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Smooth Feedback Motion Planning With
Reduced Curvature

Aref Amiri

Abstract—Feedback motion planning over cell decompositions
provides a robust method for generating collision-free robot mo-
tion with formal guarantees. However, existing algorithms often
produce paths with unnecessary bending, leading to slower motion
and higher control effort. This paper presents a computationally
efficient method to mitigate this issue for a given simplicial de-
composition. A heuristic is introduced that systematically aligns
and assigns local vector fields to produce more direct trajectories,
complemented by a novel geometric algorithm that constructs a
maximal star-shaped chain of simplexes around the goal. This
creates a large “funnel” in which an optimal, direct-to-goal control
law can be safely applied. Simulations demonstrate that our method
generates measurably more direct paths, reducing total bending
by an average of 91.40% and LQR control effort by an average
of 45.47%. Furthermore, comparative analysis against sampling-
based and optimization-based planners confirms the time efficacy
and robustness of our approach. While the proposed algorithms
work over any finite-dimensional simplicial complex embedded in
the collision-free subset of the configuration space, the practical ap-
plication focuses on low-dimensional (d < 3) configuration spaces,
where simplicial decomposition is computationally tractable.

Index Terms—Motion and path planning, computational
geometry, collision avoidance, feedback.

I. INTRODUCTION

EEDBACK motion planning synthesizes a vector field
over C .., the collision-free subspace of the configuration
space [1], [2], [3]. This creates a closed-loop policy that robustly
guides a robot to its goal from almost any admissible state, an
essential feature for real-world applications [4]. The framework
introduced by Lindemann et al. provides a powerful method
for generating such feedback plans by decomposing the space
into cells and blending local vector fields [4], [S], [6]. This ap-
proach constructs almost globally defined, C*°-smooth feedback
laws that guarantee convergence and collision avoidance, nicely
sidestepping the local minima that plague artificial potential
fields [7] and the high computational cost of global methods
such as harmonic functions [8].
The primary limitation of Lindemann et al. is that it lacks
the ability to assign local vector fields in a way that generates
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higher-quality paths [4]. The default assignments of local cell
and face vectors, while satisfying theoretical convergence cri-
teria, can produce integral curves with unnecessary bending,
particularly when moving between cells. These inefficient paths
lead to longer travel times, higher energy consumption, and
increased control effort, diminishing the practical utility of the
feedback law.

This work presents a computationally efficient solution to
this problem by systematically assigning local vector fields to
produce more direct trajectories. We introduce a simple and
efficient heuristic for aligning cell vector fields; by propagating
a desired global direction of motion backward from the goal,
our method systematically biases local vector fields to produce
more direct integral curves. This is enhanced by the face-vector
averaging technique that smooths transitions between cells, di-
rectly reducing path bending. Furthermore, we develop a novel
geometric algorithm to construct a maximal star-shaped chain
of simplexes around the goal, creating a large, geometrically
verified “funnel” where a direct-to-goal control law can be safely
applied for optimal, straight-line convergence. Demonstrations
in the Maze, Bug Trap, and Sparse environments show that our
method generates qualitatively superior feedback laws, with tra-
jectories exhibiting measurably lower total bending and reduced
control effort compared to the baseline, all while preserving
the foundational guarantees of smoothness and global conver-
gence. Although simulations are demonstrated in two dimen-
sions based on Constrained Delaunay Triangulation (CDT) [9],
the algorithm applies to any simplicial complex embedded in
Cjree. While obtaining such complexes in higher dimensions is
challenging, it is a tractable problem for 2D/3D configuration or
workspace.

II. RELATED WORK

Our work is based on established methods in feedback motion
planning and computational geometry. We situate our contri-
butions in relation to these key areas: classical potential-based
methods, feedback laws on cell decompositions, and modern
optimization-based and region-based planning.

A. Potential Fields, Navigation and Harmonic Functions

Artificial Potential Fields (APFs) [7] offer a fast and reac-
tive feedback policy, but suffer from local minima, oscillation,
and poor performance in narrow passages [10]. Therefore, en-
hancements have been proposed to mitigate these issues [11].
Navigation Functions (NFs) [2] are a special class of smooth
APFs that ensure global convergence to a goal without local
minima under certain assumptions. NFs have been extended to
more general geometries [12] or for nonholonomic and mul-
tiple robots [13]. However, they are practically challenging to
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implement, especially in environments with complex obstacle
geometries [4]. Harmonic functions [8], [ 14] also overcome local
minima by solving Laplace’s equation over the free space. How-
ever, the computational cost of solving partial differential equa-
tions (PDESs) restricts their use in real-time or high-dimensional
applications.

B. Feedback From Cell Decompositions and Bump Functions

To overcome the limitations of global potential functions,
Lindemann et al. [4], [5] constructed local vector fields over a
convex cell decomposition, blending them using smooth bump
functions to create a feedback law with guaranteed convergence.
While this approach is general and has been extended to shaped
robots [15] and nonholonomic systems [6], the assignment of
the local vector fields to reduce path bending remains a critical
open challenge that this paper addresses. Bump function blends
have also been used to compose attractive/repulsive fields with
strong safety guarantees [16], [17].

C. Region-Based and Optimization-Based Planning

In sampling-based methods such as RRT* [18], post-
processing techniques such as B-spline or shortcutting are com-
mon to improve path quality [19], [20]. While these operate
on a single path, our method, by construction, generates a
C*°-smooth vector field and therefore integral curves. Advanced
optimization-based methods, such as the Graph of Convex Sets
(GCS) [21] and Fast Path Planning (FPP) [22], find smooth and
high-quality paths by solving mathematical programs over con-
vex decompositions. In contrast, our geometric approach avoids
expensive optimization, constructing a smooth, computationally
efficient feedback law over Cy,.... Tedrake et al. [3] developed
the LQR-Trees framework, where stabilizing controllers are
verified using sum-of-squares optimization to produce funnel-
shaped regions of attraction around sampled trajectories. Later
work by Reist et al. [23] replaced the verification process with
a simulation-based expansion, broadening the range of appli-
cable systems. While these methods are powerful and optimal,
they rely on computationally intensive procedures like sums-
of-squares or semidefinite programming to derive regions of
attraction.

