819447.7000 + 1042755428 40.0%  0.0061 + 0.0035 2096.1000 & 1082.7082 0.1480 + 0.0119 50000.0000 + 2366.4319  100.0%
Qulearning (p = 0.99, ¢ 2.33104  0.3619 7807531000 + 1267060884 50.0%  0.0059 + 0.0040 1854.8000 & 1323.8872 0.1392  0.0100 47500.0000 + 2459.6748  100.0%
Q-learning (p = 0.5, 0.65477 £ 0.0912 721.9000 + 28488.3753 100.0%  0.0038 + 0.0021 1269.4000 + 920.4766 0.3416 + 0.0252 118900.0000 + 7777.5317 100.0%
Q-learning (p 0.49519 + 0.0859 100.0%  0.0039 + 0.0042 1199.7000 + 9 h47 (l 100.0%
Q-learning (p= 0.9, = 1) 0.43197 = 0.0747 9 . 100.0%  0.0035 = 0.0028 10767000 + 854.1 100.0%
Q-learning (p = 0.99,c = 1) 0.48867 = 0.1156 168265.0000 + 38578. "osv 10007 00034 £ 0.0023 1149.3000 = 562 5615 0 304 i 0 0338 81700.0000 + 11031 poret 100.0%
Asyne Value Iteration 0.09015 = 0.0031  132676.0000 = 0.0000 N/A N/A N/A /. N/A
Value Iteration 0.12165 + 0.0048 _ 171508.0000 + 0.0000 N/A N/A N/A N/A N/A

Table 55. Comparing performance of Q-learning as we change the learning rate p in

stochastic problem with v

also appended for contrast

0.99 (Problem 16). Two versions of value iteration are

Algorithm (Problem 16) Runtime actio ) Discover goal  Discover gonl  Optimal litial — Optimal Toitial — Optimal Taitial o~ 00
= 0.99) (moan & std) (wan & sta)  Conversence time #actions  Cost2Go Time  Cost2Co #actions  Cost2Go e
(mean = std)  (mean % std) (mean = std) (mean Convergenc