In motion planning, identifying large subsets of free space
where simple control laws can safely guide the robot is a key
strategy. A well-established method is to compute convex re-
gions, either through exact decomposition or iterative expansion.
For example, the IRIS algorithm [24] expands large convex
polytopes via alternating semidefinite and quadratic programs.

Other works have explored maximum convex region extrac-
tion in triangulated spaces [25], where convex unions of adja-
cent triangles are found via dynamic programming. Although
convexity simplifies controller design, it is often restrictive.
This motivates using star-shaped regions, which we construct
geometrically, avoiding dynamics-based verification [3], [23].

Our geometric construction of a maximal star-shaped region
is conceptually similar to the “Triangular Expansion” algorithm
used for computing visibility polygons [26], as both recursively
explore adjacent triangles. However, a key difference lies in
our objective. Instead of computing the exact boundary of the
visibility polygon, our goal is simply to find the maximal set of
simplexes that form a star-shaped region relative to the goal. This
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simpler objective allows for a more efficient visibility check that
generalizes naturally to higher dimensions.

III. PROBLEM FORMULATION

We consider the motion planning problem for a robot navi-
gating in a workspace W C R"™ (where n € {2, 3}) with static
obstacles . The robot’s configuration is a point in its d-
dimensional configuration space, C, and all motion is restricted
to the open collision-free subset, Cfyce.

The task is to design a C'°-smooth vector field V' over
Cfree Whose integral curves are guaranteed to converge to
24 € Crree without collision. We note that V' is well-defined and
smooth almost everywhere, except on a set of measure zero (the
(d — 2)-dimensional boundaries of the cell faces, e.g., vertices
in 2D) which the integral curves never traverse [4]. To manage
geometric complexity, a simplicial complex composed of a finite
number of non-degenerate d-simplexes, 7 = {Aq,...,Ax},is
embedded in Cy,¢.. In this paper’s simulations, we use a point
robot in 2D; hence, C = W C R? and obstacles are polygonal,
and by employing CDT, we ensure that every 2-simplex is
non-degenerate.

We compute a discrete plan on 7 (with vertices at simplex
centroids and edges connecting adjacent simplexes) by finding
a shortest-path tree to the goal simplex A, containing x4. This
provides a successor mapping, s(7), for each simplex A; € T
that guides the robot toward the goal.

The global vector field is constructed from two local com-
ponents for each simplex A;: 1) a single, constant cell vector
field, V. ;, respecting successor mapping, s(7), and 2) a set of
face vector fields, {Vf}, defined on the boundary faces of the
simplex. The final vector field V' (x) at any point € A; is a
smooth, weighted combination of V.. ; and the vector field of the
closest face, following the blending method in [4].

To further improve efficiency, we identify a maximal star-
shaped chain of simplexes C, C 7 around the goal that forms
a star-shaped region R, = J Acc, A. A set R is star-shaped
with respect to z, € R if for every x € R, the line segment that
connects x and z, is contained in 2. Within this “funnel” region
R, the control law is simplified: the cell vector field V. ; for
every A; € Cg is set to point directly toward the goal V. ;(z) =
normalize(x, — x), where normalize(v) = v/||v|| for any non-
Zero vector v.

IV. SMOOTH FEEDBACK ON SIMPLICIAL DECOMPOSITIONS

Our approach is based on the framework of [4] for simplicial
decomposition. The method involves computing a global vector
field from local vector fields defined on individual cells and
their faces, ensuring smoothness, collision avoidance, and global
convergence to a designated goal state.

To precisely describe our method, we first recall several
essential definitions and theorems from [4].

A. Fundamental Definitions

To obtain smooth interpolation between local vector fields,
we use a special class of smooth functions b(o), called bump
functions [4], understood here as C'™ functions that provide a
smooth transition between 0 and 1.
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Definition 1: The function b: R — [0,1] is a C'™° smooth
function defined as:

0 o <0,
b(0) = seratsy 0<o <1, (1)
1 o>1,

where the auxiliary function A(o) is defined as A(o) =
(1/0)e~1/7 with the property that all derivatives of A(c) are zero
at the endpoints (¢ = 0 and ¢ = 1) and therefore any derivative
of b(c) is zero at these endpoints.

To guide the robot through the cell, we define a cell vector
that guarantees reaching the exit face (a shared face between the
current cell and its successor cell). To formally define the region
of influence for each (d — 1)-dimensional face, we refer to the
Generalized Voronoi Diagram (GVD) [27]. Within a convex set,
the GVD is the set of all points equidistant to at least two faces,
which divides the cell into distinct regions of influence for each
face.

Definition 2: For a convex cell A; with an exit face fei,i
a cell vector field V. ; is a smooth unit vector field on A; that
satisfies three conditions:

1) For each point x € A;, there exists ¥ € feir,; and a € R

such that V. ;(z) = a(y — x).

2) LethbeaGVD face with normal vector n. If V. ;(z) - n =
0 for some x € h, then V. ;(x) -n = 0forall x € h.

3) The directed transition graph induced by this choice of
vector fields is acyclic, and every path through this graph
terminates at the node corresponding to the exit face.

To ensure that the robot crosses the exit face and avoids

collisions with obstacles, we define face vector fields.

Definition 3: A face vector field V; corresponding to a face
fofacell A; is a smooth unit vector field satisfying:

® Foreachpointp € f,the vector field V; (p) satisfies V¢ (p) -

n > 0, where n is the inward-pointing normal vector for
f € F; \ { fexit,i }» and outward-pointing normal vector for
exit,z+

e For each non-exit face f € F; \ {fexir,i}. let by denote

the hyperplane equidistant from f and fexi;,; with unit
normal ny,, oriented such that ny, - n, > 0, where n, is
the outward normal of fe ;. Then V (p) - np + > 0 holds
for every p in the closure of the region of influence of f.

B. Essential Theorems

The framework of [4] provides the following guarantees,
which our method inherits (detailed proofs of these theorems
can be found there):

Theorem 1: All integral curves generated by the smoothly
interpolated cell and face vector fields within any intermediate
cell reach the designated exit face of that cell in finite time.

Theorem 2: All integral curves within the goal cell asymp-
totically converge to the designated goal point.

Theorem 3: The integral curves defined over the entire de-
composed cells asymptotically converge to the goal state from
any initial state located within the decomposed cells.

Theorem 4: The integral curves generated by the combined
local vector fields remain C'°°-smooth throughout the entire
domain, including across the GVD surface within each cell and
face boundaries.

While the general framework allows for vector fields con-
verging to a specific point, we utilize constant cell vector fields
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for simplicity and uniformity. This choice prevents trajectories
from bunching together around the designated point, such as
the exit face centroid, and simplifies the alignment process. We
impose boundary constraints (boundary vectors) for the constant
cell vector fields. Each d-simplex has d + 1 vertices, and each
(d — 1)-dimensional face has d vertices corresponding to it [28],
meaning that for each (d — 1)-dimensional face, there exists one
opposite vertex. Therefore, when selecting an exit face for the
cell, a corresponding opposite vertex exists (call it v,,). We
define boundary vectors that connect this v,, vertex to each
of the vertices of the exit face. The cell vector field must be
chosen within the wedge defined by these d boundary vectors
(for d-simplex). Geometrically, this results in a conical region
oriented toward the exit face. Constraining the constant vector
field to this conical region is sufficient to guarantee the validity
conditions of Definition 2.

Theorem 5: A constant cell vector field V.. ; that is chosen to
point within the conical region defined by the boundary vectors
satisfies the conditions of Definition 2.

Proof: Let IC; be the conical region. Any constant vector V. ;
within /C; can be expressed as a positive linear combination of
the boundary vectors. Every boundary vector b; ; points from
the opposite vertex v,, ; towards a point on the exit face fexi,q-
Therefore, any positive linear combination of these vectors, and
thus V. ;, will point towards feic ;. Let h be a face of the GVD
with a constant normal vector n. The dot product is V¢ ; - n.
Since both V. ; and n are constant vectors, their dot product
is a constant value everywhere. Therefore, if V,; -n = 0 for
some point on A, it is zero for all points on h. Since V. ; points
towards the exit face, any trajectory starting in A; will proceed
monotonically toward feir ; and is guaranteed to intersect it. The
path cannot curve back on itself or form a cycle. This ensures
that the induced graph of the transitions is acyclic. |

Hence, selecting a constant vector field within this conical
region guarantees its validity under the framework of [4].

V. HEURISTIC VECTOR FIELD ALIGNMENT METHOD

Arbitrary vector field assignments, even those satisfying The-
orem 5, can lead to unnecessary bending in integral curves. To
mitigate this, we introduce a heuristic alignment strategy that
adjusts each cell vector field to better align with the vector field
of its successor(s), producing more direct trajectories.

A. Heuristic Alignment of Cell Vector Fields

First, we establish a global plan. Let ., be the goal point, and
let A, be the goal simplex. For each simplex A, let ¢; be its
centroid. We compute the shortest-path tree rooted at A, on the
connectivity graph, which provides a successor s(i) and a hop-
distance [(4) (i.e., the minimum number of simplex transitions
required to reach the goal simplex A) for each simplex A;. For
each non-goal cell A;, we identify its exit face fei; and the
corresponding opposite vertex v, ;, as illustrated in Fig. 1.

The core of our heuristic is to process cells in order of
increasing hop-distance from the goal, propagating a desired
direction backward. For each non-goal cell A;, we first define
its d unit boundary vectors {b; ;} which form its conical region
KC;, defined as b; ; = normalize(p,, — py,, ;) for j =1,....d,
in which p,,; are the coordinates of the vertices of the exit face
fexit,i- We then assign the cell vector field V. ; as Algorithm 1.
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Fig. 1. Geometric construction of valid vector fields for 2-simplex (triangle).
The conical region, constructed by boundary vectors b; j, illustrates the set of
valid constant cell vector fields V.. ; that satisfy the conditions of Definition 2.
The diagram visualizes the geometric constraints for face vector fields (Defini-
tion 3), showing the face inward normal n, ¢, the exit face outward normal n;,
and the hyperplane normal ny s The dashed lines are the GVD surface.

Algorithm 1: Heuristic Alignment of Cell Vector Fields.

Require:Set of simplexes 7, goal point .
Ensure:Cell vector field V,. ; forall A; € 7.
1:  Compute centroids ¢;, graph G, successors (i), and
hop-distances I(7) for all A;.
2:  for each non-goal simplex A; in ascending order of
(i) do
31 Let {b; ;} be the set of boundary vectors forming the
conical region /C;.