Qlearning (p = 0. /03071 £ 0.0004 11123.0000 = 3373.6780 _ 10.0% _ 0.0010 = 0.0000 14.0000 £ 0.0000 0.0020 = 0.0005 1100.0000 = 300.0000 _ 100.0%
Q-learning (p = 0.7, 0.03377 £ 0.0016 122231000 + 13.9746  0.0%  0.0011 % 0.0000 14.1000 % 0.3000 0.0029 + 0.0003 1000.0000 % 0.0000  100.0%
Q-learning (p = 0.9, 0.03690 £ 0.0020 122241000 £ 19.5880  0.0%  0.0009 = 0.0000 13.7000 % 0.6403 0.0030 £ 0.0006 1000.0000  0.0000  100.0%
Q-learning (p = 0.99, 0.03445 £ 0.0025 12243.3000 £ 32.2244  0.0% nan = nan  13.8000 % 0.6000 0.0028 £ 0.0005 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.5,¢ = 0.25) 0.00332 £ 0.0010 1204.0000 + 398.7750  100.0%  0.0010 = 0.0000 17.7000 % 3.4073 0.0033 £ 0.0010 1200.0000 = 400.0000  100.0%
Q-learning (p = 0.7,¢ = 0.25) 0.00366 £ 0.0014 1203.1000 + 400.2021  100.0%  0.0010 = 0.0000 15.1000 % 2.3000 0.0035 £ 0.0011 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.9,¢ = 0.25) 0.00275 + 0.0005 1001.2000 + 1.3266  100.0%  0.0010 = 0.0000 16.7000 % 45177 0.0028 + 0.0005 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.99, ¢ = 0.25) 0.00290 £ 0.0011 1101.3000 + 299.5680  100.0%  nan = nan  16.9000 % 42059 0.0026 + 0.0005 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.5 .5)  0.00320 £ 0.0010 1102.7000 £ 2091150 100.0%  nan £ nan  19.4000 + 5.5172 0.0031 % 0.0010 1100.0000  300.0000  100.0%
Q-learning (p = 0.7, = 0.5)  0.00371 £ 0.0012 1204.7000 + 399.1664  100.0%  0.0010 = 0.0000 20.4000 % 7.7872 0.0034  0.0009 1100.0000 = 300.0000  100.0%
Qlearning (p = 0.9, = 0.5)  0.00351 £ 0.0016 1204.8000 + 598.7415  100.0%  nanmnan  17.1000 % 7.8543 0.0029 £ 0.0003 1000.0000  0.0000  100.0%
Q-learning (p = 0.99,¢ = 0.5) 0.00355 £ 0.0010 1104.8000 + 305.0832  100.0%  nan=man  16.3000 % 6.0341 0.0032 £ 0.0009 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.5,¢ = 0.75) 0.00317 £ 0.0012 1112.9000 + 296.5186  100.0%  0.0011 % 0.0000 21.5000  11.8343 0.0032 £ 0.0012 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.7,¢ = 0.75) 0.00343 £ 0.0011 1215.2000 + 396.7883  100.0%  0.0010 % 0.0000 27.7000  18.3306 0.0031  0.0007 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.9,¢ = 0.75) 0.00305 £ 0.0011 1108.3000 + 297.9806  100.0%  0.0010 % 0.0000 16.8000 % 6.0133 0.0027 + 0.0004 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.99, ¢ = 0.75) 0.00284 £ 0.0004 1005.3000 + 3.4943  100.0%  nanman  20.9000 + 11.4582 0.0028 £ 0.0004 1000.0000 + 0.0000  100.0%
Qlearning (p = 0.5,¢ = 0.9)  0.00424 £ 0.0022 1412.7000 + 665.4364  100.0%  nan = nan  19.8000  13.0981 0.0035  0.0014 1200.0000 = 400.0000  100.0%
Qilearning (p = 0.7, = 0.9)  0.00400 + 00017 1417.4000 + 4933733 1000%  nam % nan  19.5000 + 12.4197 0.0031 + 0.0010 1100.0000 + 3000000  100.0%
Qlearning (p = 0.9, 0.00335 £ 0.0012 1218.3000 + 397.4521  100.0%  mannan  24.0000 + 24.6089 0.0026 £ 0.0005 1000.0000  0.0000  100.0%
Q-learning (p = 0.99,¢ = 0.9) 0.00314 £ 0.0012 1107.5000 + 297.6032  100.0%  0.0010 % 0.0000 19.6000 & 8.3929 0.0031  0.0012 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.5, 0.00322 £ 0.0010 1118.0000 + 302.2552  100.0%  0.0010 % 0.0000 20.5000  10.8374 0.0029 £ 0.0003 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.7, 0.00289 £ 0.0015 1115.8000 + 295.2446  100.0%  man + nan  21.6000  12.5236 0.0026 £ 0.0008 1000.0000 + 0.0000  100.0%
Q-learning (p = 0.9, 0.00322 £ 0.0010 1212.2000 + 395.0410  100.0%  0.0010 % 0.0000 28.6000  27.8718 0.0030  0.0010 1100.0000 = 300.0000  100.0%
Q-learning (p = 0.9, 0.00333 £ 0.0015 1226.1000 + 393.2812  100.0%  man +nan  24.8000  22.8070 0.0030  0.0015 1100.0000 = 300.0000  100.0%
Async Value Tteration 0.00040 £ 0.0005  200.0000 % 0.0000 N/A N/A N/A N/A N/A N/A
Value Tteration 0.00070 £ 0.0005__320.0000 % 0.0000 N/A N/A N/A N/A N/A N/A
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Table 56. Comparing performance of Q-learning as we change the learning rate p in
stochastic problem with v = 0.999 (Problem 16). Two versions of value iteration are
also appended for contrast

Discover goal _ Discover goal _ Optimal Initial _Optimal Initial _Optimal Initial

Algorithm (Problem 16) Runtime actions Convergence  time #actions  Cost2Go Time  Cost2Go #actions  CostaGo  SPOrtest/Longest
(7= 0.999) (mean = std) (mean £ std) (mean £ std)  (mean % std)  (mean £ std)  (mean £ std)  Convergence ath
Qfearning (7 = 05,¢=0) 003311 £ 0.0011 120615000 £ 45850 0.0%  0.0010 & 00000 12.0000 & 0.0000 0.0035 & 0.0007 10000000 & 0.0000  100.0% 575
Q-learning (p = 0.7,e =0) 003330 + 0.0014 12049.9000 + 4.0608  0.0%  0.0010 £ 0.0000 14.0000 + 0.0000 0.0026 + 0.0007 1000.0000 + 0.0000  100.0% 5