4 if [(7) = 1 then
5 VUcand,i < Tg — C;
6: else
7: Ucand,i — VV(',@(?)
8: end if
9: Normalize vcand, i-
10: if Vcang,; is not in the conical region /C; then
11: Find b; ;- that minimizes the angle with vcang,;-
12: ‘/(47 < b@jx
13: else
14: ‘/071' < Ucand,i
15: end if
16: end for

17: return {V_;}

To formally check if a candidate vector vcyg,; lies within
the conical region formed by the basis vectors {b; ;}, we must
determine if it can be expressed as a non-negative linear com-
bination of them. This can be formulated as a standard linear
programming (LP) feasibility problem, where we seek to find

coefficients ov; > Osuch that vegng,; = Z?Zl ajb; ;. Ifasolution
for {a;} exists, the vector is inside the conical region. If this
feasibility problem has no solution, the candidate vector lies
outside the cone. In this case, we project it to the closest boundary
vector (the one minimizing the angle), a computationally simple
choice that guarantees the vector remains within the valid conical
region. While this requires solving a small LP for each simplex,
the problem is computationally inexpensive as the number of
variables (d) equals the dimension of the space. This check is
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efficient enough for precomputation and does not impede the
real-time evaluation of the feedback law.

Although it does not guarantee a globally optimal path, in
practice, it yields significantly straighter and more uniform tra-
jectories compared to unaligned cell fields [4]. The effectiveness
of the alignment heuristic extends beyond local smoothing. The
heuristic encourages consecutive cell vector fields, V. ; and
Ve s(i)» to adopt a similar direction. By then defining the exit
face vector field as the average of these two vectors, our method
naturally creates conditions where adjacent cells with a coherent
flow functionally merge. This process forms larger regions of
consistent flow, guiding the robot along globally straighter paths.

B. Assignment of Face Vector Fields and Proof of Validity

e For each non-exit face f € F; \ {feiti }, we modify the
standard inward-pointing normal to better align with the
cell’s flow. The face vector V; is defined as the nor-
malized sum of the face’s inward-pointing unit normal,
Nin, r, and the cell’s own vector field, V. ;, computed as
V¢ = normalize(niy, 5 + Ve ;).

¢ For the unique exit face fe,;, we average the cell vectors
of the current cell A; and its successor A ; (where j = s(1))
to promote a smooth passage between cells, calculated as
Vi (fexit,i) = normalize(V, ; + V. ;).

We must ensure these assignments satisfy Definition 3, guar-

anteeing the robot exits strictly through the exit face.

Proposition 1: The modified non-exit face vector field Vy =
normalize(ni, 5 + V, ;) satisfies the conditions of Definition 3
for a non-exit face.

Proof: First, we show Vy - nj, r > 0. The dot product of the
unnormalized sum, (i f + Ve.;) - Nin, , expands to 1 + (V. ; -
Nin, f) since niy, 7 18 a unit vector. As V.. ; points toward the exit
face restricted to be within its conical region, its dot product
with the inward normal of any other face is non-negative (V/, ; -
nin,t > 0). The entire expression is therefore > 1, satisfying
the first condition. Since the dot product is strictly positive, the
vector sum (nin, f + Ve ;) cannot be the zero vector, and thus the
normalization is always well-defined.

Second, we must show Vy - ny, . > 0, where np, = 1y + Nin
is the normal to the equidistant hyperplane. We prove that
(nin,f + Vi) ny, > 0 by analyzing two components: 1) The
cell vector component, V. ; - np,, which expands to (Veyi-ng) +
(Vi,i - Min, ). The term, V.. ; - n, is strictly positive because the
conical region for V. ; is oriented toward the exit face. The
second term, V. ; - niy, f, is non-negative because V. ; does not
point into any non-exit faces. The sum of a strictly positive and a
non-negative term is therefore strictly positive. 2) The geometric
component is Nin, f * 1y, = (Min,f - M) + (Nin, - Nin, 7). Since
Nin,r 1 a unit vector, this simplifies to (nin, ¢ -ng)+ 1. For
any two distinct faces of a simplex, their respective inward
and outward unit normals cannot be anti-parallel, meaning their
dot product is strictly greater than —1. This guarantees the
term is strictly positive. The sum of these two strictly positive
components is therefore strictly positive, and the proposition
holds. (]

Proposition 2: The averaged exit face vector field
Vi (fexit,i) = normalize(V, ; + V. ;) satisfies the conditions
of Definition 3 for an exit face.

Proof: We show that Vy( feit,i) - na > 0. As established in
the proof of Proposition 1, since V,, ; is chosen from its conical
region K;, it is guaranteed that V, ;- n, > 0. Now consider
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the successor’s cell vector, V. ;. This vector is chosen to be
within the conical region /C; of cell A;, which points towards
its own exit face, fext,;. This only guarantees that V. ; points
away from its entrance face (fexit,;). Therefore, its component
along n; is non-negative: V. ; - n, > 0. The dot product of the
sum is (Vo; + Ve j) - ng = (Vei - ng) + (Ve j - ny). The sum
of a strictly positive and a non-negative term is strictly positive,
satisfying the condition. (|

C. Blending the Vector Fields

Finally, within each cell A;, a single smooth vector field V' (z)
is synthesized by interpolating between the cell vector V. ; and
the vector of the closest face.

For any point z € A;, we first identify its closest face, f* €
F;, by computing the perpendicular distance d(z, f) to every
face f of the cell. The region of influence of f* (its Voronoi
region) consists of all points for which f* is the closest face.

Within this region, we use the smooth bump function b(o)
from Definition 1. The parameter o € [0, 1] must be 0 on the
face f* and 1 on the GVD surface (the boundary of the region
of influence). The formula to achieve this is:

Il o

olz)=1-

Let V-« be the face vector for the closest face f*. The final vector
field at point « is the normalized, weighted average:

V(z) = normalize ((1 — b(o(2)))Vy + b(o(x))Vei). ()

This construction guarantees that the vector field is identical to
the face vector on the cell boundary, ensuring continuity across
cells, and smoothly transitions to the cell vector field toward the
interior of the cell.

VI. CONSTRUCTING THE MAXIMAL STAR-SHAPED CHAIN OF
SIMPLEXES

To create more direct trajectories, we identify a large funnel
where the robot can safely bypass conservative cell-by-cell tran-
sitions. While standard algorithms can compute the exact visi-
bility polytope, they are often computationally intensive as they
must construct a precise geometric boundary. Our simplex-based
expansion is therefore chosen for its efficiency and simplicity;
it relies on a series of simple local visibility tests to incremen-
tally grow the funnel. We acknowledge that this construction is
conservative and the resulting region R, is strictly contained
within the true visibility polytope of the goal. The expansion is
sensitive to the simplicial complex; for example, Steiner points
introduced for mesh quality can prevent the chain expansion
even where a simplex is completely visible to the goal. However,
this approach is sufficient for our purpose and naturally extends
to higher dimensions.

A. Geometric Criteria for Star-Shaped

Our method incrementally grows a star-shaped region, R,
starting from the goal simplex, A,. Consider a region R C R?
known to be star-shaped with respect to z,. We wish to add an
adjacent d-simplex, Ap, which shares a (d — 1)-dimensional
face S with R’s boundary. The union R U Ap remains star-
shaped if the new vertex of A7 noton S, denoted vpey, is visible
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Unew

: i
]

Fig.2. Geometric test for expanding the star-shaped region R with an adjacent
simplex A7 (in 2D). (Left) A valid addition where the new vertex vpey lies
within the visibility cone from x4 (Criterion 1). (Right) An invalid addition
where visibility is obstructed.

from x4. See Fig. 2 for an illustration. We propose two equivalent
geometric criteria for this test.

Criterion 1 (Visibility Cone from Goal): A visibility cone is
formed at the goal x4, by the vectors pointing from z, to the
vertices of the shared face S. The region R U A is star-shaped
if the vector vyey, — 4 lies strictly inside this cone.

Theorem 6: Criterion 1 guarantees preservation of the star-
shaped property.

Proof: Assume vector vyew — 4 lies strictly within the visi-
bility cone at =, formed by the vertices of face S. The segment
[, Unew] 18, by definition, contained within this cone. Because
region R is star-shaped, no other boundaries of R can obstruct
this cone. The segment [:ch7 Unew] therefore passes unobstructed
into Ar. By convexity of Ar, all segments from x, to any
interior point of A remain fully within the extended region.
Thus, R U Ar is star-shaped. O

Similar to the check in Section V-A, this geometric condition
can be formulated as a computationally inexpensive LP feasibil-
ity problem. We seek to determine if vyey, — 24 can be expressed
as a non-negative linear combination of the vectors forming the
visibility cone.

B. Algorithm for Growing the Star-Shaped Chain

We find the maximal chain of simplexes, Cg, that satisfy the
visibility criterion by searching outward from the goal simplex
Ay,. The general geometric search is detailed in Algorithm 2.
For our experiments, this search was constrained to only explore
backward along the precomputed discrete plan to ensure a fair
comparison with the baseline. Within the resulting region R4 =
UAiecg A, for any cell A; € Cg, its cell vector field V. ;, as
well as its internal face vectors (not on the boundary of R), are
set to point directly to the goal. To ensure a smooth transition at
the boundary of R, we keep the face vectors assigned to each
face and smoothly blend them with the new direct-to-goal V_ ;.

VII. RESULTS AND ANALYSIS

To evaluate the proposed method, we first compare its trajec-
tory quality against the foundational baseline [4]. We then con-
duct an ablation study to isolate and quantify the contribution of
the star-shaped region. Finally, we compare our approach against
four other motion planners and analyze its overall computational
efficiency.
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(c) Base: Bug

(a) Base: Maze (b) Prop: Maze

Fig. 3.
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(d) Prop: Bug

(e) Base: Sparse

Qualitative comparison of integral curves for the baseline and proposed methods across three environments. The maximal star-shaped region is highlighted

in brown. Notably, in the Bug Trap environment, Steiner points were introduced to generate closer to equilateral triangles and avoid skewed triangles.

Algorithm 2: Construction of the Maximal Star-Shaped
Chain.
Require:Set of simplexes 7, goal point .
Ensure:The set of simplexes C, forming the star-shaped
region.
I:  Let A, be the simplex containing x.
2: [Initialize queue @ with A,.
3: [Initialize C; = {A,} and a set of visited simplexes,
Vs = {Ag}-
4:  while @ is not empty do
5:  A; < dequeue(Q).
6: for each neighbor A; of A; notin V; do
7.
8
9

Let S be the shared face between A; and A ;.
Let vpew be the vertex of A noton S.
if Vertex vyey lies in the visibility cone from

through S then
10: Add Aj to Cy.
11: Enqueue A; into Q).
12: Add Aj to V.
13: end if
14: end for
15: end while
16: return(C,

A. Comparison With Baseline Feedback Law

The baseline method offers to simply assign each cell vector
field as the unit vector pointing from the current point to the
midpoint of the exit face, and defines face vector fields as unit
vectors normal (perpendicular) to the faces, pointing inward for
non-exit faces and outward for the exit face. The comparison
was performed in three distinct environments, and to evaluate
the robustness of the proposed method, we chose the centroid
of every cell in the triangulation as a goal state, generating
and analyzing a total of over 20000 integral curves for each
environment. We quantified path quality using a set of geometric
and dynamics-based metrics. For a path with curvature x(s), we

measured the Total Bending, Ep = fOL #(s)%ds, and the Total

Turning, Ep = fOL |k (s)|ds, which measures cumulative head-
ing change. We also measured path length, maximum curvature,
and dynamic feasibility by simulating a 2D double integrator
with state vector [p,, s, Py, Py]”» using an LQR controller to
find the travel time and total control effort with the cost matri-
ces ) = diag([100,1,100,1]) and R = I5 to heavily penalize
position error.