3 £ 0.0021 12052.6000 + 5.6604 0.0% nan £ nan  14.0000 £ 0.0000 0.0032 % 0.0010 1000.0000 £ 0.0000  100.0%
0.01518 £ 0.0180 4317.2000 £ 5066.6709  70.0% nan £ nan  14.0000 £ 0.0000 0.0036 £ 0.0009 1000.0000 + 0.0000 100.0%
0.00305 £ 0.0005  1001.7000 + 1.3454 100.0%  0.0010 % 0.0000 14.8000 + 2.2271 0.0030 % 0.0005 1000.0000 + 0.0000 100.0%
0.00296 = 0.0005  1002.9000 + 1.6401 100.0%  0.0011 + 0.0001 15.8000 + 2.6000 0.0030 % 0.0005 1000.0000  0.0000  100.0%
0.00316 = 0.0003  1002.9000 £ 2.5080 100.0% nan £ nan  16.2000 £ 2.0881 0.0032 £ 0.0003 1000.0000 + 0.0000 100.0%
100.0% nan £ nan 154000 £ 2.0100 0.0030 £ 0.0004 1000.0000 + 0.0000 100.0%
3 100.0% nan £ nan  16.2000 + 5.4000 0.0033 % 0.0005 1000.0000 + 0.0000  100.0%
0.00352 £ 0.0012 1104.6000 + 303.8109  100.0% nan £ nan  20.2000 £ 5.7585 0.0032 £ 0.0009 1000.0000 + 0.0000 100.0%
0.00316 £ 0.0006 1002.5000 + 2.2023 100.0% nan £ nan  16.0000 £ 3.7947 0.0032 £ 0.0006 1000.0000 + 0.0000 100.0%
5903 100.0%  0.0011 £ 0.0000 21.4000 + 5.4443 0.0030 + 0.0011 1000.0000 = 0.0000  100.0%
ning (p = 0.5,¢ = 0.75) 0.00305 = 0.0001 1008.3000 + 6.6340 100.0%  0.0010 = 0.0000 25.0000 £ 13.7186 0.0031 £ 0.0001 1000.0000 = 0.0000 100.0%

5
Qlearning (p=0.9,e=0)  0.0; 5
1 5

5

5

5

5

5

5

5

5

5

-learning (p = 0.7, = 0.75) 0.00367 £ 0.0014 1009.0000 & 7.9246  100.0% nan £ nan 20,4000 + 11.8254 0.0036 % 0.0014 1000.0000 £ 0.0000  100.0% 5
5

5

5

5

5

5

5

5

5

5

5

5

Q-learning (p = 0.5,¢
Q-learning (p = 0.7,¢
arning (p = 0.9, ¢
-learning (p = 0.99, ¢
-learning (p = 0.5,
ning (p = 0.7,¢
-learning (p = 0.9,
-learning (p = 0.99.¢ = 0.5) 0.00303 + 0.0011  1007.1000 + 3

0.0

0 £ 0.0005

-learning (p = 0.9,¢ = 0.75) 0.00370 + 0.0008 1007.3000 + 5.5687  100.0%  0.0010 £ 0.0000 15.6000 =+ 8.2849 0.0036 + 0.0008 1000.0000 £ 0.0000  100.0%
ning (p = 0.99,¢ = 0.75) 0.00354 £ 0.0012 1104.9000 % 299.07! 100.0%  0.0010 £ 0.0000 21.2000 £ 9.6830 0.0031 £ 0.0003 1000.0000 + 0.0000 100.0%
Q-learning (p = 0.5,¢ = 0.9)  0.00332 + 0.0005 1012.6000 + 8.7430 100.0% nan £ nan  18.7000 £ 9.1657 0.0033 £ 0.0005 1000.0000 + 0.0000 100.0%
Q-learning (p = 0.7,¢ = 0.9)  0.00271 + 0.0004 1010.9000 + 9.3429  100.0%  0.0010 £ 0.0000 23.6000 % 10.6883 0.0026 + 0.0004 1000.0000 £ 0.0000  100.0%
ning (p = 0.9, = 0.9)  0.00337 &= 0.0007 1016.5000 + 12.4197 100.0% nan £ nan  20.0000 £ 7.3212 0.0034 £ 0.0007 1000.0000 + 0.0000 100.0%
.9)  0.00326 + 0.0007 1110.8000 + 296.5181 100.0%  0.0010 % 0.0000 16.6000 + 6.6963 0.0030 + 0.0005 1000.0000 £ 0.0000 100.0%

0.00303 = 0.0007 1022.8000 + 16.5638  100.0% nan £ nan  19.4000 £ 22.7517 0.0029 % 0.0005 1000.0000 £ 0.0000  100.0%
0.00290 + 0.0003 1021.5000 + 16.7108 100.0%  0.0010 = 0.0000 35.3000 4 37.5341 0.0028 £ 0.0004 1000.0000 + 0.0000 100.0%
0.00271 £ 0.0005 1017.1000 + 14.4599 100.0% nan £ nan 184000 £ 7.3648 0.0026 + 0.0005 1000.0000 + 0.0000 100.0%
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=07c=
Q-learning (p = 0.9, = 1

B

Q-learning (p =099, =1)  0.00275 + 0.0005 1024.8000 + 29.6068  100.0%  0.0010 £ 0.0000 19.6000 % 13.1697 0.0026 + 0.0005 1000.0000 =+ 0.0000  100.0%
Async Value Iteration 0.00030 = 0.0005  144.0000 =+ 0.0000 N/A N/A N/A N/A N/A
Value Iteration 0.00061 + 0.0005  224.0000 + 0.0000 N/A N/A N/A N/A N/A N/A
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