The quantitative results are summarized in Table I. The table
includes a *"Win Rate’ metric, which indicates the percentage

TABLE I
QUANTITATIVE COMPARISON OF METHODS. N¢: NUMBER OF GOAL CELLS
TESTED, N p: TOTAL INTEGRAL CURVES EVALUATED

Metric

Path Length
Max Curvature

Win Rate (%)

97.89
66.59

Baseline

16.70 + 10.85
23.35 £ 8.66

Environment Proposed Method

12.14 £ 7.85
18.38 £ 8.40

Improv. (%)

27.30
21.30

Maze Total Bending 602.65 = 1664.75  94.44 + 76.88 84.33 97.50
(Ne =109, Np = 52045)  Total Turning 4728 + 65.04 1221 + 9.03 74.18 99.73
LQR Travel Time 1670 + 10.85 12.14 4 7.85 27.30 97.29
LQR Control Effort  19.59 + 13.12 8.00 + 4.96 59.16 98.55
Path Length 15.41 & 10.12 13.70 4 9.02 1113 99.44
Max Curvature 26.82 + 6.51 14.19 + 4.88 47.10 99.80
Bug Trap Total Bending 1058.11 + 744.96 43.61 £ 28.05 95.88 99.88
(Ng = 145, Np = 20126)  Total Turning 82.26 + 56.82 6.49 + 399 92.11 99.89
LQR Travel Time 1541 £ 10.12 13.70 £ 9.02 11.13 99.11
LQR Control Effort 9.48 + 5.68 6.61 + 3.96 30.24 97.93
Path Length 7.07 + 3.96 6.09 £ 3.33 13.84 9243
Max Curvature 14.85 + 6.33 932 £ 6.85 37.21 79.17
Sparse Total Bending 309.80 + 2590.75 18.60 + 19.70 94.00 97.52
(NG =75, Np = 33200)  Total Tuming 22.54 + 99.41 3.80 + 2.65 83.16 99.70
LQR Travel Time 7.07 + 3.96 6.09 + 3.33 13.84 9171
LQR Control Effort 6.61 + 3.18 350 + 1.84 47.02 97.24

of paired trajectories (starting from the same initial point) for
which the proposed method achieved a better score on the given
metric. For a fair and direct comparison, the underlying discrete
plan was computed once and held constant for both methods.
The results (Table I, Fig. 3) demonstrate a significant im-
provement over the baseline method. The primary goal of this
work was to address the unnecessary trajectory bending inherent
in arbitrary vector field assignments, a problem most directly
captured by the total bending and total turning metrics. The
proposed method achieved a remarkable 84.33-95.88% reduc-
tion in total bending across all scenarios, with a win rate for
total turning reaching 99.89% in the Bug Trap environment.
This geometric smoothness translated directly into improved
dynamic performance, as evidenced by a 30.24-59.16% reduc-
tion in LQR control effort, confirming that the generated paths
are more energy-efficient and easier for a physical system to
follow. These results strongly validate the effectiveness of the
heuristic vector alignment and face-vector averaging techniques.
While the proposed heuristic improves path quality, we cannot
guarantee a lower maximum curvature in all cases, particularly
when the underlying plan requires sharp changes in cell vector
fields, as the heuristic’s projection can itself induce a sharp turn.

B. Ablation Study of Star-Shaped Region

To quantify the specific contribution of the star-shaped region,
we performed an ablation study evaluating a comprehensive set
of goals (one per simplex) across all three environments, com-
paring our full method against using only heuristic alignment.
The results indicate that while the star-shaped region depends on
the goal position, environment, and simplicial complex, it plays
an important role in generating smoother integral curves near the
goal. Specifically, it reduced total bending by 74.35% and total
turning by 44.07% in the Sparse environment, with a 34.77%
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TABLE II
QUANTITATIVE COMPARISON OF DIFFERENT ALGORITHMS IN TWO DIFFERENT
ENVIRONMENTS. RESULTS REPORT THE MEAN =+ STANDARD DEVIATION

Environment Method Success Rate (%) Total Time (s) Path Length (m)

A* 100.0 0.042£0.018  9.823 + 1.797
Sparse (Boston)  RRT* 100.0 0.826 £ 0.696  12.491 + 2.314
P FPP 100.0 3718 £0.939  9.547 + 1.684
Proposed 100.0 0.087 + 0.003  10.280 + 2.219
A* 100.0 0.085 = 0.058 1474 + 7.67
Maz RRT* 80.9 0.788£0.874  14.81+5.83
aze FPP 100.0 2739+ 1.618  15.23 +8.06
Proposed 100.0 0.033 & 0.010 15.56 £ 8.19
Q)
z
—— FPP —
—— Proposed
: X [m] ° ¢ h ‘ X [m]
(a) Maze (b) Sparse (Boston)

Fig. 4. Qualitative comparison of paths for the baselines across the Maze and
Sparse (Boston) environments.

reduction of total bending in the Maze, and 20.01% in the
Bug Trap. This confirms that the star-shaped region effectively
exploits local open space to generate more direct paths.

C. Comparative Analysis

We evaluated the proposed method against four base-
lines: RRT* [18] (sampling-based), A* [29] (grid-based),
FPP [22] (optimization-based), and APFs [7] (feedback-based).
To demonstrate practical utility in realistic scenarios, we used
the Moving Al Lab benchmarks [30], specifically the “Boston”
city map, alongside our Maze environment. Baselines were im-
plemented using PythonRobotics [31] and the FPP library with
quadtree decomposition. We evaluated more than 10 distinct
start-goal configuration pairs for each environment. Due to its
stochastic nature, RRT* was executed 10 times per pair (with
a maximum of 5200 iterations), and failures were reported if
no path was found. As detailed in Table II and Fig. 4, the
proposed method, A*, and FPP achieved 100% success across
both environments, whereas the APF method struggled to find
feasible paths. While A*, RRT*, and APF produce C° paths,
FPP yields C*, and our method ensures C> smoothness. APF
isexcluded from Table IT because it achieved a 0% success rate in
these environments due to local minima, as expected without ex-
tensive tuning. Although the proposed method can yield slightly
longer paths, it operates in the sub-90 ms range, making it an
efficient and robust feedback planner. We acknowledge that the
performance of baseline methods could potentially be improved
through further code optimization or extensive parameter tuning;
however, these results reflect their performance using standard,
widely accessible implementations.

D. Computational Efficiency

Our method splits the computation into offline and online
phases for efficiency. The offline phase includes simplicial
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decomposition, which in 2D (for polygonal obstacles and by
CDT), can be performed in O(nlogn) time, where n is the
number of obstacle vertices [9].

A discrete plan can be computed via Dijkstra’s algorithm
on the connectivity graph. The successor of each simplex can
be found in O(mlogm) time, in which m is the number of
d-simplexes. However, recent theoretical advances have pro-
duced even faster algorithms for this problem [32]. Heuristic
alignment and star-shaped funnel construction add minimal
linear overhead via local geometric checks per simplex. Online
execution is lightweight. If the robot’s current cell is unknown,
a point-location query can be performed in logarithmic time (in
2D) with preprocessing, but can be more expensive in higher
dimensions [4], [33]. In a given d-simplex, the computation
is minimal, requiring only distance checks to its d + 1 faces
followed by the vector field blending.

On a system with an AMD Ryzen 9 8945HS CPU and 32 GB
of RAM, using the triangle library for CDT [9], the offline
precomputation (including triangulation, discrete plan, heuris-
tic alignment, and funnel construction) required about 6-9 ms
for the standard environments (Maze, Bug Trap, Sparse). For
larger and more complex environments, such as the “Boston”
benchmark, the precomputation time naturally scales with the
number of obstacle vertices and the resulting simplexes. Al-
though the implementation could be further optimized, for pla-
nar navigation, the system can handle dynamic environments
via global recomputation at about 100 Hz. The online execution
is lightweight; evaluating the vector field V' (x) at any point x
took on average about 0.07 ms, which allows the robot to find a
feedback policy in real time (about 15kHz update rate). We ac-
knowledge that for higher-dimensional C, precomputation time
would increase, and local mesh repair (if the whole environment
does not change) can be a valuable approach.

VIII. CONCLUSION AND FUTURE WORK

We introduced a computationally efficient method to reduce
unnecessary bending in feedback motion plans on a simplicial
complex embedded in Cy,... We acknowledge that computing
a simplicial complex in higher dimensions can be intractable.
However, for d < 3, algorithms like CDT (e.g. triangle [9] for
2D, Tetgen [34] for 3D) exist, making this method effective and
tractable for mobile robots and UAVs. Our approach combines a
novel heuristic for aligning local vector fields with a geometric
algorithm that constructs a maximal star-shaped funnel around
the goal, resulting in more efficient trajectories with significantly
lower bending. A natural extension, forming a promising direc-
tion for future research, is to cover the entire free space with a
set of such star-shaped regions with local waypoints. This could
lead to a highly efficient, global feedback planning framework.
Further work will also focus on adapting the alignment heuris-
tics for systems with nonholonomic constraints and validating
the framework on physical robot platforms. Furthermore, a
promising direction is to systematically investigate the method’s
sensitivity to mesh quality.

REFERENCES

[1] S. M. LaValle, Planning Algorithms. Cambridge, U.K.: Cambridge Univ.
Press, 2006.

[2] E. Rimon and D. Koditschek, “Exact robot navigation using artificial po-
tential functions,” IEEE Trans. Robot. Automat., vol. 8,no. 5, pp. 501-518,
Oct. 1992.


https://github.com/cvxgrp/fastpathplanning
https://www.cs.cmu.edu/~quake/triangle.html

6886

[3]

(4]

(3]

(6]

(7]
(8]
(91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

R. Tedrake, “LQR-Trees: Feedback motion planning via sums-of-squares
verification,” in Proc. Robot.: Sci. Syst., 2010, pp. 1038-1052.

S. R. Lindemann and S. M. LaValle, “Simple and efficient algorithms for
computing smooth, collision-free feedback laws over given cell decompo-
sitions,” Int. J. Robot. Res., vol. 28, no. 5, pp. 600-621, 2009.

S.R. Lindemann and S. M. LaValle, “Smoothly blending vector fields for
global robot navigation,” in Proc. 44th IEEE Conf. Decis. Control, 2005,
pp. 3553-3559.

S. R. Lindemann, I. I. Hussein, and S. M. LaValle, “Real time feedback
control for nonholonomic mobile robots with obstacles,” in Proc. 45th
IEEE Conf. Decis. Control, 2006, pp. 2406-2411.

0. Khatib, “Real-time obstacle avoidance for manipulators and mobile
robots,” Int. J. Robot. Res., vol. 5, no. 1, pp. 90-98, 1986.

C. I. Connolly, J. B. Burns, and R. Weiss, “Path planning using Laplace’s
equation,” in Proc. IEEE Int. Conf. Robot. Automat., 1990, pp. 2102-2106.
J. R. Shewchuk, “Triangle: Engineering a 2D quality mesh generator
and Delaunay triangulator,” in Proc. Workshop Appl. Comput. Geometry.
Springer, 1996, pp. 203-222.

Y. Koren and J. Borenstein, “Potential field methods and their inherent
limitations for mobile robot navigation,” in Proc. IEEE Int. Conf. Robot.
Automat., 1991, vol. 2, no. 1991, pp. 1398-1404.

T. Weerakoon, K. Ishii, and A. A. F. Nassiraei, “An artificial potential field
based mobile robot navigation method to prevent from deadlock,” J. Artif.
Intell. Soft Comput. Res., vol. 5, no. 3, pp. 189-203, 2015.

1. E. Filippidis and K. J. Kyriakopoulos, “Navigation functions for every-
where partially sufficiently curved worlds,” in Proc. IEEE Int. Conf. Robot.
Automat., 2012, pp. 2115-2120.

S. Loizu, D. Dimarogonas, and K. Kyriakopoulos, “Decentralized feed-
back stabilization of multiple nonholonomic agents,” in Proc. IEEE Int.
Conf. Robot. Automat., 2004, vol. 3 pp. 3012-3017.

C. 1. Connolly and R. A. Grupen, “The applications of harmonic functions
to robotics,” J. Robot. Syst., vol. 10, no. 7, pp. 931-946, 1993.

L. Zhang, S. M. LaValle, and D. Manocha, “Global vector field compu-
tation for feedback motion planning,” in Proc. IEEE Int. Conf. Robot.
Automat., 2009, pp. 477-482.

D. Panagou, “Motion planning and collision avoidance using navigation
vector fields,” in Proc. 2014 IEEE Int. Conf. Robot. Automat., 2014,
pp. 2513-2518.

D. Panagou, “A distributed feedback motion planning protocol for multiple
unicycle agents of different classes,” IEEE Trans. Autom. Control, vol. 62,
no. 3, pp. 1178-1193, Mar. 2017.

S. Karaman and E. Frazzoli, “Sampling-based algorithms for optimal
motion planning,” Int. J. Robot. Res., vol. 30, no. 7, pp. 846-894, 2011.

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[32]

[33]

[34]

IEEE ROBOTICS AND AUTOMATION LETTERS, VOL. 11, NO. 6, JUNE 2026

A. Ravankar, A. A. Ravankar, Y. Kobayashi, Y. Hoshino, and C.-C. Peng,
“Path smoothing techniques in robot navigation: State-of-the-art, current
and future challenges,” Sensors, vol. 18, no. 9, 2018, Art. no. 3170.

R. Geraerts and M. H. Overmars, “Creating high-quality paths for motion
planning,” Int. J. Robot. Res., vol. 26, no. 8, pp. 845-863, 2007.

T. Marcucci, J. Umenberger, P. Parrilo, and R. Tedrake, “Shortest paths in
graphs of convex sets,” SIAM J. Optim., vol. 34, no. 1, pp. 507-532, 2024,
doi: 10.1137/22M1523790.

T. Marcucci, P. Nobel, R. Tedrake, and S. Boyd, “Fast path planning
through large collections of safe boxes,” IEEE Trans. Robot., vol. 40,
pp. 3795-3811, 2024.

P. Reist, P. V. Preiswerk, and R. Tedrake, “Feedback-motion-planning
with simulation-based LQR-trees,” Int. J. Robot. Res., vol. 35, no. 12,
pp. 1393-1416, 2016.

R. Deits and R. Tedrake, “Computing large convex regions of obstacle-free
space through semidefinite programming,” in Algorithmic Foundations of
Robotics XI. Berlin, Germany: Springer, 2015, pp. 109-124.

B. Aronov, M. J. van Kreveld, M. Loffler, and R. I. Silveira, “Largest
subsets of triangles in a triangulation,” in Proc. 19th Can. Conf. Comput.
Geometry, 2007, pp. 213-216.

F. Bungiu, M. Hemmer, J. Hershberger, K. Huang, and A. Kroller, “Effi-
cient computation of visibility polygons,” 2014, arXiv:1403.3905.

O. Takahashi and R. Schilling, “Motion planning in a plane using gen-
eralized Voronoi diagrams,” IEEE Trans. Robot. Automat., vol. 5, no. 2,
pp. 143-150, Apr. 1989.

H. Edelsbrunner, Geometry and Topology of Mesh Generation, vol. 209.
Cambridge U.K.: Cambridge Univ. Press, 2001.

P. E. Hart, N. J. Nilsson, and B. Raphael, ““A formal basis for the heuristic
determination of minimum cost paths,” IEEE Trans. Syst. Sci. Cybern.,
vol. 4, no. 2, pp. 100-107, Jul. 1968.

N. Sturtevant, “Benchmarks for grid-based pathfinding,” Trans. Comput.
Int. AI Games, vol. 4, no. 2, pp. 144-148, 2012. [Online]. Available: http:
/Iweb.cs.du.edu/sturtevant/papers/benchmarks.pdf

A. Sakai, D. Ingram, J. Dinius, K. Chawla, A. Raffin, and A. Paques,
“PythonRobotics: A python code collection of robotics algorithms,”
2018, arXiv:1808.10703.

R. Duan, J. Mao, X. Mao, X. Shu, and L. Yin, “Breaking the sorting barrier
for directed single-source shortest paths,” in Proc. 57th Annu. ACM Symp.
Theory Comput., 2025, pp. 36—44.

C. D. Toth, J. O’Rourke, and J. E. Goodman, Handbook of Discrete and
Computational Geometry. Boca Raton, FL, USA: CRC Press, 2017.

H. Si, “Tetgen, a Delaunay-based quality tetrahedral mesh generator,”
ACM Trans. Math. Softw., vol. 41, no. 2, Feb. 2015, doi: 10.1145/2629697.


https://dx.doi.org/10.1137/22M1523790
http://web.cs.du.edu/sturtevant/papers/benchmarks.pdf
http://web.cs.du.edu/sturtevant/papers/benchmarks.pdf
https://dx.doi.org/10.1145/2629697


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


